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BAN QUYEN

Cudn sich ndy dugc dich tir 2 phan: “Differentiation” va “Integration” trén trang web
www.intmath.com, tiéu d¢ “Pao ham, Tich phan tng dung dugc gi?”” do nguoi bién dich tu y
dat.

(i) Ban quyén véi trang web IntMath:

Xuat ban theo sy cho phép cua tac gia thong qua thu dién tir vao ngay 18 thang 1 nim 2015.
Email xin phép dich thuat tir thanh vién cua chuyén san EXP, V6 Hoang Trong:

“I’ve known this site since i was in high school and i’m very impressed. Your site so helpful for
me. So, | want to translate some lessons of your site (like differentiation, intergral, etc..) into
Vietnamese for studying and sharing to anyone who need. The production is a book or a file
type.PDF upload on the internet and sharing for free.

No operation will be made. But first, | need your agreement (for copyright). So, can | do this?”.
Email chap thuan dich thuat tir quan ly trang web IntMath, Murray Bourne:

“Hello Trong.

Thank you for your interest (and kind words) about IntMath and for requesting permission
before going ahead.

I’d like to support you on this, but I’d be more comfortable if the translated document was
published on IntMath, rather than somewhere else. Where did you hope to upload it to?

I was in your country a week ago. I love Vietnam!”.

N hine:
Bang chung:
Murray Bourne <mboums@lintmath com> 1Bthg 1 -
lorke =
%c‘ TiéngAnh+ 3 Tigng¥igt~  Dichthu Tat dai vor Tigng Anh x
Hello Treng

Thank you far your interest (and kind words ) about Inthath and for requesting permission before going abead.
I'd like to support you on this, but I'd be more comfortable if the translated document was published on Intath, rather than somewhere else. VWhere did you hope to upload it to?

| was in your country @ week ago | love Vietnami

Regands
Murray Boume

Interactive Mathematica hittp-!waww intmath comy
squareCircleZ: hit [ com/biog/
Daily Math Twesat: bty o
Boume2ieam: http /S

On Sat, dan 17, 2015 a1 2:26 PM, Trong <hcangtrong2 3066 arvail com

Trong's Questian or Cammeant

Page: it [waw intmath com/help/send-math-email

|'ve kincewn this site sinee | was in high schook and 'm very impressed. Your site so belpfid for me. So, | want to translate some lessons of your site (like differentiation, intergral, etc )
into “igtnamese for studying and sharing te anyone who need The production is 2 book or 2 file type PDF upload on the intemst and sharing faor free. No aperation will be mads But
first, | need your agreement jfor copyright). So, can | do this?

Trong's Information

Senders [P Address. 2721570
Senders country. Vislnam
Region:

City:

(ii) Ban quyén véi Chuyén san EXP:

T6i, Bong Phidc Thién Quoc, chu nhiém Chuyén san EXP, khoa Toan — Tin hoc, trudong Pai hoc
Khoa hoc Tu nhién, Pai hoc Qudc Gia Thanh phé H6 Chi Minh dong y chinh sira cudn séach
cua tac gia Murray Bourne do thanh vién V& Hoang Trong bién dich theo tiéu chuan cua
Chuyén san EXP.

Cubn sach nay duoc sir dung mién phi dén bat ky ai c6 nhu cau doc. Ching tdi khdng ung ho

Khoa: TOAN HQOC 3




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

moi hanh vi kinh doanh c6 lién quan dén cudn sach (ban tiéng Viét) niy ma chwa thong qua y
kién cua Chuyén san EXP.

Cac chinh stra bao gom:

(i) Thay doi mau sac theo tiéu chuan cua EXP.

(i) Panh sb, dinh dang lai paragraph cho toan van ban.

(iii) Canh chinh kich thudc hinh anh, dong khung, ....

(iv) Stra lai cac dinh dang Toan hoc cti, MathType sang dinh dang Toan hoc mai, Equation.

(v) Pinh dang lai cac biéu thirc dé twong tic hoan toan vaoi phan mém Microsoft Mathematics
(c6 thé sao chép - dan truc tiép cong thicc ma khdng can danh may lai).

(vi) Kiém tra chinh ta, 13i tinh toan, 16i danh may sot.

(vii) Tinh toén lai, dinh dang sai s6 9 chix s6 thap phan (quy udc cho toan bo bai).

Nhém chdng t6i hoan nghénh moi su gop y, binh luan cia ban dé cho cudn sach dugc hoan
thién hon. Moi phan hoi vé cuon séch nay (phan tieng Viét), doc gia co thé gui email vé dia chi:

hoangtrong2305@gmail.com
tiéu dé ghi [Phan hdi Pao ham, Tich phan tng dung duoc gi?].
Tran trong cam on!

Thanh phd H6 Chi Minh, ngay 05 thang 02 nam 2016.
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LOI NOI PAU

Chao ban, toi tén V6 Hoang Trong. Khi hoan tat cun sach nay, t6i la sinh vién ndm 2, khoa
Toan — Tin hoc, truong Pai hoc Khoa hoc Ty nhién, Pai hoc Quoc gia Thanh pho Ho Chi
Minh.

T6i hién dang 1a thanh vién Chuyén san EXP. Day 1a mot trong cac san pham ctua nhdm chuyén
san EXP, truc thudéc CLB hoc thuat, khoa Toan - Tin hoc, Pai hoc Khoa hoc Tu nhién — Dai
hoc Quéc gia Tp. H6 Chi Minh. Trong hon 3 nim qua nhom chung toi da thuc hién cac du &n
quy mod nho nham cai thién tinh trang gido duc Viét Nam, hit lai chat xam tir nudc ngoai tro ve,
va hién dai hda cac cong cu Toan hoc trong nudc.

T6i ty nhan tdi 1a mot dra thich Toan. Khi tdi hoc cap 3, t6i dd co thé tu giai nhitng bai toan
kho trén 16p ma khong ai trong 16p giai duoc ciing nhu ching c6 ai hudng dan t6i cach lam,
nhét 12 tich phan. Vao thoi diém 4y, ti c6 thé ngdi hang gio lién chi dé giai mot bai tich phan
nao d6 va ngay hom sau dem 1én 16p nop lay diém 10. Khi 4y, toi da biét kha nhiéu cach giai
c4c bai tich phan, tu mo co, tim kiém trén mang ciing c6, duong nhién t6i 1ay lam tu hao lam.

Vao cudi nam 12, i ty hoi: “Khoéng biét nudc ngodi ho hoc dao ham, tich phan nhu thé nao?”.
Véi ban tinh td mo, toi 1én Google tim kiém va t6i da tiép can trang www.intmath.com. Cuing
V6i trang tra tur truc tuyén tratu.soha.vn dé dich tir vung, toi to mo xem cach ma trang web nay
noi vé dao ham, tich phan va sau d6 t6i da bi cudn hat, khong phai vi trang nay c6 nhiing cach
giai hay, nhiéu phuong phap méi ma la nhiting tng dung trong doi séng hang ngay cua dao ham,
tich phan, vi du nhu chon chd ngdi dé quan sat nhat trong rap phim, cach thiét ké khuc cua cua
con duong, xac dinh trong tdm cua vat thé, tinh cong sinh ra, ... Ngoai ra, toi con biét duoc ban
chat thuc sy cua tich phan 1a gi, dau [ tir ddu ma ra hay dx mang ¥ nghia gi. Cach huéng dan
cua trang web nay song hanh ly thuyét 1an ung dung thyc tién, tao dugc sy thu hat dbi véi toi va
t6i quyét dinh dich cac bai trong trong trang web d6 nham lam ngudn tai liéu cho riéng minh
cling nhu chia sé cho bat ky ai ¢6 nhu cau doc va tim hiéu nhiing tng dung cia dao ham, tich
phan trong cudc sbéng.

Trudc kia, toi nghi tich phan la cai gi d6 ghé gém ma chi cac bo oc thién tai maéi nghi ra duoc,
nhung sau khi biét dugc lich su hinh thanh cua chung, i da nghi sai. Sy thét thi y twong hinh
thanh khai niém tich phan rat don gian va toi tin ngay ca nhiing hoc sinh 16p 6, I6p 7 cling c6
thé hiéu duoc ¥y tuéng nay. Dac bict hon, nhiing diéu ma t6i ndi & trén hiém khi dugc dé cap
trong nhiing tiét toan trén 16p. Con viéc tinh tich phan u? Trong lic toi con khdng biét nén tinh
tich phan timng phan hay dat an nhu thé nao thi ngudi ta da nghién ciru ra phuong phap 1ap trinh
trén may tinh va giai ra dap sé cho bat ky bai tich phan nao véi do chinh xac dén kinh ngac.
“Nguoi ta” & day chinh 1a nhitng nguoi di song cach day gan ca thé ky. Qua do, toi thay rang
trinh d6 todn cta minh da tut hau xa so véi Thé gidi.

Toi da nghe nhiéu ban hoi rang: “Pao ham, tich phan c6 Gng dung gi trong cugc séng?” Dang
tlec day la phan th( vi va hap dan nhat lai dugc dé cap qua it trong sach gido khoa. Hi vong
rang qua cudn sach nay, ban s& c6 cau tra 1oi.

Loi cudi cing, t6i chan thanh cam on 6ng Murray Bourne, tac gia trang www.intmath.com da
cho phép téi dich nguon tai liéu tur trang web nay.

Con bay gio, moi ban bat dau hanh trinh kham pha nhiing tng dung cia dao ham, tich phan.
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CHUONG 1: TONG QUAN VE NGANH VI TiICH PHAN

Nganh vi tich phan nghién citu vé nhiing dai lwong bién thién phi tuyén tinh, duoc sir dung rong
rai trong cac nganh khoa hoc va ky thuat, xuat phat tir nhitng van dé ma chung ta duoc hoc (nhu
van toc, gia toc, dong dién trong mach) trong thyc té khdng hé don gian, gon gang, dep de. Néu
nhitng dai luong thay ddi 1 céch lién tuc, ching ta can phép vi tich phan dé tim hiéu xem
chuyén gi d3 xay ra voi dai luong day.

Nganh vi tich phan duoc phét trién boi mot nha khoa hoc ngudi Anh tén Issac Newton va mot
nha khoa hoc nguoi Buc la Gottfried Lebniz, 2 nha khoa hoc nay nghién ctru 1 cach doc lap voi
nhau vé nhiing dai luong bién thién vao khoang cudi thé ky 17. D3 c6 1 cudc tranh cii rang ai la
ngudi dau tién phét trién nganh vi tich phan, nhung do 2 nha khoa hoc nay nghién ciu doc 1ap
vé&i nhau nén ching ta ¢é sy hoa lan khong dugc nhu y vé ky hiéu va cach dién dat khi dung vi

tich phan. Tur Lebniz ta c6 ky hiéu Z—i va [ .

Isaac Newton Gottfried Wilhelm von Leibniz
(1642 — 1726) (1646 — 1716)

Sy phat trién ciia dong ho chay chinh xac tirng gidy vao thé ky 17 mang lai nhiéu y nghia quan
trong trong khoa hoc noi chung va toan hoc noi riéng, va dinh cao cua sy phat trién do 1a nganh
vi tich phan.

Déi véi cac nha khoa hoc thi ddy 1a diéu rat quan trong dé cé thé du doan vi tri ciia nhitng ngoi
sa0, qua d6 hd tro cho nganh hang hai. Thir thach 16n nhat cua céac thuy tha khi di bién chinh 1a
xéc dinh kinh d¢ cua con tau & ngoai khoi, bat ky quéc gia nao dua tau duoc dén Thé Gigi Moi
déu s& mang Vvé rat nhiéu vang bac chau béau, thuc pham, qua d6 quoc gia trén s& tré nén giau
co.

Newton va Lebniz xay dung trén cac phép toan dai s6 va hinh hoc cua Rene Descartes, nguoi
phat trién hé toa do Descartes ma chiing ta da gap trong chuong trinh pho théng.

Nganh vi tich phan nay cé 2 mang chinh:
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Vi phan (hay dao ham) gilp chlng ta tim ra téc d6 thay d6i cua 1 dai lwong véi 1 dai luong
khac.

Tich phan, nguoc Véi vi phan. Ching ta c6 thé duoc cho trude 1 gié tri bién thién nao d6 va ta
phai lam diéu nguoc lai, tic tim moi quan hé ban dau (hay phuong trinh ban dau) gitra 2 dai
luong.

Theé tich thung ruou 1a mot trong nhirng van de.
duoc giai quyét bang cach sur dung phuong phap vi tich phan

I. VI TICH PHAN TRONG HANH PONG 1

Mot thap nang luong cung cap dién tir mat troi bang cach thiét 1ap hang ngan tim guong c6 kha
nang diéu chinh duoc, goi 1a guong dinh nhat, mdi tim guong dugc dit trén dinh thap, thu ning
lwgng nhiét tr mat troi va cat giir trong bé chaa nhitng hat mudi da dwugc ndu chay (nam bén
phai thap) vai nhiét d6 hon 500°C.

Khi can ding dién, ning luong trong bé dugc dung dé tao hoi nuéc truyén chuyén dong cho
turbine sinh ra di¢n (& bén trai thap).

Vi tich phan (cu thé trong truong hop nay 1a dao ham) dung dé 1am tang toi da cong suat quéa
trinh nay.

II. VI TICH PHAN TRONG HANH PONG 2

Vi tich phan dung dé phat trién ning suat 6 ciing va nhiing thanh phan khac ciaa may tinh.
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11 MUC LUC

Chwong 2: Vi phan

Chuong nay c6 3 phan gom:

Phan 2.1 Vi phan: Giéi thiéu so nét vé dao ham va mét s vi du co ban vé ki thuat tinh vi phan.

Phan 2.2 Ung dung cia vi phan: Noi ta s& khdam pha mot s6 tng dung co ban, bao gém ca tim
tiep tuyen, nhirng van dé vé chuyén dong cong ciing nhu t6i wu hoa.

Phan 2.3 Vi phan ham s siéu viét: Ta s& kham pha cach tim dao ham cua mot s6 ham sé nhu
ham sine, cosine, logarithms va ham s6 md.

Chuwong 3: Tich phan
Ba phan trong chuong nay la:
Phan 3.1 Tich phan: Ta s& kham pha mot s6 nét co ban cua tich phan.

Phan 3.2 Ung dung cua tich phan: Noi ta s& thay vai tng dung co ban cuaa tich phan gom tinh
dién tich, thé tich, trong tdm, moment quan tinh, nap dién tich va gia tri trung binh. Mot diéu
th vi 13 Archimedes d3 nam duoc vai yéu t6 dé hinh thanh nén vi tich phan truéc ca Newton va
Leibniz tan 2000 nam!

Phan 3.3 Céng thic tinh tich phan: Phan nay s& cho céc ban thay vai ky thuat tinh tich phan.
Chwong 4: Bai doc thém

Nhitng cau chuyén lich sir va mot sé cach tinh vi tich phan khac s& duoc néu trong chuong nay.
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CHUGONG 2: VI PHAN
PHAN 2.1: VI PHAN (TIM PAO HAM)
BAI 2.1.1 MO PAU

Noi dung trong phan 2.1 nay:

Bai 2.1.1 M¢ dau.

Bai 2.1.2 Gidi han va vi phan.

Bai 2.1.3 Do déc cua tiép tuyén véi duong cong (tinh toan sd).
Bai 2.1.4 Nguyén 1y co ban dé tinh dao ham.
Bai 2.1.5 Pao ham véi téc do thay doi tic thoi.
Bai 2.1.6 Dao ham da thuc.

Bai 2.1.7 Bao ham tich va thuong.

Bai 2.1.8 Vi phan ham sé ¢ liwu thira,

Bai 2.1.9 Vi phan ham an.

Bai 2.1.10 Pao ham cap cao.

Bai 2.1.11 Bao ham riéng.

I. VI PHAN LA GI?

Phép vi phan chu yeu tim toc do thay doi cua dai luong nay vei dai luong khac. Ching ta can
phép vi phan khi toc do thay doi khong co gia tri ¢6 dinh, diéu nay cé nghia la gi?

Il. TOC PO THAY POI CO PINH

Pau tién, ta s& khao sat mot chiéc xe chuyén dong véi toc do 60 km/h, dd thi quang duong —
thoi gian s€ nhu the nay:

304 @ (Km)
2501
2001
150
100

a4
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Ching ta can luu ¥ rang quing dudng tinh tir diém xuat phat ting voi hang sé ¢b dinh 12 60km
mdi gio, vi vay sau 5h chiée xe di dugc 300km. Chl y rang do dbc (gradient) ludn 1a % = 60
trong toan bo do thi. Day chinh la tde do thay ddi ¢b dinh cua quang duong theo thoi gian, do

déc ludn duong (vi d6 thi di 1én khi ban di tir trai sang phai).
I11. TOC PQ THAY POI KHONG CO PINH

Bay gio ta quang qua bong Ién troi. Dudi tac dung cua trong lyc thi qua bong di chuyen cham
dan, sau d6 bat dau di nguoc chiéu Chuyen dong ban dau va rét xudng. Trong Suot qua trinh
chuyén dong thi van toc qua bong thay doi tir dwong (khi qua bong di 1€n), cham vé 0, sau do vé
am (qua béng roi xudng). Trong qué trinh di 1én, qua bong cé gia téc 4m va khi né roi xudng thi

c6 gia téc duong.

Ta c6 d6 thi mdi lién hé gitra do cao h(m) va thoi gian t(s).

B (m)

B 8 8 B 3

:

5 (8)

Luc nay do doc cua do thi thay doi trong sudt qué trinh chuyén dong. Ban dau do doc kha 16n,
O gié tri duong (biéu thi van tdc Ion khi ta ném bong), sau do khi qua bong cham dan, do déc
ngay cang it va bang 0 (khi qua bong ¢ diém cao nhat va van toc lac d6 bang 0). Sau d6 qua
bong bat dau rét xudng va do déc chuyén sang am (ang véi gia tbe am) sau do6 ngay cang doc

hon khi van téc tang 1én.

Do dbc caa mot dudng cong tai 1 diém cho ta biét toc do thay doi cua dai luong tai diém do.

i (m)
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IV. KHAI NIEM QUAN TRONG: TINH XAP Xi CUA PUONG CONG

Bay gio ta hdy phong to mot phan do thi gan vi tri t = 1s (noi t6i danh dau hinh chit nhat phia
trén), quan sat mot doan ngan gitra vi tri t = 0.9s vat = 1.1s, n6 s€ trébng giong nhu thé nay:

41

ET)

09092 054 096 098 1 102 104 106 108 11

Luuy rang khi ta phong to du gan & duong cong, nd bit dau giéng nhu duong thang. Ching ta
c6 thé tim gia tri xap xi do dbc cua duong cong tai vi tri t = 1 (chinh 1a do dbc cua tiép tuyen
cta dudng cong dugc vé mau do) bang cach quan sat nhirng diém ma duong cong dé di qua gan
t =1 (tiép tuyén I1a 1 duong thang tiép xUc véi duong cong tai duy nhat 1 diém).

Quan st do thi, ta thiy rang dwong cong 4y di qua (0.9;36.2) va (1.1; 42). Vay do doc cua tiép
tuyen tai vi tri t = 1 khoang:
x,—x; 1.1-09

=29m/s
Pon vi l1a m/s gidng nhu van tdc, vay ching ta di tim duoc tdc do thay doi bang cach nhin vao
do déc.

R6 rang, néu ching ta phong to gan hon, dudng cong sé& thang hon va ta s& ¢6 gia tri xap xi
dung hon cho d¢ doc cua duong cong.

Y tudng cua viéc “phong to” vao do thi va tim gia tri xap xi dung nhat cia do déc duong cong
(cho ta biét dugc toc d6 thay doi) dan dén sy phat trién caa vi phan.

V. SU PHAT TRIEN CUA PHEP TINH VI PHAN

Cho dén thoi dai cua Newton va Lebniz thi van chua c6 1 cach chic chan dé dy doan hay miéu
ta vé hang so bién doi cuaa van toc. Co 1 sy can thiét thuc té dé hiéu lam nhu thé nao ta cé thé
phén tich va dy doan cac dai luwgng c6 hang so bién thién. Do 1a Iy do ho phat trién phép tinh vi
phan.

VI. TAI SAO PHAI NGHIEN CUU PHEP TINH VI PHAN?
C6 rat nhiéu tng dung cua phép vi phan trong khoa hoc va k¥ thuat.
Vi phan con dugc ding trong viéc phan tich vé tai chinh ciing nhu kinh té.

Mot ang dung quan trong cia vi phan dé 1a toi vu héa pham vi, tic tim diéu kién gia tri Ion
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nhat (hay nho nhat) xay ra. Dieu ndy rat quan trong trong kinh doanh (tiét kiém chi tiéu, gia
tang lgi ich) va k¥ thuat (d6 dai 16n nhat, gia tien nho nhat).

VIL. Vi DU VE TOI UU HOA

Mot hop ¢6 ddy hinh vuéng dugc mo & mat trén. Néu sir dung vat liéu 64 cm? thi the tich I6n
nhat c6 thé cua hop la bao nhiéu?

Chung ta sé& giai quyét van dé nay trong phan sau: Ung dung cua vi phan.
VIII. TINH GAN PUNG MA CHUNG TA SU DUNG

Nhiing tinh gan dung dudi ddy déu c6 gid tri rat quan trong:

Tri s6 gan dang dé tim do déc.

Pai s6 gan dung dé tim do déc.

Tap hop nhirng quy luat cua vi phan.

Ban c6 thé bo qua phan wng dung néu ban chi cin quan tim dén cach tinh vi phan, nhung day s&
Ia mot thiéu sét 16n vi ban sé khong biét dugc tai sao lai ¢o cach do.
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BAI 2.1.2 GIOI HAN VA VI PHAN

Tiép theo bai “M¢ dau”, dé hiéu rd hon vé nganh nay, trude tién ching ta phai hiéu vé gigi han.
l. GIOI HAN

Trong viéc nghién ctu vé nganh vi tich phan, ching ta s& cam thay thi vi vé diéu gi s& xay ra
véi mot ham s khi céc gia tri khac nhau thay vao ham thi ham d6 dén gan dé mot gia tri cu thé.
Chung ta di bat gap diéu nay trong bai “Vi phan (dao ham)” khi phong to duong cong dé tim
gia tri xap xi cua d6 doc duong cong.

1. GIOI HAN KHI x TIEN PEN MQT CON SO CU THE
Thinh thoang viéc tim gid tri gi¢i han cua mot biéu thirc chi don gian 12 thé sé.
Vi du 1: Tim gidi han khi ¢ tién dén 10 cua biéu thirc P = 3t + 10.
Tra 1o vi du 1
Str dung ky hiéu gigi han, ta viét nhu sau:
tlir{lo(Bt +7)
Vi du nay khong khé khan gi ca, ta chi thé s 10 vao biéu thic va viét:
tlir{lo(Bt +7) =37
Diéu nay hop Iy vi ham £(t) = 3t + 7 la ham lién tuc.
Tuy nhién ¢ mot vai trudng hop ta khong thé &p dung cach nay.

Vi du 2: Trong biéu thac sau thi hién nhién x khong the bang 3 (do mau s6 phai khéc 0), hay
tim gidi han biéu thuc khi x tién dén 3:

x?—-2x -3

fo ===

Tra loi vidu 2

Chung ta c6 thé thiy ham sé tién dén gan mot gid tri cu thé khi x tién dén 3 tir bén trai:

x |25/26(27(2829
f(x)|35/3.6/3.7 38|39

Tiép tuc tién gan dén gia tri x = 3:

x 292921294296 297298299
f(x) 39392 394396397398 3.99
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Tuong ty, tién dén 3 tir bén phai cho ta gié tri gisi han twong tuy:

x |35]3.13.01]3.00001
f(x)|4.5]4.1]|4.01  4.00001

Ta nhan thay rang cac gié tri ham tién gan dén 4.
Ta viét:
 x?2—-2x-3
lim——— =
x->3  x—3
Chay: Ta c6 thé tim gia tri gioi han nay bang cach phan tich thanh nhan tu:
x> -2x-3  (x+1Dx-3)

e I - e

Céch lam nay dang vi ta c6 x # 3.

Pay 1a vi du co ban nham gidi thiéu viéc nghién ctu gidi han. N6 c6 vé kha ngé ngan vi nhing
gi ta 1am cha khac gi bai toan cap 2, nhung lai rat quan trong vi n6 thé hién rang ham khong ton
tai gi tri thuc ndo khi x = 3, nhung khi ta cho x ngay cang dan t6i 3 thi gia tri ham cang di vé
mot gia tri thue (nhu trong vi du trén 1a 4).

I11. GIO1 HAN KHI x TIEN PEN 0
Chung ta phai nhé rang ching ta khéng thé chia cho s6 0.

Nhung c6 mot vai diéu rat thi vi va quan trong, do6 1a gidi han khi x tién dén 0 va noi ma gia tri
gidi han xuat hién khi ta c6 mau so bang 0.

Vi dy 3: Tim gidi han khi x tién dén 0 cia =22,

Tra loi vidy 3

Ta khong thé thay sb 0 vao biéu thic vi Smoﬂ khong xac dinh.

Khéng c6 phuong phap dai s6 nao dé tim gigi han nay, nhung ta c6 thé tim bang cach cho x tién
gan den 0 tur bén tréi va phai va cé ket luan rang:

sin(x) B

x—0 X

Mot cach dé kiem ching két qua nay d6 1a dua vao d6 thi va ta thay rang gia tri ham sé khi x
ganden 0 1a 1.
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C6 chd tréng noi x = 0 trong do thi nhung né qua nho dé ching ta thay duoc.
IV. GIGI HAN KHI x TIEN PEN VO CUC
Vi du 4: Cho biéu thtc ; chuyén gi s& xay ra véi biéu thirc khi x tién ra vo cuc?
Tra loi vi du 4
R6 rang khi gia tri x cang 16n thi gia tri biéu thirc ngay cang nho cho dén khi dén sat gia tri 0, ta
noi rang “giéi han cua % khi x tién ra vo cuc 1a 0"
V. GIGI HAN KHI GIA TRI BIEN THIEN O MAU
Mot cach téng quét:

Tuong tu:

Ta ding nhiing gia tri giéi han nay khi can wdc lugng gisi han cua cac ham sé va dac biét hitu
ich khi ta v& do thi duong cong.

Vidu 5: Tim gidi han:

y (5 - 3x)
oo \6x + 1

Traloividu5

Bai nay khong may rd rang gia tri giéi han 1a bao nhiéu. Ta c6 thé thay x gia tri cang lon dan
vao biéu thirc cho dén khi ta phat hién dieu gi kha quan (hdy thir vaoi 100, roi 1 000, roi
1 000 000 va ctr the).

Hoac ta co thé sap xép biéu thirc va ding cong thuc:

Khoa: TOAN HOC 17




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

] 1
lim <—) =0
x—too \X
dé tim gia tri gioi han.
Ta chia ca tir va mau cho x dé tao ra biéu thirc ma ta c6 thé danh gia dugc gié tri gisi han.

5

. (5—3x>_ . 3| 0-3 1
o \6x + 1) 2ot 6+l T 6+0 2
X
5_
Chu y rang ta khéng thay ky hiéu oo vao biéu thurc ﬁ vi n6 khong c6 nghia trong toan hoc.
X
Pimng vidt 222 didu nay khong dung dau nhé!

600+1’

Vidu 6: Tim gidi han:

. 1—x?
x1—r>1010 8x%2+5

Tra loi vidu6

Céch thé sb: Thay cac gia tri 16n dan vao biéu thire nhw 100, rdi 10 000, rdi 1 000 000, ... va
ta nhan thay biéu thic tién vé — é.

Céch dai s6: Chia tir va mau cho x2 roi lay giéi han:

1
. 1 — x2 . ol AN |
xl—r>{>lo 8x2+5 _xl—r>£10 8+£ __8
x2

VI. TINH LIEN TUC VA VI PHAN

Trong phan nay ta sé lay vi phan cua da thiic, sau d6 ta s giai quyét nhiéu ham khé hon, c6 khi
ta khong thé lay vi phan duoc. Ta can phai hiéu diéu kién nao dé mot ham co thé lay vi phan.

Mot ham s6 nhu f(x) = x3 — 6x2 — x + 30 & ham lién tuc véi moi gia tri cia x nén cd thé lay
vi phan vaéi moi gié tri cua x.
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603
403

03
204

603
-804
-1007
-120

Tuy nhién, ham so nhu £ (x) = —— khong xac dinh tai x = 0 vax = 1.

x2

Ham khong lién tuc tai 2 diém do, vi vay ta khdng thé iy vi phan véi nhitng gié tri nhu vay.

¥

VII. HAM SO NHIEU PHUONG TRINH VA VI PHAN
Ham s6 nhiéu phuong trinh 1dy dugc vi phan véi moi x néu ham sé 4y lién tuc véi moi x.
Vidu7:

_(2x+3 x<1
f(x)_{—x2+2 x>1

Ham sb nay khong lién tuc tai x = 1, nhung van ton tai gia tri tai x = 1 (cu thé £(1) = 1). Ham
s0 nay cO vi phan vai moi x trir gid tri x = 1 vi ham khoéng lién tuc tai diém trén.
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BAI 2.1.3 PO DOC CUA TIEP TUYEN VOI PUONG CONG (TINH TOAN
GIA TRI)

Trong bai viét nay, tdi s& cho ban thdy mot trong nhitng van dé c6 tur 1au, do6 1a tim d6 dbc tiép
tuyén cua duong cong. Van dé nay co trude khi vi phan ra doi.

Khi chiing ta m6 hinh hoa nhicu van dé vat Iy bang céch sir dung duong cong, ta phai hieu vé
do doc cua duong cong ¢ nhiéu diém khac nhau va y nghia cua d6 doc trong nhitng tng dung
thuc té.

Hay nhé rang: Ta dang c6 gang tim tdc do thay di cua 1 dai luvong nay so véi dai luong khéc.
Nhitng ¢ng dung bao gom:

+ Nhiét d6 thay ddi trong thoi gian nhat dinh.

+ Vat téc cua 1 vat thé roi tu do trong khoang thoi gian nhét dinh.

+ Dong dién qua mach trong thoi gian nhat dinh.

+ Su bién thién cua thi truong ching khoén trong khoang thoi gian nhat dinh.

+ Sy gia ting dan s6 trong khoang thai gian nhat dinh.

+ Nhiét d6 gia tang theo ti trong trong binh gas.

Sau do, ta s& kham pha ra téc do thay doi cua nhiing diéu trén bang cach lay vi phan ham s6 va
thay thé gia tri thich hop vao. Bay gio, ta bat dau tim toc do thay doi mot cach gan dung (c6
nghia la ta thay so vao cho dén khi ta tim dugc gia tri xap xi phu hop).

Ta quan sat trudng hop tong quat va viét phuong trinh phu hop bao gom an x (doc 1ap) va gia
tri y (khong doc lap).

Do dbc cia duong cong y = f(x) tai diém P chinh 1a do déc tiép tuyén tai P. Ta can tim d6 doc
nay dé giai quyet nhiéu ing dung vi no cho ta biét toc do thay doi mot cach nhanh chong.

Taviét y = f(x) trén duong cong vi y 13 ham theo x, tic 13, néu x thay doi thi y ciing thay doi.

* Ky hiéu A:
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O ky hiéu nay, ta viét:
+ Thay ddi theo y la Ay.
+ Thay doi theo x 1a Ax.
Theo dinh nghia nay, d6 déc duoc cho boi:

=A_y=YZ_J’1
Ax  x, — x4

Ta dung c6ng thie nay dé tim nghiém bang sé do déc duong cong.
Vi du: Tim d6 déc cua duong cong y = x? tai diém (2; 4) sir dung phuong phép tinh bang sé.
Tra loi vi du

Ta bat dau véi diém Q(1; 1) vi gan voi diém P(2; 4).

Do ddc cua PQ tinh bai:

y2—y1 _4—-1_

- =3
Xy —Xq 2—1

m =

Bay gio ta di chuyén diém Q quanh duong cong, tién dén gan P, dung diém Q(1.5;2.25) gan
Véi P(2; 4).

Q (1.5,2.25)
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D& tinh d6 doc dudng cong PQ 1am = 3.5.

Ta thdy day 1a gia tri xip xi phu hop véi do dbc tiép tuyén tai P, nhung ta c6 thé tim duoc gia
tri xap xi tot hon.

Bay gio ta di chuyén Q lai gan P hon nira, gia st Q(1.9; 3.61).

Bay gio ta co:

P, 4)
Q (1.9, 3.61)

Vay ta tinh dugc m = 3.9.

Ta thiy ta di gan tim duoc gié tri ¢ doc can tim.

Bay gio néu Q tiép tuc di chuyén dén (1.99; 3.9601), d6 doc PQ la 3.99.
Néu Q 1a (1.999;3.996 001) thi d6 dbc 1a 3.999.

RO rang, néu x — 2 thi 46 déc PQ — 4, nhung ta luu ¥ rang ta khong duoc Iy x = 2 vi nhu
vay phéan so6 cuia m c6 0 ¢ mau, dieu nay la vo ly.

Ta da tim duoc tc do thay doi cia y theo x 1a 4 tai diém x = 2.
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BAI 2.1.4 NGUYEN LY CO BAN PE TiNH PAO HAM

Trong bai ndy, chiing ta s& tinh vi phan cia mot ham bang “nguyén 1y co ban”. Ttc 1 ching ta
s€ bat dau tr mot md hon tap va sau d6 dung dai so dé tim cong thirc tong quat cho do doc
duong cong ing vai moi gia tri coa x.

“Nguyén 1y co ban” c¢6 thé hiéu 1a “cong thirc A “vi nhiéu bai viét sir dung Ky hiéu Ax (&ng Vi
su thay doi cua x) va Ay (&ng vai su thay doi caa y). Diéu nay vo tinh lam cho dai so thém
phuec tap, nén ching ta dung h thay thé cho Ax, ta van goi la “cong thirc A”.

¥ = Jix)

Ta tim kiém mot cach thire dai s6 dé tim d6 dbc cua y = f(x) tai P theo cach thay sé ma ta da
xem trong bai “P¢ doc cua tiép tuyen voi dwong cong (tinh todn gid tri)”.

Ta c6 thé tinh xap xi gi4 tri ndy bang cach lay 1 diém nao d6 gan P(x; f(x)), gia st nhu

Q(x + h; f(x + h)).

O (x+h, flcth))

Gid trj {12 gid tri xép xi ctia d6 déc tiép tuyén ta da yéu chu.
Ta c6 the viet do doc nay la:

_Ly

m_Ax

Néu ta di chuyén Q ngay cang gan toi P, duong PQ s& gan tring vai tiép tuyén tai P va do déc
cua PQ gan bang vai do doc ta can tim.
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Néu ta dé Q triing voi P (tirc h = 0) thi ta s& c6 chinh xac d6 ddc tiép tuyén.
Bay gio % c6 thé viét thanh:

_fa+h) - f@)
h

SRS

Tuong duong d6 déc PQ Ia:

y2—y1 Ay  flx+h)—fx)
m = = —=
X, —x; Ax h

Nhung ta dang tim d6 ddc tai P nén ta cho h dan tién dén 0 din dén Q tién dén H va % tién t6i
d6 ddc ta dang tim.

I. PO DOC PUONG CONG THEO PAO HAM
Ta c6 thé viét do doc tiép tuyén tai P 1a:

dy . fGH)—f)
dx  hoo h

Pay chinh 1a nguyén 1y co ban dé tinh dao ham (hay cong thuc A) 1a toe do thay ddi tic thoi cua
y theo x.

Piéu nay twong duong véi diéu sau (noi trudc d6 ta da dung h thay cho Ax):
dy y Ay
dx  Ax-0Ax

Ban c6 thé viét cong thirc A thanh:

dy . fx+Ax)—f(x)
— = lim
dx Ax—0 Ax

Il.LUU Y VE PAO HAM

QUAN TRONG: Bao ham (vi phan) c6 thé viét theo nhiéu cach, diéu nay c6 thé dan dén mot sb
phién phirc cho nhirng ban maéi nghién cu vi phan:

Piéu theo sau ddy twong duong cach viét dao ham bac 1 ciay = f(x): Z—z hoac f'(x) hoac y'.
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Vidu 1: Tim 2 khi y = 22 + 3x.
Traloividu 1
Ta co:

f(x) =2x% + 3x

fx+h)=2(x+h)?>+3(x+h)=2x%+4xh + 2h* +3x + 3h
Bay gio ta can tim:

dy _fGrh) = ()
m

dx h—-0 h
~ (2x% + 4xh + 2h? + 3x + 3h) — (2x% + 3x)
= im h

= lim(4x + 2h + 3)
h—0

=4x+ 3
Chung ta di tim ra biéu thtc cho ta d6 ddc tiép tuyén & bat ky noi nao cua dudng cong.
Néu x = 2 thi do dbc 12 4(—2) + 3 = —5 (dudng mau do trong hinh dudi).
Néu x = 1 thi do dbc 1a 4(1) + 3 = 7 (xanh l4 cay).
Néu x = 4 thi do doc 1a 4 x (4) + 3 = 19 (den).

Ta c6 thé thiy dap an 1a dung khi ta v& dudng cong ra do thi (hinh parabola) va nhan xét d6 doc
tiép tuyen.

501
407

=4

304 ,
] B4 dic = 19

207

x=-2 1B3
NPodic=-5 0] x=

Day chinh 14 diéu 1am cho vi tich phan rat hiru dung, ta c6 thé tim d6 doc bat cir dau trén dudng
cong (ung vdéi toc do thay doi ctia ham so ¢ bat cur dau).
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Vidu 2:
a) Timy' ciay = x2 + 4x.
b) Tim d6 dbc tiép tuyén tai x = 1 va x = —6.
¢) V& dudng cong va ca 2 tiép tuyén.
Tra 101 vi du 2

;- , e \ ~ s s 1A A \ a
a) Chuy: y' tirc “dao ham bac 17, ¢6 thé viét thanh é.

bat:
f(x) =x% + 4x
Ta duoc:
fx+h)=(x+h)*+4(x+h) =x*+2xh + h* + 4x + 4h
Vi vay:
dy _ . fla+h) - f@&)
dx h-0 h
_ hirr(l) ((x+h)?+4(x -}Il— h) — (x? + 4x)

[/ }li_r)r(l)(2x+h+4)
=2x+4

by Khix =1,m=2(1)+4 =6.

Khix = —6;m = 2(—6) + 4 = —8.

¢) Do thi:
30
20 S
[ 24
-10
[ =1
D5 ddc =6
T T 717 X
0, g
--10
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BAI 2.1.5 PAO HAM VOI TOC PQ THAY POI TUC THOI

Dao ham cho ta biét toc do thay doi cua mot dai lugng so voi dai lwong khac & vai vi tri hay
diém riéng bi€t (nén ta goi la “toc do thay doi tac thoi”). Khai niém nay cd nhiéu ung dung
trong dién tir hoc, dong luc hoc, kinh té hoc, tran chat long, kieu mau dan so, ly thuyét sap hang
va con nhiéu nira.

Bat ct khi nao mot sé luong ludn thay ddi gia tri, ta déu c6 thé dung vi tich phan (vi phan va
tich phan) dé mo ta trang thai cua no.

Trong bai nay, ta s& ban luan vé nhiing su viéc xay ra trong nhitng khoang thoi gian rat nho, nén
ta s€ dung At thay vi Ax nhu ta thay & bai “Nguyén Iy co ban dé tinh dao ham”.

Cha y: Bai viét nay 1a mot phan cua bai viét “Téng quan vé nganh vi tich phan”. Ta s& nghién
cau vai quy luat dé hon nhiéu trong cach tinh vi phan trong bai viét tiép theo “Dao ham da
thuc”.

I. VAN TOC

Nhu ta dd biét, van tdc chinh 1a thuong sb gilta quang duong va thoi gian vat di hét quang
duong do, nhung diéu nay chi dung khi van téc 1a hang s6 ¢b dinh (hay vat chuyén dong déu).
Ta can mot cong thic khac khi van toc thay doi theo thoi gian.

Néu ta c6 biéu thiic cho s (quang duong) theo ¢ (thoi gian) thi van téc ¢ bat ky thoi diém nho t
nao duoc tinh boi:
_ As
V= atSo At
Pé lam dai s6 tro nén don gian hon, ta dung h thay cho At va viét:
. fE+h)—f(0)
v = lim

h—0 h

Vi du: Mot vat thé roi tir cai gia dd dugc quing duong s theo cm duoc cho bai s = 490t2, t
tinh theo giay (s), hoi van toc vat thé khi t = 10s?
Tra loi vidu

Pay 1a db thi cua s (quang duong) theo thoi gian (tlnh theo gidy). Ta thay rang van toc (tuong
duong voi do dbc tiép tuyén cua duong cong) khong c6 dinh. Ban dau, do déc 1a 0 (dudng cong
nam ngang), theo thoi gian, vat thé tang toc, do doc duong cong tré nén déc hon (thang ding
hon).
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500001
400005
300005
200005

10000

Bay gio van tdc dugc tinh bai:

y ft+h)—f()
m

vV = hl—>0 h
Nén ta co:
. f+h)—=f()
v = lim
h—0 h
(490(t + h)?) — (490t?)
= 11m
h—0 h

= }111%(490(21: +h))
= 980t
Nén v = 980t la biéu thuc cho ta biét van toc vat thé ¢ bat ky thoi diém nao (¢t > 0).
Khit =10s;v =980-10 =9 800cm/s.
Nén van toc khi t = 10s 1498 m/s.
Taviétvantéclav = % hay ta c6 thé viét v = s'.
Dao ham cho ta biét:
+ Tdc d6 thay doi caa mot dai lugng so véi dai lugng khac.
+ Do ddc tiép tuyén cua duong cong & bat ky diém nao.
+Van tée khi ta biét biéu thirc s quang duong la v = =
+ Gia toc khi ta biét biéu thic v van toc la a = 2.

Il. CAU HOI PQC GIA
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Mot nguoi doc thuong hay hoi:
U ~ , AV 1y o
Y nghia cua o la gi?”.
Day la cau tra loi caa toi:
Ay s ., d ~ 1N s » r s o o iz e . /
Mot cach don gian, d—jt] nghia la “su thay doi cua y so véi su thay doi cua t ¢ gia tri chinh xac
cuat”.

Khéi ni¢m trén dugc dung khi dai luong y phu thugc vao mét hang s6 thay doi. B dé hiéu hon,
ta hdy lay nhiét do moi truong lam vi du. Gia sir ban dang & Melbourne, Uc (noi ¢6 nhiét do
chénh léch khac nghiét), va ta muon biét bay gio nhiét d6 gia tang nhanh dén mc nao.

O mua dong, vé dém, nhiét do thong thuong 1a 2°C, & mua hé (6 théang sau) vé dém, nhiét do co
thé 1én dén 26°C. Toc do thay doi trung binh la:
26-2 24

c —?=4 C/thang

bay la gia tri trung binh xa, khdng phai %.

Nhung bay gid hiy nghi vé mét ngay trong hé. Lic 6: 00 sang nhiét d6 cé thé 1a 13°C, va 1: 00
chiéu 1én dén 27°C, gid tri thay doi trung binh la:
27 —13

=20
> C/h

x A . d
Ta van khong c6 d—lt'.

Bay gio hay gia sir luc 9: 00 sang 1a 20°C va IGc 10: 00 sang la 22.4°C nén gia trj thay doi
trung binh Ia:
224 —20

o = 0.04 °C/phit (twong dwong 2.4°C/h)

Ta c6 thé tién dén nhitng khoang thoi gian nhé hon (nhu s; ms; ns va hon nira) dé du doan su
thay doi nhiét do lac 10: 00 sang. Sy du doan nay duoc biéu dién bai khai niém %

N6i mot cach lich sir, nhitng gi t6i mo ta trong “Pg déc cua tiép tuyén véi duong cong (tinh
toan gia tri)” chinh la nhirg diéu nguoi xua da lam trudc khi Newton va Leibniz cho ta phép
tinh vi phan.

Trong bai “Nguyén 1y co ban dé tinh dao ham”, ta thay cach tiép can dai sé ma Newton va
Leibniz da phét trién. By gio ta c6 thé tim gia tri dy doan cua % bang cac quy trinh toan hoc
dua trén ham s6 ma khong can phai thay sé trong moi vi tri.

O bai viét tiép theo ta sé théy nhiéu quy luat (J!é hon cho vi phan. Ta s€ it dung “nguyén ly co
ban” nhung s€ rat |a tot dé nam rd vi phan xuat phat tir dau va n6 giap ich gi cho ta.

Khoa: TOAN HOC 29




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh
BAI 2.1.6 PAO HAM DA THUC
Ta c6 thé tim dao ham mot da thic ma khong can ding cong thic A ta da gap trong bai
“Nguyén ly co ban dé tinh dao ham”.

Isaac Newton va Gottfried Leibniz da thu dugc nhitng quy luat duéi day vao dau the ky 18, ho
da theo cai “co ban” dé tién dén vi phén, tir d6 lam cho cudc song chdng ta trg nén thuan tién
hon.

Hiing s6 dc _ 0 bay Ia diég co ban, tic 12 néu mot dai lugng co gid tri hang sb
dx co dinh, hién nhién toc d6 thay doi ctia no bang 0.
Lity thira n
bac n ciaa dx (™) Chung minh theo cdng thuc A.
X =nx"1
—(Cy)
Tich c6 O day ¥ la mot ham s6 theo x, c6 nghia khi ta tim dao ham cua
ich co d
hing sé € = a(y) mét hiang So nhan véi ham sé do thi cling gidng nhu tim dao
dy ham ham s trudc, sau d6 nhan cho hang so.
~ dx
d(u +v) O day u va v 1a ham s6 theo x, dao ham cua tong thi bang véi
Pao ham dx dao ham cua cai dau tién cong voi dao ham cua céi thu hai.
tong du dv | Nhung diéu ndy s& khong con dung véi dao ham tich 2 s6 ma ta

dx + dx s€ gap ¢ bai sau.

1. Vi DU
Vidu 1: Tinh dao ham:
y = —7x°
Traloividu 1
Str dung quy tac sau:

d dy
a(c}’) = CE

Ta dua —7 ra phia trudc:
d d
—(=7x%) = =7 —(x°
dx( *%) 7dx (**)

Va:

n—1

— (") =
dx(x) nx

Cho ta:
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d
—7—(x%) = =7 - 6x° = —42x°
dx
Cha y: Ta c6 thé 1am budc sau:

dy

e —42x°
Ta cd thé viét: % = —42x5 hoic y' = —42x5 déu c6 nghia nhu nhau.
Vi du 2: Tinh dao ham:

y=3x>-1

Tra loi vi du 2
y=3x"-1
Bay gio:
d
— (3x°) = 3-5x* = 15x*
dx

~ dc A e
Vi— = 0 nén ta viét:
dx

d
a(—l) =0
Vay:
dy d . d _ 4
= I (3x°) + P (-1) = 15x

Vi du 3: Tinh dao ham:
y=13x*—-6x3—x—-1
Tra loi vidu 3
Bay gio ta tinh theo thu tu:

d d
—(13x%) = 52x3, (— (x™) = nx"‘l)
dx dx

d d
— (—6%3) = — 2 — (M) = n-1
dx( 6x°) 18x7, (dx (x™) = nx )

d d
—(—x) = -1, <—x =—1-x5 —(x") = nx”"1>
dx

d dc dx
D=0 (a= 0)

Vay:
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d
—y=52x3—18x2—1
dx
Vi du 4: Tinh dao ham:
1 1
— _ _ 48 4 2
y 4x +2x 3
Tra loi vi du 4
1 1
— 83 4 __ 92
y 4x +2x 3
L4y vi phan tirng phan mat, ta co:
d 1
_ _ — 7=_2 7
dx( 4 ) x x
d (1
— | = 3
dx (zx) =
d
— (3% =0
7 30

A

Vay:

dx  dx
Vi du 5: Xac dinh dao ham:

d d 1 1
4 (—Zx8+zx4—32)=—2x7+2x3

y =x*—9x? — 5«x
tai diém (3; 15).
Traloividu5
y =x*—9x? — 5x
Vay:

d
Y o 4x3—18x—5
dx

Tai diém c6 x = 3 thi gia tri dao ham Ia:

dy

— =4-33-18-3-5=149
dxly=3

Piéu nay c6 nghia do doc cua duong cong y = x* — 9x2 — 5x tai x = 3 14 49.

Vi du 6: Tim dao ham ham so:
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2

y = x1/4 — -
Tra 1oi vi du 6

O truong hop nay ta cd phan s6 va sé am lity thira cua x (nén day khong phai da thirc).

Quy luat vi phan van duoc ap dung:

Ta c6 thé viét lai thanh:

y =x1/* — 2571
Vi phén cho ta:

dy 1
& Z/M-1 g (L1)p1-1
dx 4 x (—1x

1 3 ¢
=—x"%+2x"
4x X

1 2

_l__
4x3  x?

1. BAI TAP

Viét phuong trinh tiép tuyén cua duong cong y = 3x — x3 tai x = 2.

Tra loi
Ta co:
y =3x—x3
y
— =3 —3x?
dx x
Va gia tri dao ham véi x = 2 la:
dy
— =3-3-22=-9
dxly=

Viy =3x —x3nénkhix =2thiy = -2.
Nén ta can tim phuong trinh duong thang di qua (2; —2) c¢6 d6 doc —9.

Str dung cong thiic tong quat caa phuong trinh dudng thang:

y =y =m(x —x)
Ta duoc:
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y+2=-9(x—2)
Viy phuong trinh can tim Ia:
y=-9x+ 16
Hay viét dudi dang tong quat:

Ix+y—16=0
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BAI 2.1.7 PAO HAM TiCH VA THUONG

I. CONG THUC TiCH
Néu u va v 12 2 ham sb theo x thi dao ham tich uv duoc xéac dinh boi:

d(uv)_ dv+ du
dx _udx vdx

Phat biéu thanh loi:

“Mudn dao ham tich hai ham s, ta ldy ham s6 thir nhat nhan véi dao ham ham sé tha hai cong
vGi ham so thar hai nhan dao ham ham sé thir nhat”.

Cong thuc nay tir ddu ma ra? Nhu nhiéu cong thic vi phan ta da gap déu duoc ching minh dya
vao “Nguyén Iy co ban dé tinh dao ham”.

Vidu1:
Néu ta c6 tich 2 ham sé:
y = (2x% + 6x)(2x3 + 5x2)
Ta c6 thé tinh dao ham tryc tiép ma khong can phai pha ngoic nhan phan phéi.
Traloividu 1
Taco2hamsé u = 2x2 + 6x vav = 2x3 + 5x2.
Ta dung cong thic tich:

d(uv dv du
( )=u—+v

dx dx E
PAu tién ta tinh:
dv
— = 6x%+ 10x
dx
Va:
W rt6
dx x

Sau d6 ta viét;

d(uv)_ dv+ du
dx _udx vdx

= (2x% 4+ 6x)(6x? + 10x) + (2x3 + 5x%)(4x + 6)

= 20x* + 88x3 + 90x?
Vidu 2: Tinh dao ham:
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y = (x3 —6x)(2 — 4x3)
Tra loi vidu 2

Nhan thy dang uv, cuy thé:

{u=x3—6x
v=2—4x3
d(uv)_ dv du
dx _udx vdx

= (x3—-6x)(—12x) + (2 — 4x3)(3x% — 6)
= —24x° + 96x3 + 6x2 — 12
Cha y: Ta c6 thé viét cong thuc tich nay theo nhiéu cach:

d(uv) _dv du

dx ”E ”E
Hay:
d(f0g®) . dgx) df (x)
T W HeT
Hoac:

(uv)' =u'v+v'u
I1. CONG THU'C THUONG (PHAN SO)
Néu u va v 1a 2 ham s theo x thi dao ham thuong % duoc xac dinh boi:

du dv
4 (%) = Vdx ~ Ydx
dx \v v2
Phat biéu thanh 1oi:
“Dao ham thuong s6 bang mau s6 nhan dao ham tir s6 trir tir s6 nhan dao ham mau s6 tat ca
chia cho mau so binh phuong”.
Vi du 3: Tinh dao ham:

2x3
4 — x

y =
Tra loi vidu 3
Nhan thiy ham sé c6 dang % Véiu=2x3vav=4—x.

Dung cong thirc thuong, ta dugc:
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du_

= 2
I 6x
Va:
dv _
dx
Lai co:
du dv
4 (%) - U ~ Ydx
dx \v v2
_ (4 —-x)(6x?) — (2x*)(-1)
a (4 — x)2
_ 24x% —4x°
- (4—x)?

’ N\ d ki
Vi du 4: Tim é cua:

_ 4x?
y_x3+3
Tra loi vi du 4

Tadatu = 4x? vav = x3 + 3.

Dung cong thirc thuong, ta dugc:

Lai co:
d o v, 4
(_) _ dxv2 dx
_ (% +3)(8x) — (4x?)(3x?)
(x3 +3)?

—4x* + 24x
(x3 +3)2

Cha y: Ta c6 thé viét cong thirc thuong nay theo nhiéu cach:
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i(f(x)) _g(x)%gf)—f(x)d%—g{x)
dx\g(x)) (g(x))z

d /u vu' —uv’
E(;) - V2

(u)’ u'v—uv’

v v2
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BAI 2.1.8 VI PHAN HAM SO CO LUY THUA

I. HAM HQP
Néu y 1a ham sb theo u, con u 12 ham s theo x thi ta noi: “y 1a ham hop theo x”,
Vi du 1: Hay mo ta phuong trinh:

y = (5x + 7)?

Traloividul
Néu ta goi u = 5x + 7 (biéu thuc trong ngodc) thi phuong trinh trén viét lai thanh:
y = ul?

Ta da viét y 12 ham s theo u, va twong ty u 1 ham sé theo x.

Day la khai niém quan trong trong vi phén. Nhitng phuong trinh ta gdp dén bay gio s& 1a
phuong trinh trong phuong trinh va ta can phai nhan dién chiing dé co thé tinh vi phan mdt cach
chinh xac.

II. QUY TAC XiCH

Pé tim dao ham ham hop, ta can sir dung quy tic xich:
dy dydu
dx  dudx

Diéu nay c6 nghia ta can phai:

(i) Nhan dién u (ludn luén chon biéu thirc nam trong cung, thuong nim trong ngodc hay dudi
dau cin).

(ii) Sau d6 ta can ghi lai biéu thuc y theo u.
(iii) Pao ham y (theo u) sau do ta biéu dién lai moi thir theo x.

: FRUEYA . d
(iv) Budc tiep theo ta tim d—l;.

A d ,.d
(v) Nhan = vei =,
du dx

Vidu 2: Tim 2 cua:
: dx
y=(x*+3)°
Tra 161 vi du 2
Trong trudng hop nay ta dat u = x2 + 3, tir d6 ta dugc y = u®.

Ta nhén thay rang:
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+ 1 1a ham s theo x.

+ y 1a ham s theo wu.

Theo quy tic xich, dau tién ta can tim a
du dx
Y 4 2 4
— = 5u* =5(x° +3)
du
du
—=2x
X
Vay:
dy dydu
dx  dudx
= 5(x? + 3)*(2x)
= 10x(x? + 3)*
Vidu3: Tim L i
dx
y =+4x%—x

Tra 161 vidu 3

Trong trudng hop ndy, ta dit u = 4x? — x, tir d6 ta dugc y = Vu = u'/2,

Mot 1an nira;
+ u 12 ham sé theo x.
+ y la ham s6 theo u.

Str dung quy tic xich, ta can tim:

ay 1 a1 _ !
du 2" T 2u Nac—x
Va:
d—u=8x—1
dx
Vi vay:
d_y_dyd_u_ 8x—1

dx  dudx 2V4x2 — x
I11. PAO HAM HAM SO CO LUY THUA

Mg rong ra véi quy tac xich chinh la cong thic Iy thira cho vi phan. Ta dang tim dao ham cua
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u™ (lity thira caa ham sé):

du
— (") — n-1_"
dx @W?) = nu dx
Vi du 4: O phuong trinh sau:
y=(Qx*-1)*

Ta c6 ham s6 c6 liy thira.
Tra 1061 vi du 4
Néuta datu = 2x3 — 1 thi y = u*.
Vi vay:
+ y la ham sb an u liy thura.

+ulaham s an x (u = f(x)).

Pé tinh dao ham biéu thic trén, ta c¢d thé ding cong thirc moi:

du
— (") — n-1_"
dx W") = nu dx
Véiu=2x3—1van=4.
Vi vay:
d du
_ ny — n-1_"
dx @W") = nu dx

= (4(2x3 = 1)*)(6x?)
= 24x%(2x3 - 1)3

Puong nhién ta c6 thé ding quy tic xich:

dy dydu
dx dudx
IV. THU THACH
Tim dao ham ham sé:
B x?’(Bx +1)
Toxt 42

Tra 101 thu thach

O vi du nay, ta ¢6 phan s0 v6i tir sO 1a phép nhan.

Mot Ian nira, tacd y = % voiu=x?Bx+1)vav =x*+2.
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~ , A A A A d SN s
Cong thuc phan so yéu cau dang d—l; nhung u lai 1a tich.

Piatu = pq voip = x? vaq = 3x + 1.
du  dq dp

ax Pax " 9ax
=x%-3+ (Bx+1)(2x)

= 9x? + 2x
Ngoai ra ta co:
dv
— =4 3
dx x
Vi vay:
u du dv
d_y:d(a) Vi Va@x
dx dx V2
(" +2)(9x% + 2x) — (x*)(Bx + 1) (4x?)
B (x* + 2)?

B —3x% — 2x° + 18x2 + 4x
- G+ 2
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BAI 2.1.9 VI PHAN HAM AN
Chécwhén,céc ban tung gap nhitng phuong trinh ma y khong thé biéu dién theo x chi bang cach
chuyén vé, chang han:
y*+ 2x%y? + 6x2 =7
Dé tinh % theo nhiitng cach thong thudng trude day thi rat phuc tap dé bién d6i y theo x, tham
chi 1a khong thé.

Vay ta phai c6 mot cach nao d6 dé tinh vi phan nham xéc dinh téc do thay doi cua y khi x thay
doi. bé lam dugc di€u nay thi chiing ta can biét dén vi phan ham an.

Hay xem qua mot s6 vi dy sau:
p \ -2 LAy z
Vi du 1: Tim biéu thirc ~, e
y*+ x5 —7x2-5x"1=0
Traloividul
y*+ x5 —7x2-5x"1=0

O vi du nay ta d& dang phan tich y theo x, tir d6 tinh vi phdn mét cach dé dang. Thé nhung ta
hay st dung mot cach khac dé tim vi phan xem.

Phan A: Tim dao ham véi x cua y*.

Pé vi phan biéu thirc nay, ta coi nhu y 1a ham theo x va st dung “Pao ham ham sé c6 liy
thira”.

Co ban: Tién hanh cac budc tinh dao ham:

d dy

a()’) = a
d dy
2 (v2) = 2y
™ (y?) =2y Ix
d dy
= (v3) = 3v2 2
T2 (y°) =3y I

Tuong tu:
dy
4 =4 3
LD =4y

Phan B: Tim dao ham theo x cua:
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Pay 1a cach tinh vi phan thuan tay:

d 5 5
(x — 7x? ——) = 5x* — 14x + —

dx X X

Phin C:

O vé phai ctia phuong trinh, dao ham cta 0 12 0.

Bay gio két hop phan 4; B; C.

d 5
4y3dy+5x —14x+——0

Chuyén vé ta dugc két qua:

dy —5x*+14x— %

dx 4y3

Vi du 2: Tim d6 déc tiép tuyén tai diém (2; —1) cua dudng cong:
2y+5—-x2—-y3=0
Tra 101 vi du 2
D1 tur trai sang phai, ta co:

bao ham cua 2y:

d dy
dx( y) dx
Pao ham cua 5 1a 0.
Pao ham cua x? la 2x.
Dao ham cua y3:
, 4y
—((v3) =3
(y ) =3y* =
Két hop lai, vi phan ham an trén cho ta:
dy dy
2———2x—-3y?—==0
dx * y dx
Thu gon:
dy
2-3y?)—=2
(2-3y") - =2x
Vay:
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dy — 2x
dx 2 —3y2

Vaykhix =2vay = —1:

dy 2-2 _ 4
dx  2-3-(-1?
Vay do dc tiép tuyén tai (2; —1) 1a —4.

Hay quan sat chung ta lam gi, ta v& d0 thi dudng cong:

2y+5—x2—y3=0

Sau d6 ta vé tiép tuyén tai (2; —1), qua thuc d6 ddc tiép tuyén 1a —4.

Vi du 3: (Bao gom cong thirc tich).
Tinh Z—z cua:
y*+ 2x%y2 + 6x2 =7
(day chinh 1a vi du da néu & dau bai).
Tra loi vidu 3
Pé don gian hoa van d¢, ta chia nho cau hoi thanh nhiéu phan.
Phan A: Tim dao ham theo x cua y*.

3 LY

d
— (v =4
dx(y) At

Phan B: Tim dao ham theo x ctia 2x2y?2.
Dé tinh dao ham ctia 2x2y? theo x ta cin nhan thiy day la mot tich.

Néu ta dat u = 2x2 va v = y? thi ta co:
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d dv du dy dy
_222=_ _=22(2_) 24=42_42
dx(xy) udx+vdx (2x%) Y ix + (y*)(4x) xydx+ xy
Phan C:
Bay gio:

d

a(6x2)=12x
Va:

d

Bay gio dé tim > cua toan bd biu thire:
y*t+2x%y? + 6x2 =7
Tién hanh tir trai sang phai, st dung cau tra 1i tir nhitng phan trén:
dy dy
4 3—>+<4x2 — + 4x 2)+ 12x) =0
< 7 dx Y dx Y (12x)
Rut gon, chuyén vé, ta duoc két qua:

dy — xy®+3x
dx  y3+x%y
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BAI 2.1.10 PAO HAM CAP CAO

Ta cd thé tinh dao ham cua dao ham, c6 nghia la:

+ Pao ham cap 2 bang cach dao ham cia dao ham dau tién.

+ Pao ham cap 3 bang cach dao ham cua dao ham cap 2.
Vi du 1: Cho biéu thuc:

x> +3x3—2x+7
Hoi dao ham céap cao hon cua biéu thic nay 1a gi?
Traloividu1

Dao ham cép 1:

d
& oy = 5xtyox2 2
dx

Bay gid dé tim dao ham cép 2, ta chi viéc vi phan phuong trinh dao ham cip 1:

% =y" =20x3+ 18x
Tiép tuc tim dao ham cap 3, cap 4:
% =vy"" = 60x? + 18
% =y® = 120x
Pao ham cap 5 1a:
y® =120

Dao ham cap 6; 7; 8; ... déu co két qua dao ham 1a 0 do dao ham caa mot hang s6 bang 0.
I. UNG DUNG: GIA TOC
Nhu ta di biét gia toc chinh 12 téc d6 thay doi cia van toc.

_dv
T dt

Nhung d6ng thoi van tdc ciing chinh 1a téc d6 thay doi cua do dich chuyén:

a

_ds
V=t

Vi vay dao ham cap hai ciia d dich chuyén sé cho ta gia téc:
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B d?s
T dt?

Vi du 2: Cho phuong trinh chuyén dong (tinh theo m) theo thoi gian t (tinh theo s) cia mot vat
thé 1a:

a

s=4t3 +7t2 -2t
Tinh gia toc vat thé tai t = 10.
Tra loi vidu 2

s =43+ 7t2 -2t

ds
v=—=12t% 4+ 14t -2
dt

a= d_zs =24t + 14
dt?
Tai thoi diém ¢ = 10 thi vat c6 gia toc la:
a=24-10 + 14 = 254m/s?
II. PAO HAM CAP CAO CUA HAM AN
Vidu 3:
a) Tim dao ham cap 2 ctia ham an:
xy +y?=4
b) Tim gié tri dao ham cip 2 cua ham an & phan a) véi x = 2 vay > 0.
Tra loi vi du 3 cau a)
Dao ham cép 1:

+ Ta c6 xy la tich nén ta dung cong thie tich dé lam:
d
—(xy) =xy' +
) =xy +y
+ Ta dd nghién ctru vé vi phan ham an & bai truéc:

dy

d
—(v2) = 2y —
dx(y) Y o

Ta co thé viét lai la;
d
2 — 2 !
P (y?) = 2yy

+ R4p lai va ta da c6 dao ham bac 1 cta phuong trinh:
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xy'+y+2yy'=0
+ (O day t6i st dung y’ thay cho % dé thuan tién hon trong viéc doc va viét).
+ T6i da st dung cdng thuc tich (cho tich xy) va quy tac xich cho y?2.
DPao ham cap 2:

Gy +y) + )+ (2yy" +y'2y)) =0

+ Pon gian hoa, ta dugc:
(x+2y)y" +2y"+2(y")* =0

+ Ta c6 thé giai theo y"".

by 2y + 2(y')?
y = x+ 2y

Tra loi vi du 3 cau b)
Ta can tim y véi x = 2.
Thay vao phuong trinh, ta dugc:
2y +y? =
Giai phuong trinh bac hai nay, két hop diéu kién y > 0, ta duoc:
y=-1+ V5

Ta ciing can tim gia tri = khi x = 2.

d
dx

Ta da tim phuong trinh dao ham dau tién Ia:

dy dy
— 2y—=20
xdx+y+ ydx
Giai theo d—y, ta duoc:
dx
I = d—y = — y
Y dx X+ 2y

Thay x = 2;y = —1 + /5 ta duoc két qua (xap xi):

dy
'=-—"—=x~—0.276
Y dx

Tiép tuc thay vao phuong trinh dao ham cép hai da tim & phan a) dé tim ra cau tra loi:

., 2y + 2(y")?
Yy =

~ 0.0894
X+ 2y
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BAI 2.1.11 PAO HAM RIENG

Ta da nghién ctru vé cac ham chi duy nhat 1 bién s0. Tuy nhién, nhiéu phuong trinh trong toan
hoc xuat hién 2 hay nhiéu bién. Trong bai nay ta s€ nghién ctru cach tinh dao ham ctia ham so
c6 nhicéu hon 1 an.

Bai viét nay co lién quan nhung khong gidng vi mot bai viét ta da gap trude d6 1a vi phan ham
an.

Vi du 1: Ham s6 ¢6 2 bién:
Pay 1a ham s6 ¢6 2 bién sd la x va y:
F(x;y) =y + 6sin(x) + 5y?
Pé vé& d6 thi ham s nay ta can dén toa do khdng gian Oxyz.
I. VI PHAN RIENG THEO x

“Dao ham riéng theo x” c6 nghia “Xem tat ca cac ky tu khac nhu hang sé va chi vi phan phan
cé x”.

O vi duy trén (ciing nhu nhitng phuong trinh ¢6 chtra 2 bién) thi dao ham riéng lién quan dén x
c6 nghia la (cling nhu trong thyc t€) ta ¢ thé xoay do thi va nhin tu truc y. Ta dang nhin vao
mat phang x — z.

Ta thdy rang dudong cong ham sin di chuyén theo truc x, diéu nay xut phat tir 6 sin(x) & trong
phuong trinh.

F(x;y) =y + 6sin(x) + 5y?
Phan y ta co thé xem nhu 14 hing s (trong trudng hop nay ¢ thé xem 14 0).
Bay gio ta dao ham riéng cua:

F(x;y) =y + 6sin(x) + 5y?
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tinh theo x:

oF
— = 6.cos(x)
0x

Pao ham cua 6 sin(x) 12 6 cos(x), con dao ham cua y 1a 0 do y dugc xem nhu 13 hang sb.

Can luu y rang ta dung ky hiéu 0 biéu hién cho “vi phan riéng” trong khi d dung dé ky hiéu cho
phép vi phan thong thuong.

I1. VI PHAN RIENG THEO y

Thuat ngir: “Vi phan riéng theo y” nghia 1a: “Gia st tat ca cac ky tu 1a hang s ngoai trir y dé vi
phan”.

Nhu ta di 1am & phan trén, ta xoay do thi va nhin theo truc x, vi vay ta thdy mit phang Oyz.
Ta thdy mot hinh parabola, diéu nay xay ra do s6 hang y? va y trong:
F(x;y) =y + 6sin(x) + 5y?

con 6 sin(x) bay gid duge xem nhu 13 hang sé:

Bay gid dé dao ham riéng cua F(x; y) = y + 6 sin(x) + 5y2.

+ Theo x:
oF
— = 6 cos(x)
0x

+ Theo y:
oF =1+10
dy B Y

Pao ham cua phan tir ¢6 y 12 1 4+ 10y. Pao ham cua 6 sin(x) 1a 0 vi phan tir nay duoc xem nhur
12 hang so6 khi ta vi phan theo y.
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III. PAO HAM RIENG BAC 2
Ta c6 thé tim 4 dao ham riéng bac 2 khac nhau. Hiy xem qua nhing vi du sau:

Vidu 2: Véi phuong trinh:

F
— = 6.cos(x)
dx
or =1+10
dy y
Hay xac dinh:
0%F ) 0%F 0°F 4 0°F
a) dyox ) d0xdy ) 0x? ) dy?

Tra 161 vi du 2 cau a)

Ta viét lai:

0°F 0 (aF)
dydx 0dy \dx

Biéu thirc nay c6 nghia: “Pau tién ta tim dao ham riéng theo x cua ham F (phan trong ngoic),
sau do tim dao ham riéng theo y cua két qua vira thu dugc”.

Ovidu F(x;y) = y + 6sin(x) + 5y? trén, ta di tim duoc:

oF
— = 6cos(x)
0x
Dé tim 2= ta cin tim dao ham riéng theo y ciia 2:
N dyox’ : 9 ycu ox’

0%F 0 <8F) 0
dx

dyox 0y dy (6 cos(x))
Vi cos(x) 1a hang s (khi ta tinh vi phan riéng theo y) nén dao ham ctia nd bang 0.
Tra 101 vi du 2 cau b)

Ta viét lai:

0°F 0 <6F)
dxdy 0x \dy
Biéu thirc nay c6 nghia: “Tim dao ham riéng theo x caa dao ham riéng theo y”.

O vidu F(x;y) = y + 6sin(x) + 5y? trén, ta di tim duoc:

Khoa: TOAN HOC 52




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

oF _ 1+10
ady B y
2 d2F PO R A , OF
bé tim ——, ta can tim dao ham riéng theo x cua —:
dIx0y dy
0°F 0 (aF)_ d (1+10y) = 0
dxdy dx\dy/ ox y)=

Do la hang s6 (khi ta tinh vi phan riéng theo x) nén dao ham cta n6 bang 0.
Tra 161 vi du 2 céu c)
Ta viét lai:

0°F 0 <6F>
dx2  dx \ox
Biéu thirc ndy c6 nghia: “Tim dao ham riéng theo x cua dao ham riéng theo x”.

Ovidu F(x;y) = y + 6sin(x) + 5y? trén, ta da tim dugc:

JoF
— = 6.cos(x)
0x
2 .. O0%F P N R ., OF
Dé tim —, ta can tim dao ham riéng theo x cta ——:
dx ox
0°F 0 (OF 0 )
3z a(g) = (6cos(x)) = —65sin(x)

Tra 161 vi du 2 cau d)
Ta viét lai:
0°F 0 (6F)
dy?  dy\dy
Biéu thirc nay c6 nghia: “Tim dao ham riéng theo y cia dao ham riéng theo y”.

Ovidy F(x;y) = y + 6sin(x) + 5y? trén, ta da tim dugc:

aF—1+10
ay_ Y

2. 0%F X N N ., OF
bé tim 37 ta can tim dao ham riéng theo y cua 5:

ay?  dy

d*F 0 <6F>
dy

d
_@(1+10y) =10
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PHAN 2.2: UNG DUNG CUA VI PHAN

BAI 2.2.1 GIOI THIEU VE VI PHAN UNG DUNG

Trong thoi dai cua Issac Newton, mot van dé dang quan tim d6 1a c¢6 qua it phuong tién di
chuyén bang duong bién.

Nan dam tau hay Xay ra vi con tau khong theo ding y mudn cua thuyén truong. Khi d6 chua co
su hiéu biét nhiéu vé su twong quan giita Trai D4t, ngdi sao va cac hanh tinh chuyén dong tuong
tac 1an nhau.

Trudc kh| nganh vi tich phan phat trlen
cac ngoi sao anh hudng dén sy séng con.
cua nganh hang hai.

Vi tich phan (vi phan va tich phan) dwgc phét trién dé thac day sy hiéu biét nay.
Vi phan va tich phan c6 thé gitp ching ta giai quyét nhiéu van dé trong thé gigi thuc.

Ta dung dao ham dé xac dinh gia tri 16n nhat, nho nhat caa cac ham riéng biét (vi du nhu gia
tién, d6 dai, so luong vat liéu dung cho xay dung, loi ich, ton that,.).

Ta dé bat gap phép tinh dao ham trong c4c van dé lién quan dén co khi va tin hoc, dic biét khi
ta lam mo hinh dic diém cua mot vat thé dang chuyén dong.

Trong phan 2.2 nay:

+ Bai 2.2.1 Tiép tuyén va phap tuyén: Nhiing th rat quan trong tron vat Iy (nhu luc cua chiéc
xe hoi dang r¢).

+ Bai 2.2.2 Cong thic Newton: Ap dung cho nhitg phuong trinh “xau” ma ban khong thé giai
doi thuan bang dai so.

+ Bai 2.2.3 Chuyen dong cong: Ban s& biét dugc cach tim van tdc va gia toc cua mot vat thé
dang chuyén dong theo duong cong.

+ Bai 2.2.4 Toc do lién quan: Noi 2 bién ludn thay doi theo thoi gian va giira chiing c6 mot
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mdi quan hé nao do.
+ Bai 2.2.5 Sir dung vi phan dé vé& do thi: Ta s& biét cach mé hinh héa trang thai cua bién.

+ Bai 2.2.6 Ap dung vi phan dé xu ly nhiing van dé cuc tri: Mot trong nhiing ang dung rat 16n
cua vi phan.

+ Bai 2.2.7 Ban kinh cong: Ban s& nghién cau trang thai caa dudng cong 1a mot phan cua
duong tron trong mién l1an can nao do.

Chung ta bat dau nghién ctu tng dung cua vi phan véi chuong tiép tuyén va phéap tuyén.
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BAI 2.2.2 TIEP TUYEN VA PHAP TUYEN
Tiép tuyén va phap tuyén cé vai tro quan trong trong nganh vat Iy (nhu luc cua chiéc xe khi ré ¢
khuc cua).

Thinh thoang ta can tim tiép tuyén va phap tuyén cia mot duong cong khi ta phan tich 1 luc tac
dung 1én 1 vat thé dang chuyén dong.

I. TIEP TUYEN

Tiép tuyén cua mot duorng cong la duong thang tlep xdc véi duong cong tai 1 diém nam trén
duong cong do, tiép tuyén co d6 déc bang véi do déc caa duong cong tai diém do.

Il. PHAP TUYEN

Phép tuyén cua dudng cong 1a duong thang vubng goc véi tiép tuyén caa dudng cong.

TIEP TUYEN

A voi dwong cong

Cha y 1: Nhu di nghién ciru trong bai “P¢ dac cua tiép tuyén véi dwong cong (tinh toan gia
tri)”, ta c6 thé tim do doc cua tiép tuyén tai bat ky diém nao (x; y) théng qua %.

Chua y 2: Bé tim phuong trinh tiép tuyén, ta can nhd diéu kién dé 2 duong thang c6 d6 dbc lan
luot la my; m, vudng goc nhau.

mqy-my, = -1
111. UNG DUNG
1. Tiép tuyén

(i) Gia sir ta di du lich trén 1 chiéc xe hoi quanh khiic cua, bat chot ta dung vao mot thir gi do
tron truot trén duong (co thé la dau, bang, nudc hay cat mém) va xe cua ta bat dau truot, thi
chiéc xe sé di chuyén theo hudng tiép tuyen vai khuc cua do.
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Mot chiée xe truot sau khi ré khic cua.
tao ra vét tiep tuyen véi vach ké duong d6i mau vang

(i) Twong tw, néu ta cam trai banh va ném chiing quanh 1 vat thé dang xoay tron, trai banh ngay
Iap tc bay ra theo phuong tiep tuyen vat thé xoay tron do.

2. Phép tuyén

(i) Khi ban l4i xe nhanh theo duong tron, luc khién ban cam thay nhu xe minh sap roi khoi
duong tron d6 chinh la phap tuyen cua dudng cong con duong. Mot dieu kha thu vi la luc gilp
ban di chuyén vong quanh khuc cua hudng thang vé tam duong tron, phap tuyén véi duong
tron.

(i) Cam banh xe dugc dat phap tuyén voi duong cong banh xe o nhimg diém c6 chd cho cim
xe lién két vaoi tdm banh xe.

Cam xe dap duoc dat
phép tuyen vai vanh banh xe

IV. Vi DU

Vi du 1: Tim d6 déc cua:

a) Tiép tuyén.

b) Phép tuyén.

cua duong cong y = x3 — 2x2% + 5 tai diém (2;5).
Traloividu 1

d
£=3x2—4x

Do doc tiép tuyén Ia:
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_dy

= =3:22-4-2=4
dxx=2

my
Vay d6 doc cua phap tuyén tinh theo cong thac m, - m, = —1.

m2=—1

Vi du 2: Viét phuong trinh phap tuyén & Vi du 1 bén trén.
Tra loi vidu 2

Tadungy — y; = m(x — xq).

Vdi:
X, =2
Y1 =5
1
m="y
Vay:
1
y=5=-—7(-2)
Cho ta:
1 +11
Y=TETY
Hay:

X+4y—22=0
Vi du 3: V& db thi va phéap tuyén ¢ Vi du 1 trén.

Tra loi vidy 3
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Day 1a d6 thi caa tiép tuyén va phéap tuyén cua duong cong tai x = 2
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BAI 2.2.3 CONG THUC NEWTON
Véi nhitng phuong trinh phirc tap ma ban khéng thé giai thuan tay dai sé thi bai viét nay rat hitu
ich cho ban.

Céac may tinh sir dung cong thic vong lap dé giai phuong trinh. Qua trinh nay bao goém phan
doan ra cach giai dung va ap dung cong thuc dé dua ra cac phan doan chinh xac hon cho dén
khi ta tim ra dwoc gid tri (cO thé xap xi) dung nhat cua phuong trinh.

Néu ta mudn tim x dé f(x) = 0 (dang bai toan pho bién) thi ta doan mot vai gia tri x; gan ding
nhat, tir d6 ta sé tim ra gié tri xap xi phu hop bang cach st dung cong thirc Newton:

. f (1)
2 =N TG

(Cong thire nay dwa vao phuong trinh duong thing theo do dbc).

Vi du 1: Giai phuong trinh:
2x2—x—-2=0.
Tra 16i vidu 1

Ta c6 do thi phwong trinh trén:

_11

A
1_/\_ ’ |
Pit:
fx) =2x2—x-2
= f'(x) =4x—-1
Thu x; = 1.5.
Ta duoc:
 fx) . fas)
Xy = Xq ) 1.5 s 1.3

Vay 1.3 1a gia tri xap xi dtng hon.
Tiép tuc quy trinh nay:
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x 1.3) 269
x=x—f(2)=1.3—f( ) _ ~ 1.280 952 381

ST f(x) F1(1.3) 210

Ta c6 thé 1am tiép quy trinh nay nhiéu lan dé tim ra gia tri chinh xac nhat.

Kiém tra: St dung mét vai phan mém toan hoc (nhu Mathcad), ta ¢ thé phai nhap vao gia tri
du doan ban dau (nhu x = 2) va két qua la:

root(2x? —x — 2,x) = 1.280 776 406 404

Ngoai ra ta c6 thef: su dung phim SHIFT + SOLVE trén may tinh Casio fx-570ES nhap vao gia
tri du doan ban dau thi may tinh cling dua ra két qua nay.

I. HAM SO CO NHIEU NGHIEM

Nhiéu ham sé ¢é nhiéu nghiém, nén ban can phai hiéu rd van dé sau d6 cho may tinh mot gia tri
du doan ban dau tot nhat.

Vi du 2: Giai phuong trinh:
1-t2+28=0

(Cac phan mém khoa hoc khong thé tim cach giai chinh xac cho ching ta. Ta can biét sir dung
cong cu hop ly dé giai, khong han phai dung db thi hay cong thizc Newton. Diéu nay s& cho ta
c¢6 danh gia ban dau vé nghiém phuong trinh).

Tra loi vidu 2
bat:
y=1-—t%+2t
Db thi ham sé y(t):

oo

do & = b o

Ta dé c6 nhan dinh ban dau rang phuong trinh c¢6 hai nghiém, mot nghiém gan t = —1 va
nghiém con lai gan t = 3. Tuy nhién, néu ta quan sat kj hon khu vuc gan t = 3 (bang céach
phong to) thi ta phat hién ra con mot nghiém nira.
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0.157
017

0059

005

Bang cach thay s thi ta dugc mot nghiém chinh xac 1a t = 3.

Bay gid voi mot nghiém gan t = 3.4.

Ta s& dung cong thirc Newton dé tim ra gia tri xap xi caa nghiém. Ta can tinh vi phan

y =1—t2+ 2% Bai vi ta cd t dong vai tro lily thira trong phuong trinh trén, ta can sir dung
Logarithm khi tinh vi phan (cac ban cé thé tham khao céch tinh vi phan ham logarithm trén
Internet, tdi s€ trinh bay rd hon trong chuong “Vi phan ham so siéu viét”).

Tinh vi phan 2¢.
Pith = 2¢,
L4y logarithm ty nhién & hai vé:

In(h) = t1In(2)

1dh
= EE = 1n(2)
dh
& prie hIn(2) = 2¢1n(2)
Vay:
d
d_)t] = f'(t) = =2t + 2¢In(2)

Ap dung cong thirc Newton, ta duoc:

(&) 1—t2+2¢
f'(t)  —2t+2tIn(2)

Ta c6 con sé du doan ban dau la t; = 3.4.

B f(t)

t, =t ~ 3.407 615918
2 ! f'(t)

Tiép tuc quy trinh nay:
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B f(t2)

ty =t ~ 3.407 450 596
° 2 f'(tz)

Thém vai budc nira, ta duoc:

t, = 3.407 450 522
te = 3.407 450 505

Ta c6 thé két luan nghiém phuong trinh dung vai 7 chir sb 1é 1a t = 3.407 450.
1. SU DUNG PO THI

Str dung cac phan mém toan hoc, ta c6 thé phong to nghiém va ta c6 thé thay (noi ham sé cit
truc x) thi t gan vai gid tri 3.407 45.

Bay gid ta xét truong hop am, gia s t; = —1 14 gia tri du doan ban dau, &p dung cong thuc
Newton, ta duoc:

t, = —1.213 076 633
t; = —1.198 322 474
t, = —1.198 250 199

Ta c6 thé tiép tuc quy trinh nay cho dén khi ta dat gié tri chinh xac nhat.

Déi chiéu dap sb voi d6 thi, ta thay rang két qua 1a t = —1.198 250 197 chinh xac dén 9 chi

so lé.
le-002
Se-000
- .1982;50204 -1.198%5[!2[!2 -1.19:?:25[!2 -1.19835[!15'8 -1 ISIZIISIIS -1.15'82:5015'-1-

1]
-Ge-09

-le-02

-1 Se-02

-Je-03

I1l. KET LUAN

Vay két qua caa phuong trinh 1 — t2 4+ 2¢ = 0 la:

t =-1.19825
t=3
t =3.407 45

Chinh x4c dén 5 chix s6 1¢.
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BAI 2.2.4 CHUYEN PONG CONG

Bai viét nay s& cho cac ban thy céach tim van téc va gia toc caa mot vat thé chuyén dong cong.

O bai bao ham Vé’i‘téc d6 thay doi tac thoi, ta da tim ra cach xac dinh van téc theo phuong
trinh chuyén dong bang cach.

_ds
VTt

va gia tc theo phuong trinh van toc (hay phuong trinh chuyén dong), st dung:

_dv _dzs
T dt dt?

Cong thuc trén chi thich hop véi Chuyen dong thang (nhu van toc va gia toc trén duong thang),
dleu nay chua phu hop Vi nhiéu van dé trong cugc séng. Vi vay ta nghién ciu dén khéi niém
vé chuyén dong cong khi mot vat thé di chuyén theo dudng cong dinh trudc.

Thong thuong ta bieu dién thanh phan chuyén dong 1a x va y la ham s6 theo thoi gian, goi la
dang tham so.

Vi du 1: Cho phuong trinh chuyén dong theo tham sé ¢, hdy vé do thi:

y(t) = cos(t)
x(t) = sin(t)

véi t = 0 dén 2m trong 0.5 quing duong dau.
Pau tién, ta can thiét 1ap bang gia tri bang cach thay mot sb gia tri vao t.
Traloividu 1

Ta xéc dinh 13 diém theo bang gia tri, bt dau tai (0; 1) nhu theo hinh dudi day (di chuyén theo
chiéu kim dong ho).

t 10/051.0/15] 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

x(t)| 0] 0.48| 0.84| 1.00| 0.91 | 0.60 | 0.14 | —0.35 —0.76/ —0.98 —0.96/ —0.71| —0.28

y(t)| 1] 0.88] 0.54| 0.07| —0.42| —0.80| —0.99| —0.94| —0.65| —0.21 0.28 | 0.71 | 0.96

0.8

08

0z

A4 *
Bk}

B
%

L L
-1 48 & 04 02 o o2 o4 LX) 1R-] 1
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Ta thay rang ta di tao ra mot hinh tron
tam tai (0; 0) va ban kinh 1 don vi.

Can luu ¥ rang an t khoéng xuat hién trong d6 thi ndy ma chi c6 an x va y.
I. CAC THANH PHAN NGANG VA DQC CUA VAN TOC

Thanh phan ngang cua van téc duoc xac dinh boi:

dx
Vy = —
*oodt
va thanh phan doc cuaa van téc:
dy
Uy = E

Ta c6 thé tim d6 16n cua van toc tong hop v mot khi ta da biét cac thanh phan ngang va doc cua

van téc bang cach st dung:
v = /vf +vf

Phuong vi 8 ma vat thé di chuyén dugc xac dinh bai:

v
tan(0,) = v_y

X

Vi du 2: Cho phuong trinh x = 5t3 va y = 4t? véi thoi gian ¢, tim do lén va phuong vi cua
van toc khi t = 10.

Tra 1oi vi du 2
Khi t = 10, ta duoc toa do diém 1a (5 000; 400).
Pay 1a db thi caa chuyén dong.
Luuy:
Truc toa do la x va y (khdng c6 kem theo t).

Céc diém “chuyén dong” nhanh dan theo thoi gian.
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500
407 (5000, 400)
3004
200

100

2000 4000 G000 3000

Ta co:
x = 5¢3
Vi vay:
% = 15t2
Vi t = 10, van tdc theo chiéu truc x 1a:
dx
il 1500m/s

Tuong ty, y = 4t2 nén van tbc theo chiéu truc y khi t = 10 la:

dy
i v, =80m/s

v = fv,? +vy =1520.1m/s

Viy do 16n caa van toc sé 1a:

Bay gio ta xac dinh phwong vi ctia van toc (tinh theo goc hop véi truc x duong).

V.
tan(6,) = v—y = 0.053

X

Vay 6, = 0.053 rad = 3.05°.

Vidu 3: Cho:
L 20t
2t +1
Va,
y=0.1(t%> +t)

theo thoi gian t. Xac dinh do 16n va phuong vi cua van toc khi t = 2. V& d6 thi duong cong.
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Tra loi vidu 3

Khi t = 2 ta dugc toa do diém 1a (8;0.6).

20t
Tty
Vay,
dx _ 20
dt (2t +1)2
Voit = 2:
dx
il 0.8m/s

Tuong tu, v&i y = 0.1(t? + t) va t = 2, ta duoc:

dy_
dt

v= /vf +vy =0.943m/s

v, =012t +1)=05m/s

A

Vay:

0.6

y

Bay gio ta xac dinh phuong vi:
Yy
tan(@,,) = 17_ = 0.625

X

A

Vay:
0, = arctan(0.625) = 0.558 rad
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Il. GIA TOC VAT THE KHI CHUYEN PONG CONG
Biéu thirc cua gia tdc co cach xac dinh tuong tu nhu cach xac dinh van tdc.

Thanh phan ngang cua gia toc:

dv,
=T
Thanh phan doc cua gia tc:
dv,
Y=
Do 16n cua gia tc:
a= fa,zc +a?
Phuong vi cua gia toc:
a
tan(6,) = a_y
X

Vi du 4: Mbt chiéc xe hoi trén duong chay thir nghiém dén khic cua thi chay véi biéu thic
duong dila x = 20 + 0.2t3; y = 20t — 2t2 véi x va y tinh theo metre (m) va t la giay (s).

a) V& db thi duong cong véi 0 < t < 8.
b) Tinh gia téc cua xe khi t = 0.3s.
Tra loi vidu 4 cau a)

Db thi:

20 40 &0 20 100 120 140

Tra loi vi du 4 cau b)
Gia toc:

Thanh phan ngang:
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x =20+ 0.2t3
dx 5
Uy = E = 0.6t
d?x
a, = W = 1.2t
Voit = 3.0; a, = 3.6.
Thanh phan doc:
y = ZC(l)t — 2t2
y
Uy = E = 20— 4t
d?y
ay = W = —4

Véit =3;a, = —4.

Bay gio:

a= /a,zc+a32, = 5.38

a
6, = arctan (—y> = 312°, (g6c phan tw thir 4)

Qax

Va:

Vay gia toc cua xe c6 do 1on 1a 5.38m/s? va c6 phuong vi 312° hop Véi truc x theo chiéu
duong.

I1l. VAY NEU NHU X VA Y KHONG PHAI LA PHUONG TRINH THEO THAM SO T
THI GIAI QUYET NHU THE NAO?

Vi du 5: Mot hat di chuyén theo duong y = x? + 4x + 2 tinh theo cm. Cho van téc ngang
v, = 3cm/s, xac dinh do 16n va phuong vi cta van toc tai diem (—1; —1).

Traloividu5

Pay 1a cach giai quyét khac cho vi du. Lan nay ta ¢ y theo x va khdng c6 biéu thic ndo chua
tham so t nira.

Pé c6 thé xac dinh d6 16n ciing nhu phuong vi ciia van tdc, ta can biét:

B dx
Vx T ur
Va,
dy
Uy = E

Nhung trong cau hoi da cho ta:
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dx 3
v = —-—=
*oodt
Vay ta can tim &,
dt
Pé tim duoc, ta tinh vi phan phuong trinh da cho theo ¢ bang cach str dung cac k¥ thuat ta da
nghién ciru trong bai vi phan ham an:
y=x%+4x+2
dy dx dx

a=2XE+4E

~ dx N 4 - X A X . A
Vi e 3 va ta muon biét van toc tai x = —1 nén ta duoc:

dy
dx

v = fv,? +vy =6.7082cm/s

Vay van téc 12 6.708 2 cm/s v6i phuong vi 63.4°.

v, =6cm/s

Viy do lén van téc 1a:

Vidu 6:

3

Mot qua tén lira duoc bén theo quy dao (tinh theo km): y = x — ’;—0

Néu van toc ngang dugc cho boi V(x) = x, xéc dinh d6 16n va phuong vi cua vén téc khi qua
tén ltra cham dat (coi nhu dia hinh bang phang) vai thoi gian tinh theo phut.

Traloividy 6

Hay nhin vao d6 thi chuyén dong dé hiéu rd hon véan dé dat ra:

|1!

Ta thay rang qua tén hra cham dat & gan vi tri x = 9.5km. Tai diém nay vén toc ngang ¢ gia tri
duong (qua tén Itra di tur trai sang phai) va van toc doc co gia tri am (qua tén lira di xuong).

“V(x) = x” ¢ nghia la khi x tang, van téc ngang ciing tang voi cling mot gia tri (duong nhién
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1a khac don vi do). Vay véi vi du ndy, véi x = 2km thi tc d6 ngang 1a 2 km/phut, va véi x =
7km, toc d6 ngang la 7 km/phut va cu thé.

Pé tinh d6 1on van tc khi tén lira cham dat, ta can xac dinh céc thanh phan ngang va doc cua
van toc ¢ thoi dieém do.

(i) Van téc ngang: Ta can giai phuong trinh sau dé tim chinh xac diém va cham cua tén lira véi
mat dat:

-2 =9
* 790

P
x 90/~

x =-—3v10

= x=0
x = 3V10

R0t nhan tu, ta duoc:

Ta chi can gia tri x = 3v/10 ~ 9.4868km (gié tri ndy pht hop voi db thi trén).
Vay tdc do ngang khi tén lra cham mit dat 12 9.4868 km /phut (vi V(x) = x).

(ii) Van téc doc: Bay gio ta can dung vi phan ham an theo t (cht khdng phai theo x) dé tim van
tdc doc:

3

B X
Y=*"9o
dy dx 1 ,dx

dt —dt 30" dt

~q oL d N A . R , - R . ) ., . N 5 A
Nhung ta da biét d—’: va x ¢ anh huong vai nhau, vay ta chi can thay gia tri x tim duoc ¢ phan
(i), két qua sé& ra s6 4m dung nhu ta dy doan ban dau:

dy
— ~ —18.973 665 96
dt

Bay gio ta tinh d6 16n van téc, bao gdm van téc ngang va van téc doc:

dx\> dy 2
<_) n (_) ~ 21.213 203 44
dt dt

Van tc c6 do 16n va phuong vi. Bay gio ta tinh phuong vi (tic goc ciia chuyén dong).

dy
dt
dx
dt

@ = arctan ~ —1.107 148 718
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Tinh theo d6 thi diéu nay twong duong:
= —1.107 148 718 - 57.255 78 = —63.3907°

Ta cd thé thay dap an trén hop ly biang cach phdng to mot phan ciaa d6 thi noi tén lira cham dét.

v

156 28 9 02 0.4 9.6

P ——

N
\

Vay ta két luan van toc tén lira khi cham dét 1a 21.2 km/phit, phuong vi 6.4° hop v6i phuong
nam ngang.
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BAI 2.2.5 TOC PQ LIEN QUAN

Né:u ta o 2 dai lugng phu thugc theo thoi gian va gitra ching c6 su lién quan véi nhau, ta co
the biéu thi toc do thay doi cua dai lugng nay theo dai lugng khac. Khi do ta can vi phan ca hai

bén theo thoi gian, tic la ta sé tim Z—’; cua ham f(t) nao do.

Vi du 1: M6t cdy thang cao 20m dya vao tuong, dinh thang truot xuéng véi tbe do 4 m/s. Hoi
toc d6 di chuyeén cua diém gitra thang llic cach mat dat 16m la bao nhiéu?

Céc budc thuc hién vidu 1
(i) V& hinh minh hoa cho bai toan.
(ii) Xac dinh hing sb va sb lugng céc bién.
(iii) Thiét 1ap mdi quan hé gitta cac dai luong nay.
(iv) Vi phén theo thoi gian.
(v) Xac dinh gia tri diém giira thang.

Tra 1o vidu 1

l 4ms’ =-dy/at (chon chiéu duong hudng lén )

20m

:
Il

Bay gid mdi quan hé giita x va y 1a x? + y? = 202

Vi phan hoan toan theo thoi gian (vi x va y déu phu thudc theo thoi gian t):

Tuc la:
dx dy
— — =90
*w Y a

Bay gio, ta da biét % = —4 va ta can tim van toc ngang % khi x = 16.
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Mot dai luong chua xac dinh gié tri 1a y, sir dung dinh ly Pythagoras:

y =+/202 — 162 = 12

Vay:
dx
16—+ 12 (—4) =
6dt+ (-4)=0
@d—x—3 /
ac >

Vi du 2: M6t hon da roi vao mot cai ao tao thanh nhiing gon song hinh tron dong tdm loang
rong ra xung quanh. Hoi toc do dién tich mét trong cac hinh tron nay gia tang la bao nhiéu vao
thoi diém ban kinh hinh tron d6 tang thanh 4m va loang rong véi van toc 4 m/s?

Tra 15i vi du 2

Méi quan hé: A = mr2.
Vi phén theo thoi gian, sau d6 thay vao cac gia tri ¢O san:

dA d dr
_— = — 2 = _— = . . =~ 2
Frinler (mr®) = 2nr R 2mr-4-0.5 =~ 12.56m*/s

Vi du 3: Mt vé tinh di chuyén theo quy dao c6 phuong trinh:

.X'Z 2
L
72.5 " 715

=1

Véi x va y tinh theo don vi “nghin km”.

Néu % = 12,900 km/h khi x = 3,200km va y > 0, x4c dinh gia tri %
Tra loi vidu 3

Ta vi phan biéu thuc theo ¢:

2 2
X
X2y

725 T715 = L
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foi—x Zy(cii—y
= L L=0
72.5 71.5

Ta tim y bang cach thay x = 3.2 vao phuong trinh gia thiét cho ltc dau:

3.22  y?
——t+t-—=1
725 715

= y =~ 7.836

Dua vao cau hoi nén ta lay gia tri duong, thay vao phuong trinh vi phan, ta duoc:

dy
2.32.129 2 7.836E _

72.5 * 71.5

d
=Y . 5195
dt

Diéu nay c6 nghia van téc theo chiéu truc y 14 —=5.195 km/h.

0

Vi du 4: Mot méy diéu huong dién tir ¢6 tan sb f thay doi ti 1 nghich voi can bac hai cia tu

dién C trong mach. Néu f = 920kHz khi C = 3.5pF, hoi toc d6 tan so f thay doi nhanh thé
\ J4 dc

nao néu nhu e 0.3pF/s?

Tra loi vidu 4

Ta co:
k
F=%
Thay thé cac gia tri da co, ta duoc:
920 000 = 35.10-12
= k=1.721

Vay f = 1.721VC.

A x d
Tacan tim —f:
dt

df _ 1721 __3dc
dt 2 dt
. L dC
Ma C = 3.5pF va—=0.3 pF/s.

Vay:
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d 1.721 3
d_]: = -5 (35-10712)77 (03 10712) = ~39 424.8Hz/s

Vay tan s6 cua may diéu huong dién tir giam voi toc 6 39.4 kHz/s.
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BAI 2.2.6 SU DUNG VI PHAN PE VE PO THI

Luu y:

Hién c6 rat nhiéu phén mém vé dd thi (Mathcad, Scientific Notebook, graphic calculator,.).
Trong bai viét nay diéu can luu ¥ 1a ban phai nim bt dugce hinh dang co ban cua duong cong
ban gap. Vi¢c hleu dugc net ty nhién cua nhung ham sO rat quan trong cho viéc nghién ctru cia
ban sau nay. Pa s6 cac mo hinh toan hoc déu bat dau tir do thi.

Ban can phai vé& d6 thi, dua ra nhiing vi tri dic biét, tranh viéc vé hop x — y va chim cac diém.

Ta s& dung vi tich phan dé tim ra cac diém dic biét.

Nhitng diéu ta s& tim trong bai viét nay la:

. Strdung y = 0.
Giao diém . A . .y .
fruc x Luu y: Trong nhiéu trudng hop, tim giao diém truc x
: khong de, khi d6 hay bé qua budc nay.
Giao diém Sir dung x = 0.
truc y
Cuc dai Str dung Z—z.
dia phuong Dau ctia dao ham déu tién thay doi + sang —.
Cuc tiéu Str dung Z—z.
dia phuong Dau cia dao hélm dau tién thay doi — sang +.
N , 2
Diém udn St dung , va dau cia d— Y thay dbi.

I. TIM CUC PAI VA CUC TIEU

1. Cuc dai dia phuwong

Cuyc dai dia phuong xuat hién khi phuong trinh y’ = 0 c6 nghiém va dau cia y’ thay doi tir
duong sang am khi di tir trai sang phai:

D3 dde duong

@'=>0)

\/\ |
+— Dj dée
im  (y'<0)

Cue dai dia phwong "=

2. Cyec tiéu dia phuwong

Cuc tiéu dia phuong xuat hién khi phuong trinh y’ = 0 ¢6 nghiém va du cta y’ thay doi tir am
sang duong khi di tir trai sang phai.
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D§ dée D& dée dwong
im (< 0) ka =0
AN

Cue tidu 3/ = ()

II. PAO HAM BAC 2
Pao ham bac 2 cho ta biét hinh dang cia dudng cong ¢ bat ky diém nao.

1. L&m xudng

X d? \ N ~ LY - R = R P P A N9
Néu d—xz > 0 thi duong cong sé co hinh kiéu cyc tiéu goi 1a 16m xuong (hay “16m”).

zy/dxz =

Vidu 1:

\ . d
Puong cong y = x?2 +3x—2co£= 2x + 3.
A s d? N A A U A . A PRI ~ x , - ..,
Bay gio ﬁ = 2 va duong nhién gia tri nay > 0 v4i moi x nén cd hinh [6m xuong véi moi gia
tri x.

2.Lom Ién

. d? . .
Néu 22 < 0 thi duong cong s€ co6 hinh ki¢u cuc dai goi 1a Iom Ién (hay “161™).

dx?

2
Puong cong y = x3 —2x +5 Céz—z= 3x? — 2. Pao ham bac hai 12‘13732]=6x<0, vx < 0.
Vi vay duong cong 16m xudng véi moi gia tri x < 0 (va 16m I1én véi moi gi tri x > 0).

d’y/dx’ <0

Vidu 2:

I11. TIM PIEM UON

- 2 A 1y 423 v 1 ., \ Re ooy 1y . 2 . d?
Diém uo6n 1a diém ma hinh dang cua duong cong thay doi tir hinh kiéu cuc dai d—szl < 0 sang
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s .2 .z d%y
hinh ki€u cuc tiéu oz > 0.

~ -2 A A4 . d? \ 2. 1A \ < .y
RO rang, diém udn s xuat hién khi d—x}; > 0 va c6 su doi dau (tir + sang — hodc tir — sang +).

Diém uén
2
@y /s Lém xuéng
Lém lén (dzyfdxz <0)
(dyrd > 0)

Vi du 3: V& d6 thi sau bang cach tim giao diém hai truc toa do, diém udn, (cac) diém cuc dai,
cuc tiéu: y = x3 — 9x.

Tra loi vidu 3

Hinh dang co ban cua phuong trinh bac 3 la:

40 T

£ %

|
—QIZI_j a 5

Hay nhé hinh nay. S& gitip ich cho ban
trong qua trinh vé hinh day.

(i) Giao diém véi truc x:

y=x3-9x =x(x+3)(x—3)

Nén,
x=0
yzoc} x=—3
x =3

(i) Giao diém vai tryc y:
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Khix = 0thiy = 0.

(i) Cac diém cuc dai va cuc tiéu:

%=3x2—9=3(x+ﬁ)(x—ﬁ)

dy x =—V3
—=0<:>[
dx xz\/§

Viy ta c¢6 cac diém cuc dai, cuc tiéu véi cac gia tri xap xi (—1.7; 10.4) va (1.7; —10.4).

Ta c6 thé kiém tra diéu nay bang cach kiém tra mot vai diém gén —1.7 va 1.7 d kiém chu’ng
xem déu thay ddi nhu thé nao. Nhung ta can phai tim dao ham cap 2 dé xac dinh diém udn, vi
vay ta sé tin dung diéu nay dé kiém chung cuc dai, cuc tiéu.

(iv) bao ham bac 2:

d?y

W = 6x
Vix =—1.7thiy"” < 0nén (—1.7;10.4) 1a cuc dai dia phuong.
Vix = 1.7 thi y" > 0 nén (1.7; —10.4) 14 cyc tiéu dja phuong.

(v) Biém udn:

d?y
E_6X
Nén,
d?y
w= 0=x=0

2 ., ,
Va % doi dau tir &m (16m xuong) sang duong (16m 1én) khi x di qua O.
(vi) D6 thi:

Bay gio ta da du dir liéu dé vé& do thi:
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/— Cuc dal dja phuong (-1.7,10.4)

) /
/
20 ’/
e ——
™ o B
-
_ZD .
’ / |
) -3 -2 -1 i 1 \i 3 4 3
x 2
.z : Cue ity di
Piém udn 1 fién di phireng

©.0) (1.7,-10.4)

IV. CAC DANG HINH TONG QUAT

Néu ta biét duoc nhitng hinh dang co ban nay thi viéc v& @6 thi s& d& dang hon rat nhiéu.
Puong nhién nhimg hinh dudi day 1a hinh “ly twong”, va con rat nhiéu dang hinh khac va
truong hop khac. Nhung it ra nhitng hinh nay chinh 1a nén tang dé cac ban nghién ctru nhiing
hinh phuc tap hon.

Ham bac 2 Ham bac 3
Mi cao nhat cua x: 2 Mii cao nhat cua x: 3
20 T L T
15 ==
20 -1
f) 10 . (0
B =3 Sy
5 r— —|
1
U—j 0 i _N—.ﬁ 0 5
1 cuc ti€u. 1 cuc ticu.
0 cuc dai. 1 cuc dai.
(néu ham s6 c6 hé so trude x2 1a duong)
0 diém uon. 1 diém uon.
Ham bac 4 Ham bac 5
Mi cao nhat cua x: 4 Mi cao nhat cua x: 5
1300 T T T A0 T
1000 = =1
i(x) 300 i fx) o0 =
sl i
s 1 ] | 500 L
= 0 5 1] 15 =3 0 5
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2 cuc tiéu. 2 cuc tiéu.
0 cuc dai. 2 cuc dai.
(néu ham sd ¢o6 hé sb trude x? 1a duong)
2 diém udn. 3 diém udn.

Vidu 4:

V& do thi va thé hién giao diém v&i cac truc do thi, cuc dai, cuc tiéu va diém udn:
y = x* — 6x?

Tra 101 vi du 4

(i) Giao diém véi truc x:

y = x* — 6x? =x2(x+\/€)(x—\/€)

X =
y=0& x =—V6
x =6

(ii) Giao diém vai tryc y:
Khix =0thiy =0.

(iii) Cac diém cyc dai va cuc tiu:

Z—i' = 4x3 — 12x = 4x(x + V3)(x — V3)

dy x=0
a =0 [x=-Vv3
x =3
Viy ta ¢ cac diém cuc dai, cuc tiéu 1a (0; 0) va (—\/§; —9) va (\/§; —9).
(iv) bao ham béac 2:
d?y

E= 12x2 —12

Vix = —V/3thi y”" > 0 nén (—\/§; 9) 1a cuc tiéu dja phuong.
Vix =+/3thiy” > 0nén (v3;9) la cyc tiéu dia phuong.
Vix = 0thiy"” < 0nén (0;0) la cuc dai dia phuong.

(v) Biém udn:
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d?y
——— =12x2-12=12(x + D(x — 1)
dx?
Nén,
d?y x=-—1
dx? 0= [ x=1

Néu x < —1 thi y” > 0.

Néu—1<x <1thiy” <O0.

Néu 1 < x thi y” > 0.

Vay dau cua y'’ thay d6i khi x = —1. Vay (—=1; =5) 1a diém udn.
Vay dau cia y'’ thay d6i khi x = 1. Vay (1; —5) 1a diém udn.
(vi) Db thi:

Bay gio ta di du dir lidu dé vé do thi:

Cuwe dai dia phuong va
/ truc x (0.0)
30 ‘ /
20 \ Piém udn /
\ L9 a-5| / /
i) -

S AN ?\ /
N | TS N

1El

- 4
Giao diém ‘\,Ir6
truc x Giac diém +-J6
Cue tidu dia phuong trac x

(-+3.-9) va (+3.-9)

Vidu 5: V& d6 thi va thé hién giao diém véi cac truc do thi, cuc dai, cuc ti€u va diém uodn:
y = x> — 5x*
Traloividu 5

Luu y: Cau héi nay kha 1a phire tap va day ciing 1a vi du cho mot vai rac rdi ban c6 thé gap. Néu
ban van chita hoan toan hiéu, dung lo lang qua nhé!

(i) Giao diém véi truc x:
y = x> —5x* = x*(x - 5)

Nén,

< : TOAN N
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y=0es [0

(ii) Giao diém vai truc y:

Khix = 0thiy = 0.

(iii) Céac diém cuc dai va cuc tiéu:

d
Y 5x* —20x3 = 5x3(x — 4)
dx
Nén,
dy x=0
ki M

Viy ta c¢6 cac diém cuc dai, cuc tiéu 1a (0; 0) va (4; —256).
(iv) Bao ham bac 2:
2y _
dx?
Vix = 0thiy"” = 0nén (0; 0) khong la cuc tri.

20x3 — 60x?

Vix = 4thi y” > 0 nén (4; —256) 1a cuc tiéu dia phuong.
(v) Piém ubn:
d?y

75 = 202 = 60x? = 2022(x — 3)

d*y x =0
m=0eli s

Néu x < 0thi y” < 0.

Néu O < x < 3thiy” <O0.

Néu 3 < x thi y” > 0.

Vay dau ciia y'' khong thay doi khi x = 0. Vay (0; 0) khong 1a diém uén.
Vay déu ciia y"' thay d6i khi x = 3. Vay (3; —162) 1a diém udn.

Chiy: Thatra tai x = 0 ta c6 diém nhén. Pay khong phai cyc dai dia phwong mic du nhin hinh
v¢ thi c6 vé giong cuc dai dia phuong.

(vi) Db thi:

Bay gio ta da du dit lidu dé vé dd thi:
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100 ‘
0 — I L
v S \

o i 3 m v true x AN / \
vi dim mT?‘n (o) %“i‘ﬁ‘%‘;‘l 7N/ \

—3IIID_2

-1 0 1 3 4 5 Vo6

x Giao diém véi
Cue tidu trucxla 3
dia phuong
(4.-256)

Bay gid ta s& nghién ctru cach v& nhitng duong cong khong biéu dién cho da thirc. Nhiing
duong cong ndy c6 thé khong lién tyc hay co nhimg hinh dang dac biét. Do tinh ting dung cua
cac hinh nay trong cudc song rat 16n nén ta can nim rd cac dang d6 thi, ddng thoi khi sir dung
may tinh dé vé&, ta can xac dinh duoc nhing 15i sai hay hinh dang khac thudng cua do thi.

Ta st dung nhiing k¥ thuat vé dd thi co ban, kiém tra dic diém cta ham sb khi:

X — 4o

X — —00

x — bén trai diém khong lién tuc
x — bén phai diém khong lién tuc

V. POI XUNG
Ta st dung tinh d6i xang qua truc y dé vé duong cong.
VI. TAP XAC PINH VA TAP GIA TRI

Tép xac dinh (tit ca cac gia tri x co thé) va tap gia tri (gia tri y tuong @ng voi x) rat quan trong
dé vé& hinh theo mot s6 yéu cau (chang han cin bac hai).

VII. QUY TRINH THUC HIEN
Khi v& hinh ta can xac dinh:

(i) Giao diém cua do thi vai truc x.
(ii) Giao diém cuaa do thi véi truc y.
(iii) Gigi han khi x tién dén co.

(iv) Tap xac dinh va tap gia tri.

(v) Cuc dai va cuc tiéu.

(vi) Bao ham bac hai.
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(vii) Trang thai d6 thi gan diém khéng lién tuc.
Vidu 6: V& do thi:

4
y=x+—=

%2
Tra 161 vidu 6

(i) Giao diém vdi truc x:

(ii) Giao diém véi truc y:

Ta khong xac dinh dugc ham sé tai x = 0 nén khong ¢ giao diém cua d6 thi véi truc y, tir d6
s€ c6 tiém can tai x = 0.

(iii) Cac gioi han:
Khix — —oothifz—> 0,vay y — —oo.
(That ra, duong cong s& ngay cang tién gan dén duong thang y = x & phan am).
Khi x — 4o thiy — +oc0.
(That ra, dudng cong s& ngay cang tién gan dén duong thang y = x & phan duong).
(iv) Tap xac dinh va tap gia tri:
Tap xac dinh: Moi gié tri thuc x ngoai trir 0.
Tap gia tri: Moi gia tri thuc y.
(v) Cuc dai va cuc tiéu:
y=x+ i
xZ

d
g3
x

Taduoc1—8x3=0< x = 2.

Viy ta s& c¢6 cuc dai hodc cuc tiéu tai diém (2; 3).
~ . . < dy \ . < dy
Bay gio, khi x — —Oothla—> 1vakhix — +00thla—> 1.

(vi) Pao ham cap 2:
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d?y 24
W=F>O' Vx

Vay ham 18m 1&n véi moi gid tri x, vay diém (2; 3) 1a cuc tiéu.

(vii) Gan diém khong lién tyc:

Khi x — 0~ (nghia 1a x tién gan dén O tir phia 4m) thi y — oo.

(Ban c6 thé kiém chting bang céch thu céc gid tri x = —1; —0.5; —0.1; —0.01; —0.001).
Khi x — 0% (nghia 13 x tién gan dén 0 tir phia duong) thi y — oo.

(Ban c6 thé kiém chting bang céch tht céc gid tri x = 1; 0.5; 0.1; 0.01; 0.001).

(viii) Do thi:

Bay gio ta bat dau vé do thi:

: Y,
T

/ \\ Cuc tidu dia phucong (2,3)

23 \—1 i = 1 \ z 3

Giao didm

e x ('1630) Tlém Cén x=0 Véy =X

9x
x249

Vidu7:Védothiy =
Tra loi vidu 7
(i) Giao diém véi truc x:

9x
x2+4+9

=0 x=0
(ii) Giao diém vai truc y:

Khi x = 0thiy = 0.

(iii) Giéi han khi x tién dén oo:

Chia tr va mau cho x? duogc:
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2
X
9
1+ 2
Khi x — —oo thiy — 0.
Tuong ty, x — +oo thiy — 0.
(iv) Tap xac dinh va tap gia tri:
-Tap xac dinh: Moi sb thuc x.
Tap gi tri: xem phan 5.
(v) Cuc dai va cuc tiéu:
9
Y= +o
dy — 9(x*-9)
dx  x2+9
dy
— =0 x=43
dx

Vay ta ¢ cuc dai hodc cuc tiéu tai (—3; —1.5) hoic (3;1.5).
MGt vai miéu ta cho biéu thire > Ia:
+ DUONG khi —3 < x < 3.

+ AM khi x < —3 hoic x > 3.

Tur d6 ta k‘é't luan rang (—3; ,—1.5) 1a cyc tiéu va (3;1.5) 1a cyc dai, vay tap gia tri 1a —1.5 <
y < 1.5, dong thoi ta ¢6 do doc tai x = 0 la:
dy 3 9(x%—-9)

= =1
dxly—g x*>+9

x=0
(vi) bao ham béc 2:

Trong truong hop nay, dao ham bac hai c6 vé nhu phirc tap dé tinh nhanh, rit d& din dén sai
sot.

Bay gid ta ¢6 thé vé do thi.
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e

-10

10 20
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BAI 2.2.7 AP DUNG VI PHAN BE XU LY NHUNG VAN PE CUC TRI

Quy trinh tim gia trj 16n nhat, nho nhét goi Ia t6i uu hod, 1a tng dung rat quan trong cua vi
phan. Quy trinh nay glong nhu tim loi nhuan téi da cia mot ¢ong ty, hay giam thiéu gia thanh,
hay s6 luong vat lidu it nhat dé tao ra mot san pham nao d6. Nhiing thir nay c6 y nghia rat quan
trong trong cac nganh céng nghiép.

Vi du 1: Loi nhuan hang ngay P cia mot nha may loc dau thoa cong thirc:
P = 8x — 0.02x?

véi x 14 sb lwong thung dau di loc duoc. V6i bao nhiéu thung dau thi cong ty s& dat lgi nhuan
cao nhat? Gia tri lgi nhuan ay la bao nhiéu?

Tra 1o vi du 1

Loi nhuan dat gié tri cao nhat (thap nhat) khi: % = 0.

dP—8 0.04
dx D
dP

— =0 x =200
dx

Li¢u day co phai 1a gia tri I6n nhat chua?
d*pP
w =—-0.04 < 0, Vx
vay ta c6 gi tri 16n nhat khi x = 200; P = 800 dong.

Vay néu nhu nha may loc dugc 200 thing / ngay s& dat duoc loi nhuan cao nhét 1a 800 dong.

1000

e T

E:' 500 // R\

1] 50 100 150 200 250 300 350 400

X
Vi du 2: M6t khu vuc chaa hang hinh chtr nhat duoc xay sat, doc theo chiéu cao cua mot toa
nha. Mot hang rao an ninh dugc thiét ké nam & 3 mat con lai cua khu vuc day. Hoi néu cé
800m hang rao bao quanh hang rao bao quanh thi dién tich toi da cua khu vuc nay la bao
nhiéu?

Tra loi vidu 2
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Tacodiéntichla A = xy.

Tu hinhvétaco 2x + y =800 < y = 800 — 2x.

Vay diéntichla A = x(800 — 2x) = 800x — 2x?2.

Dé tim gi4 tri 16n nhat, ta tinh Z—’i =0 800—4x =0 < x = 200.
Liéu x = 200 c la gia tri 16n nhat hay khéng, ta tinh:

d?A
ﬁ =—4< 0, Vx

Vay x = 200 la gia tri 1on nhat.
Vay dién tich 16n nhat xay ra khi x = 200; y = 400. Tur d6 ta tinh duoc dién tich 1a:
A =200-400 =80 000m? =8 ha

Vi du 3: Mot hop c6 day hinh vudng, khong co nap. Néu ta sir dung 64 cm? vat ligu thi thé tich
toi da cua céi hop la bao nhiéu?

Traloividu 3

Mo 4 mat cé canh chung vai mat day ra, ta dugc anh sau:
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Thé tich hinh hop 1A V = x2y.
Ta biét dién tich bé mat caa hop 12 64 cm?. Dién tich mat day 1a x2 va dién tich méi mat bén 1a
xy. Vay dién tich toan phan cua hop 1a x2? + 64xy = 64 cm?.

Chuyén vé theo y, ta dugc y = % 2

.
Ta viét lai thé tich:
V =x%y=16x — x_3
Bay gio:
dv 3x?
dx 4
av 3x? 8
—=0&=16——=0x=1+—=4.62
dx 4 3

Luu y: truong hop &m khong xay ra vi khong c6 y nghia.
Ta kiém tra xem gid tri x c6 phai gia tri 16n nhat chua, bang cach:

d?v 3x

TxZ = > <0, Vx>0
Vay x tim duoc 14 gia tri 16n nhat.

Vay kich thudc cua hop la:

Day: 4.62 cm X 4.62 cm.

Cac mat bén: 4.62 cm x 2.31 cm.

Thé tich tdi da cua hop 1a: 4.62 - 4.62 - 2.31 =~ 49.3 cm?3.

Thu lai: Dién tich vat liéu la:
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x2+4xy =213+4-4.62-2.31 =64

Két qua thir lai ph hop.
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BAI 2.2.8 BAN KINH CONG

Ta c6 thé v& mot vong tron mot cach sat, vira khép véi nhimg diém nam trong 1 doan cua
duong cong nhu hinh dudi day:

5.5

4.5

Ban kinh cong cua mot duong cong dugc dinh nghia 1a ban kinh cua mot duong tron tring voi
mot phan cung cua duong cong. Tuy nhién mot duong cong thi ¢6 nhitng cung khac nhau ung
véi do cong khac nhau. Vay lam thé nao dé xac dinh duoc su thay doi cua ban kinh cong?

Cong thtrc ban kinh cong & bat ky diém x cua duong cong y = f(x) Ia:
Ban kinh cong:
o\ 3/2
(1 +(2) >
1 dx
S ST
dx?

Chang minh

Do cong ciia mot dudng cong cho trudc & mot sé diém nhat dinh 1a d6 cong cua mot duong tron
trung vai 1 phan cung cia duong cong tai cac diém d6. Trong bai viet nay ta tam goi do la
duong tron y.

Do cong phu thugc vao ban kinh, ban kinh cang nhoé thi do cong cang 16n (tién toi cac diém &
cuc bién). Ban kinh cang I6n thi d§ cong cang nhd. Twr d6 ta suy luan dugc rang néu cé mot
duong tron y rat Ion thi diéu do6 c6 nghia duong cong tai cac diém twong tng véi duong tron y
gan nhu la mot duong thang.

Bén kinh cong R ¢6 méi lién hé mat thiét véi chinh d6 cong d6. Cu thé:

91—1
K

Vay ta s& di tim do cong dau tién, sau d6 ap dung cong thirc trén ta s& tim ra dwoc béan kinh.

Gia st P; P, 1a hai diém khac nhau trén dudng cong va & rat gan nhau, vi du nhu hinh duéi day:
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A

81/ %

bat As 1a d6 dai cung PP;.
Dit A6 13 goc tao bai tiép tuyén tir P di chuyén dén P;.
Do cong cua cung tir P dén P; 1a %.

Bay gio cung K tai P xac dinh boi:

o A0 do
T A0S0 As | ds

Ta can tim % bang cé4ch tach thanh:
o do dx
ds dxds

Luu ¥ rang ta c6 tan(6) = Z—Z (cdng thirc d6 doc cua cung tai 1 diém) nén:

dy
6 = arct (—)
arctan I
Vay ta duogc:

do _ d < . (dy))
dx  dx arctan dx

du
. o . d = . L
Ta c6 dao ham cia y = arctan(w), (u = f(x)) la d—i’ = ﬁ (s& ching minh trong céc bai
viét sau).

L. da e \ . A
V61 u = arctan (ﬁ), ta tien hanh vi phan nhu sau:

d?y
dg d dy dx2
— =—larctan|=) )| =—————
dx dx dx dy

1 7
dx
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Tiép theo, ta tinh % bang céach:

dx_ 1 B 1
s d —
dx ay
1+ ()
Vay ta duoc:
dZ
d6 e

Tur d6 ta tinh dugc ban kinh cong la:

3/2
dy z
1 (1 * (ﬂ) >
TTRTTT
dx?

Puong nhién gia tri ciia ban kinh phai 1a sé duong nén ta 1y tri tuyét ddi mau sé cua phan sé

trén. Cuoi cung ta duogc:
2\ 3/2
<1 + (—dy ) >
1 dx

S ST
dx?

Ung dung thuc tién: Khi cac ky su thiét ké duong ray xe lia, ho can phai bao dam d6 cong cua
duong ray phai an toan va dam bao dugc xe lua chay trén duong ray theo mét toc do cho trude
Mot cach tron tru.
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Vi du 1: Xac dinh ban kinh cong ctia ham bac 3:
y=2x*—x+3
tai x = 1.
Tra loi vi du 1
Dau tién ta can v& d6 thi dé tién trong viéc tinh toan:

y=2x3—x+3

e

Sau do:

A2
(d_Z) =(6x%>—-1)2 =36x*—12x%2+1

Thay vao cong thirc ban kinh cong, ta duoc két qua:

dv\2 3/2
1+ (_y) 4 2 3/2
‘.R—l— dx _ (36x* —12x% +2)
K ﬂ;zz a |12x|
dx

Vay ban kinh cong tai x = 1 |a:

(36x* — 12x2 + 2)3/2

= 11.047 875 62
[12x]|

x=1

Bay gio ta xem “thanh pham” dat dugc. Nhin vao do thi dudi day véi duong cong (mau xanh)
véi duong tron (mau do dam) nam 1én trén. Buong tron trén a phu hgp nhat dé tro thanh duong
tron y (da duoc dinh nghia ban dau) tai diém (1; 4)

Ta c0 thé biéu dién tim duong tron y 1a (—9.8; 6.17).
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Tam=(-9.83,6.17)

Vi du 2: Gia sir ta c6 d thi duoc tao thanh bai cac diém cho trude va ta khong biét ham sb cua
do thi nay. Vay lam thé nao ta xac dinh dugc ban kinh cong cta do thi ¢6?

L4y bat ky 3 diém nham muong twong cach thuc giai quyét van dé. Gia sir 3 diém do 1a (1; 1),
(2;3), (3;8).

Ta s& giai quyét bai nay theo ba cach khéc nhau,
Céch 1: Tinh xap xi bang hinh Parabola thich hop va c¢ong thic vi tich phan:
Ta c6 d6 thi gan vai 3 diém (1; 1), (2; 3), (3;8).

E_

6

C6 mot cach dé tim ban kinh cong d6 la tim hinh parabola thich hop di qua 3 (jiém nay.
Parabola la duong cong tuyét hao dé xac dinh duong cong gan dung nhat cho mot so hitu han
diém.

Theo chwong trinh toan cap 2, do thi Parabola c6 dang:
y=ax?+bx+c
Thay thé toa do ba diém da cho, giai hé phuong trinh, ta dugc két qua:
y =15x%—25x+2

Vay ta dugc hinh parabola sau:
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Xem nhu day 1a ham sé ta can tim (chi dang véi mot vai diém cho truéc), st dung cong thic
ban kinh cong:

Ban kinh cong:

Ta xac dinh dao ham cap 1 va cp 2 va gia tri cua chung tai diém gitra (2; 3).

dy
—=3x—2.5
dx x
Taix =2thi & =35
dx
Pao ham cap 2:
dZ
Y _,
dx?

Vay ban kinh cong tai diém gitra (2; 3) la:

Viy ta di tim dugc hinh parabola gan dung nhat véi ham sb tng véi hiru han diém gan voi
nhitng diém da cho, va tir d6 ta ciing xac dinh dugc ban kinh cong, ciing chinh 1a ban kinh
duong tron gan sat vai duong cong, gan véi cac dir liéu da cho ban dau.

Hinh duéi day biéu dién 3 diém, hinh parabola ta tim duoc va duong tron Gng véi do cong tao
boi ba diém cho trude co ban kinh 16.08.
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C4ch 2: Sur dung phép xap xi tuyén tinh va céng thic vi tich phan:

Ta ¢ thé tinh xap xi gia tri Z—i tai diém gitra (2; 3) nhu sau:

Do dbc (hé s gdc) caa duong thang di qua 2 diém (1; 1) va (2; 3) la:
_dy_2

™= A1

Do dbc (hé sé gdc) cua duong thang di qua 2 diém (2; 3) va (3;8) la:
Q Ay B 5

M= A T 1

. . A N , sz . 4 A 4R P PR ¢
Ta tinh tri so trung binh cua 2 gia tri d§ doc dé ra duogc gia tri “thd” cua d—z.

Po déc trung binh = 22 = 35 ~ &,
2 dx
Vi d6 dbc cua do dbc (tic dao ham bac 2), ta xac dinh toc do thay doi do déc m chia cho toc
do thay doi cua x trong khoang [1.5; 2.5] (gia tri 2 bién la diém gitra cua 2 diém ma doan thang
di qua).
2
-3~

Am 5-2
1 T dx?

Do dbc cua do doc = — =
Ax
Khé la tring hop, gia tri xap xi nay lai chinh xac véi gia tri ta tinh dugc & Cach 1.

Thay thé céc gia tri can thiét vao cong thic ban kinh cong, ta duoc gia tri bang géi gia tri tinh

duoc ¢ cach 1.
3/2
dy 2
<1 + <ﬁ) >

azy
dx?

= 16.08
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Kiém tra dap an theo hinh duéi ddy, ta thdy dudng tron xap xi y (mau do téi, thm D, béan kinh
16.08) di qua 3 diém cho trudc. Diéu nay van dung khi ta 1ay toc do trung binh chinh xac hon
dé c6 duoc gia tri phu hop nhat cho dao ham bac 1 va bac 2.

Céch 3: Tim ban kinh duong tron di qua 3 diém.

Day chinh 1a cach chinh x&c nhat dé tim ban kinh cong. Bang kién thac toan phé thong, ta dé
dang xac dinh phuong trinh duong tron do.

Tong quét, gié tri x cho tim dudng tron di qua ba diém A(xy; v1); B(xz; v,); C (x3; y3) cling Vi
2 duong thang c¢6 d6 doc m, va m,, la:

_mymy(yy — y3) + my (g + x5) — my(x; + x3)
2(my —my)

Xc

Cong thuc trén dua theo viée tim giao diém cac duong trung truc cua 2 dwong thang di qua 3
diém nhu hinh duéi day:

Vay véi cac diém da cho, ta tinh duoc gia tri x, = —10.833 (gia tri my; m, tinh & cong thuc 2).

Véi gia tri y cua tm, cong thic cho duong tryc truc dau tién 1a:
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Ytrung trec = —

1( x1+x2) Y1ty

—x - +

my 2 2

Vay voi nhitng diém da cho, ta tinh dugc gia tri y chi véi viéc thay so:
Y. = 8.166 5

Viy tam dudng tron qua ba diém (1; 1), (2; 3),(3;8) 1a (—=10.83;8.17).

Cubi cung, ta xéc dinh ban kinh bing cach tinh khoang cach tir tam dén bét ky 1 trong 3 diém
da cho. O day toi chon (1; 1).

Ban kinh: \/(x, — x1)% + (y, — y1)? ~ 13.834.

Viy ta di tim dugc ban kinh dudng tron 13 13.834, dap an nay chinh xac nhat va ta ciing co thé
thay su khac biét ro so vai cach 1 va céach 2.
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PHAN 2.3: PAO HAM HAM SO SIEU VIET
BAI 2.3.1 MO PAU

C6 rat nhiéu tng dung khoa hoc, k¥ thuat cua ham mii (e*), ham sb logarithm (log(x)) va ham
lugng giac (sin(x) ; cos(x); ...). Trong phan nay, ta s€ tim cong thirc tinh dao ham ctia ham )
siéu viét. Ta can biét toc do thay doi caa ham sd.

Trong phan nay:

+ Bai 2.3.1 DPao ham s6 ham luong gi4c va ung dung: Ta s& nghién ciru dao ham cua ham sé
sine, cosine, tangent, cosecant, secant va cotangent cling nhu ham ngugc cua nd. Ngoai ra ta sé
nghién ciru thém vai ing dung ctia né nhu toc do thay doi, co khi, phuong trinh chuan.

+ Bai 2.3.2 Pao ham ham sé logarithm, ham mii va tng dung: Ta s& biét cach dao ham ham s

logarithm, ham sé mii va vai (ng dung cua n6 nhu ban kinh cong, su tdi da hoa, cudng do am
thanh, hang khong, dién.
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BAI 2.3.2 PAO HAM HAM SO LUQNG GIAC VA UNG DUNG

Hién nay ham mii (e*), ham logarithm (log(x)), ham sé luong giac (sin(x) ; cos(x);...) cd rat
nhiéu ng dung trong cac nganh khoa hoc, ky thuat, goi la cac ham siéu vi¢t. Sau day toi xin
cung cap mot s6 cdng thirc co ban caa ham lwong giac. Viéc chitng minh chu yéu dya vao dinh
nghia dao ham.

d(sin(x))

= cos(x)

dx
d(cos(x)) D)
—d( dx( § = —sin(x

tan(x

dT = sec?(x)
M = —csc(x) cot(x)

dx
d(L(;(x)) = sec(x) tan(x)
d(cot(x)) B
— = csc?(x)

Néu u = f(x) 1a ham s6 theo bién x, khi d6, sir dung quy tic xich, ta duoc:
d(sm(u)) os(u )_
d(cogc(u)) o) "du

dx
d(tan(u)) 5 dux
gy Sec (w) T
—d (cse(w)) = —csc(u) cot(u) d_u
dx dx
—d(szc(u)) = sec(u) tan(u) d_z;
d(cot(u))
P =W

Vidu 1: Tinh vi phan y = sin(x? + 3).
Traloividu 1

Pau tién, dat u = x2 + 3, vi vay ta duoc y = sin(u).

Ta co:
dy dy du
dx  dudx
du
= cos(u) T
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= cos(x? + 3) w
= 2x cos(x? + 3)
Quan trong: cos(x? + 3) khac véi cos(x?) + 3.
DAu ngoic c6 ¥ nghia khac biét rat Ién. Nhiéu hoc sinh d méc sai 1am khi gap dau ngoac.
Dudi day la do thi cia y = cos(x?) + 3 (mau xanh 14) va y = cos(x? + 3) (mau xanh duong).

Do thi dau tién, y = cos(x?) + 3 ¢ nghia la dudng cong y = cos(x?) di 1én 3 don vi.

i

¥ =008 3

D6 thi thir 2, y = cos(x? + 3) ¢ nghia 1a ta phai tinh gia tri x? + 3 trudc, sau d6 méi tinh két
qua cosine:

YA
y= cc.s()c1 +3)

/) /\/\M(\/\M
AR

Hai két qua rat khac biét.

ey

Vi du 2: Tinh dao ham ham 2 an:
x cos(2y) + sin(x) cos(y) = 1

Tra loi vidu 2
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Phuong trinh ham 2 an:
x cos(2y) + sin(x) cos(y) =1
bao ham:
x(—2sin(2y)) Z—z + (cos(2y))(1) + sin(x) (— sin(y) %) + cos(y) cos(x) =0

Vay,

(—2xsin(2y) — sin(x) sin(y)) 2—3: = — cos(2y) — cos(y) cos(x)

dy  cos(2y) + cos(y) cos(x)
dx  2x sin(2y) + sin(x) sin(y)

Vi du 3: Mot dong dién (don vi Ampere — A) trong mach may khuéch dai tuan theo ham s
theo thoi gian t (giay — s) la:

i = 0.10 cos (120t + E)
6
xac dinh biéu thuc caa dién ap di qua cudn cam co d6 16n 2.0 mH. Biét rang:
V, =L—
L= ™de

Traloi vidu 3

vV, =L—
L dt

—ooozdi
U dt

= 0.002(0.10)(1207) (— sin (1201Tt + %))

= —0.0247m sin (1207‘[t + g)

Str dung quy tic thuong sb cling nhu dong nhat thirc luong giéc, ta co cac cong thuc sau:

d(LC(x)) = —csc(x) cot(x)
dx

d(LC(X)) = sec(x) tan(x)
dx

Aot Lo
- = —csce(x

Vi du 4: Tinh dao ham ham sé:

3 cot(x + y) = cot(y?)
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Tra loi vi du 4
Pay 1a ham s6 2 an:
3 cot(x + y) = cot(y?)

DPao ham Vvé trai, ta dugc:

d
—3csci(x +y) (1 + é)

DPao ham vé phai, ta dugc:
dy
—sj 2 2 _)
(—sin(y*)) ( Y ix
Viy ta duoc két qua:

—3csc?(x +y) (1 + %) = (—sin(y?)) <2y Z—z)

dy dy
_ 2 _ 2 A o cin(u) &Y
& —3csc?(x+y) —3csc (x +y) e 2y sin(y?) I

d
& (2ysin(y?) — 3 csc?(x +y)) % = 3csc?(x + y)
dy 3csc?(x +y)
dx 2ysin(y?) —3csc2(x + y)

Luu y: Ta cling c6 cong thirc dao ham ham lugng gidc nguoc.

Ta can nhac lai khai niém. Biéu thic sin™'(x) c6 nghia rang ta phai tim mot géc @ nao do dé
sin(®) = x.

Ngoai ky hiéu sin~1(x) thi ky hiéu arcsin(x) ciing c6 y nghia tuong tu. Tuy nhién viéc sir dung
arcsin s& tot hon st dung sin~' nham tranh nham 1an véi gié tri nghich dao, nhu 37! = %

Trong bai viét s& st dung ky hiéu sin=! dé tring khop véi ky hiéu trén may tinh.

d(sin"1(u)) 1 du
dx  Vi_2dx
d(cos™1(w)) -1 du
dx  Ji-2dx
d(tan™1(u)) -1 du
dx  Viruldx

Vi du 5: xéc dinh 2 cia:
° dx
x +y =tan"1(x? + 3y)
Traloividu5

DPao ham hai vé, ta dugc:
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x +y =tan"1(x? + 3y)

dy 1 ( dy)

14 -2 =
= +dx 1+ (x2 + 3y)?

(:)dy_Zx—l—(x2+3y)2
dx =2+ (x2 + 3y)?

Bay gio ta s€ st dung dao ham ham s6 luong gidc ciing nhu ham luong gidc ngugc dé giai
quyet mot so van de.

Vi du 6: Xac dinh phwong trinh phéap tuyén caa duong cong:
x
— tan-1(2
y = (2)
tai x = 2.
Tra 16i vi du 6
dy 1 1
dx x2 (E)
1+(3)

Khi x = 3 thi biéu thuc trén 12 0.153 846.
Vay do dc tiép tuyén tai x = 3 12 0.153 846.
Do doc phép tuyén tai x = 3 la:

1

~ 0153846 °°

Vay phuong trinh phap tuyén tai diém x = 3y = 0.982 8 la:

y—0.9828 = —6.5(x — 3)
& y = —6.5x + 20.483

Vidu 7:

Mot mach dién ¢ cong suat P, tro khang c6 goc léch pha 1a 8. Cong suat biéu kién P, cua mach
c0 biéu thuc:

P, = Psec(0)

Gia st P = 12 W, xac dinh toc do bién thién cua P, khi 8 thay doi véi toc d 0.05 rad/phuit.
Gia str ban dau 6 = 40°.

Traloividu7
Str dung quy tac xich, ta dugc:

dP, dP,ds

dt  df dt
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Taco P, = Psec(f) = 12sec(8) (ViP =12 W).
dpP,

0= 12 sec(0) tan(0)
Ta co:
d_@ = 0.05
dt
Viy,

dP,
d_ga = 12 sec(0) tan(8) = 0.6 sec(#) tan(H)

Khi 6 = 40°, biéu thic trén bang véi 0.657 W /phit.

Vi du 8: Mot thiét bi duoc lap trinh dé di chuyén mot cong cu khic tuan theo biéu thic x =
2 cos(3t) va y = cos(2t). Kich thudc tinh theo ¢m va thai gian t tinh theo s. xac dinh van toc
cua dung cu khit = 4.1 s.

Tra 1oi vi du 8

dx

vy == —65sin(3t)
d

v, = d_)t/ = —2sin(2t)

Tai t = 4.1thiv, = 1.579 va v, = —1.88.

v = fv,? +vy =246 cm/s

NGi vé van toc, ta can phai xac dinh dugc phuong huéng. Truéc hét ta gan tim ra goc nhon
thich hop (goc dung dé lam mac):

Vay:

a —tan~?! (— =
Xét trén vong tron luong giac, ta dang & goc phan tu thir 4 vi v, duong va v, am. Vi vay goc
can tim la:
360° — 50° = 310°

Vi du 9: Man hinh TV dat thang dung tai san van dong, cao 2.4 m, canh thap nhat nam phia
trén tim mat khan gia A ngdi dudi né 1a 8.5 m. Gia sir khan gia B c6 goc quan sat TV la thuan
loi nhat khi di dién voi man hinh TV 1 cuc dai, khi d6 khoang céch giira khan gia B dén khan
gia A la bao nhiéu?

Traloividu9
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Ta xac dinh 684; 6, nhu hinh trén, tir 46 ta dugc 8 = 6, — 6,.

Gia sir x 1a khoang céch tir khan gia B dén khan gia A, dé tinh gia tri 6 cuc dai, ta can tim % va
cho né bang 0.

Ta luu ¥ rang:
8.5
tan(0,) = 71)
10.9
tan(0,) = —
X

Piéu nay dan dén:

8.5
0, = tan~! (—)

X

10.9

oo (2
2 dan x

Vay ta dugc:

10.9 8.5
0=6,—6;, =tan?! (—) —tan™?! (—)
x x

Tinh dao ham:

dae
— = —2.4x%+ 22236
dx
de
= T =0 —24x*+22236=0 < x =9.63

Vi ta tinh khoang céach nén ta lay gia tri duong.
Vay khoang céch tir khan gia B dén khan gia A 12 9.63 cm.

Vi du 10: Mét truc cudn tai mot san béc dd hang dung dé kéo 18 container trén mat dat. Truc
cuon quay day cap vai toc do 2 m/s va truc cach mat dat 5 m. Hoi vai toc do nao thi géc 6 tao
boi day cap va mat dat thay doi sau khi truc cuon dugc 10 m day cap?
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Tra 161 vi du 10

So db v6 hudng (chi bao gdbm khoang cach):

Rlw

Ta c6 thé thiy riang sin(6) = >nén 6 = sin™! (z)

So dd vector (bao gom van tbc):

Ta con co:
dx
i -2 m/s
A~ dB A ,
Do ta can tim - nén ta su dung:
daeo _ do dx
dt dxdt
Vi@ =sin™?! (E) nén ta duoc:
X
do B -5
dx 2
x1-(3)
Vay:
dé dodx -5 10
= (-2) =
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Ta mudn biét toc do bién thién khi x = 10, thay gié tri nay vao biéu thuc trén, ta duoc két qua:

d9—01155 d/
=0 rad/s
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BAI 2.3.3 PAO HAM HAM SO LOGARITHM, HAM MU VA UNG DUNG

I. PAO HAM HAM SO LOGARITHM
Pau tién ta quan sat do thi ham sé logarithm co s e:
f(x) =loge(x)

Ham s nay thuong dugc viét gon thanh In(e). Tiép tuyén tai diém x = 2 dugc cho & trén dd
thi.

P§ dée=1/2

Do déc tiép tuyén tai x = 2 1a % (Ta c6 thé xac dinh diéu nay bang cach nhin vao ti 1¢ tung /
hoanh).

Néu y = In(x), ta xét:

x 112345
L 1 1
Podbeadtni |1 |~ | |11
23125

1

Y
W~
B
Ul —

W R 1A © X 2.2 A A 1t g TP r oA \ 41 Y A
Ta thay rang d¢ doc tai moi diém trén do thi trung véi gid tri diém do6 trén ham so e biéu nay
dung véi moi gia tri x duong (ta khong c6 logarithm ciia s6 am).

4 N Y - ~ ~ . . ” N X 1 L -
Néu ta lam nhiéu vi du nira, ta s& xac dinh dugc dao ham cta ham s6 y = In(x) = o Hay noi
cach khac:

dy_

1
dx x

Luwu ¥ 1: That ra két qua nay c6 duoc tir bai “Nguyén 1y co ban dé tinh dao ham”.
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Luwu y 2: Ta dang st dung logarithm véi co s6 e. Nhic lai dinh nghia ham sé logarithm: “Véi a
la mot so duong va b la mot s6 duong, so thuc n théa man a™ = b dugc goi la logarithm co so
a cua b. Ky hiéu log, (b)”. O bai trén, e la gia tri giéi han cua:

1 n
lim (1 + —)
n—oo n
1. Pao ham ham sé logarithm y = In(x)
Céch viét dao ham ham sé logarithm co thé la:
1
(In(x))" ==
X
d 1
—(In()) =
X X
d 1
- —
——(log, (1)) =~
Néu y = In(x) thi:
dy 1
dx x

Vi du 1: Tinh dao ham caa ham sb y = In(2x).
Traloividu 1
Ta st dung cong thuec:
log(ab) = log(a) + log(b)
Ta viét lai dé bai:
y = In(2x) = In(2) + In(x)

Dao ham cua hang so bang 0, vay:

d
ax (In(2)) =0

Vay ta con:
d 1
—(n() =~
X b
Dap an la:
dy 1
dx x

Ta quan sat dd thi dudi day biéu dién do doc cua d6 thi y = In(2x) (dudng cong mau den, ‘tiép
tuyén mau do), hinh dang giong véi do thi y = In(x) (dwong cong mau xanh, do doc mau hong)
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tai diém x = 2.

2. Pao ham ham sé y = In(u) (véi u 1a ham sé theo x)

Ta khong thé chi don thuan su dung cac quy tac cong trir nhan chia trong logarithm dé giai
quyét. Trong nhitng bai toan thuc té yéu cau ta tinh dao ham logarithm caa mot ham sé nao dé
theo x. Vi du nhu dao ham y = 2In(3x2 — 1).

Ta st dung cong thirc ham sb hop dé giai quyét bai toan. Néu y = In(u) ; u = f(x) thi:

dy o
dx u
voiu' 1a dao ham cua u.
Mot cach viét khac:
dy 1 du
dx  udx

Ban c6 thé thay c6 cach viét sau, ¥ nghia khong doi. Néu y = In(f (x)) thi dao ham cua y Ia:

dy f'(x)
dx  f(x)

Vi du 2: Tim dao ham ham s6 y = 1n(sin(2x) Vx? + 1).

Tra 1061 vi du 2
Pau tién ta sir dung cong thirc logarithm sau dé don gian hoa bai toan:
log(ab) = log(a) + log(b)
va,
log(a™) = nlog(a)

Viy ta c6 thé viét lai biéu thic cua dé bai thanh:

=1In (sin(Zx) VX2 + 1)
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= In(sin(2x)) + ln( x?% + 1)

= In(sin(2x)) + ln((xz + 1)1/2)

= In(sin(2x)) + %ln(x2 +1)

Tiép theo, ta ding quy tic sau dé tinh dao ham (sir dung 2 lan):
dy v
dx u
Vé&iu = sin(2x) = u’ = 2 cos(2x).
Véiu=x?+1=u' =2x.
Vay ta c6 dap an:
dy 2cos(2x) N 1 2x
dx  sin(2x) = 2x2+1

= 2 cot(2
co(x)+xz_|_1

3. Pao ham ham sé logarithm véi co s6 khac s6 e

Néu u = f(x) 1a ham sé theo x va y = log, (u) 12 ham s6 logarithm theo co s b thi ta c6 duoc
dao ham cuaa ham logarithm véi co so b la:

dy u'
e log,, (e) "

v6iu' 1a dao ham cua u va log,, (e) 1a hang sé.
Luu y 1: Két qua nay c6 dugce tir bai “Nguyén Iy co ban dé tinh dao ham”.

Luu ¥ 2: Néu ta chon e lam co s6 thi dao ham ciia In(u) (voi u la ham sé theo x) dugc tinh
bang cong thirc don gidn hon dudi day:

dy _w

dx u
Luu y rang log,(e) = 1.
Vi du 3: Tinh dao ham cua y = log, (6x).

Tra o1 vidu 3
Ta st dung cong thic sau dé don gian hoa van dé:
log(ab) = log(a) + log(b)

Ta viét lai bai toan:

y = log,(6x) = log,(6) + log, (x)
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Ta c6 log,(6) 13 hiang s nén dao ham bang 0.

Pao ham cua phan thi hai, st dung cong thic sau:

I1. UNG DUNG CUA PAO HAM HAM SO LOGARITHM

1. Ung dung cho nganh hang khéng

Vi du 4: Mot may bay Cessa cat canh tir san bay gan mat nuéc bién c6 quy dao theo ham sé:
h =2000In(t+ 1)

vé6i h tinh theo feet va t theo phat. Tinh téc do cat canh tai thoi diém ¢ = 3 phuit.

Tra 1061 vi du 4

Do thi ham s6 h = 20001n(t + 1) cho thay day la md hinh thyc té khi mdy bay bay lén cao. O
do cao thap, khi lugng khong khi con day déc thi toc d6 1én cao rat lon. Nhung khi may bay
cang bay 1én cao, toc d¢ lai giam.

B (et
35004 (feet)

30007
25004
20007
15007
1000

5004

£ (Prait)

1 2 3 4 5

bé xac dinh toc d6 lén cao (van tdc ngang), ta can xac dinh dao ham bac nhat:

d 2000
%(2000 In(t+1)) = t+_1
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Tait = 3,tadugc v = 2090 _ 500 feet/phit.

=
Luu y: Trong nganh hang khong, do cao phia trén muc nudc bién duge tinh theo don vi feet

(1 feet = 0.304 8 m), dugc xem 1a don vi do chuan va duoc ding phd bién trong nganh khoa
hoc hang khong va hang hai.

2. Mirc cwong do am va decibel

Mirc cudng do am P ctia mot ngudn am cho trude duge xac dinh bang cong thirc:

W
0

Don vi do 1a decibel (dB).
W 1a cuong dd am, c6 don vi la watt.
W, 1a cuong dd Am chuan ma tai ngudi nghe duge. N6 1a mot hang s6 c6 gid tri 10712 W /m?2.

Cuong d6 4m c6 mdi lién hé dén cuong do cua séng 4m. Logarithm duge sir dung dé giai quyét
cac gia tri cia muc cuong do Am 16n ma con ngudi nghe dugce (tir tiéng gid nhe khoang 20 dB
dén tiéng gam ru cua show dién nhac Rock vao khoang 120 dB, phu thudc vao khoang cach tGi
nguoi nghe).

Vi du 5: Xac dinh tdc d6 thay doi cia mirc cudng do am P theo thoi gian néu W = 7.2 va
=% = 0.5 tai mot thoi diém t cho trude,
Traloividu 5

Taco W, = 1072 W /m?, st dung cong thiic logarithm cho phén sd, ta dugc:

w
P =10log (w) = 10(log(W) — log(10~12))

Str dung cong thic dao ham logarithm, két hop log(107'2) 1a hang sd, ta dugc:

P _ 1o (11 ())dW 0 —10(11 (&)
dar Wogme dt = W0g1oe

Thay thé céac gia tri W va C;—t/ tir dé bai, ta dugc:

) aw
dt

dP—10<1l ())05—0302613/
Frin - 10810(e) | 0.5 = 0. S

Pon vi do 14 dB/s vi mic cuong d6 am thay doi theo thoi gian.
Vi du 6: Gia st mac cuong do am W xéac dinh bang biéu thic theo thoi gian t (gidy) sau:
W=t>*+t+1

xéac dinh tdc do thay ddi cua mire cuong d6 &m P tai thoi diém t = 3s.
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Traloividu 6

D6 thi ham s W = t2 + t + 1 1a mot hinh parabola don gian:

30—; w
25—5
20—2
15—5

10

=
[}

-
L
I
[

. 2
PG thi cua mirc cuomg do am P = 10log (i)
ipP
134;
132%
130%
128%
126%
124%
122%
120E
T 4
0 1 2 3 4 5
Pao ham cua P la:
dP—lO(ll ())dW
dr o \w 0810ty
dt?+t+1)
10 tog0) 2D
e L0 dt
— 4343 2t+1
T2 441
Tai t = 3, toc d6 thay doi P theo thoi gian 1a:
apP 2t+1
— =4343——— = 2.339 dB/s
dt t2+t+ 1=

Vi du 7: Néu W = cos(0.2t), xac dinh toc d6 thay doi cua mic cuong d6 &m P tai thoi diém
t=1s.

Traloividu 7

Khoa: TOAN HOC 119




Chuyén san EXP
Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Do thi W = cos(0.2¢).

0.9

0.5

0.7

0.6

P thi P = 10 log (“°S(°'2‘))

10—12

1204

119.54

1194

118.54

1187

117.54

=
b2
[
I
[}

Ta thdy rang d6 doc do thi 1a am, vay ta du doan dap an s& c6 gia tri am.

Ta co.

cos(0.2t)
10-12

P = 1010g<

Mat khac:

dP d 0.2t
=Y 1 010gs, (M)

dt  dt 10-12
1 aw
=10 (Wlogm(e))ﬁ

1 .
— 10 (mloglo(e)) (—0.2 sin(0.2¢))

= —0.869 tan(0.2t)
Tai t = 1s, gia tri dao ham 1la —0.176 dB/s.
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Dap an 1a am, dung nhu ta dy doan.
Vi du 8: Ban kinh cong tai 1 diém trén dudng cong dugc xac dinh boi cong thirc:

Ban kinh cong:

Mot truc quay co hoc di chuyén theo dudng di sau:
y = In(secx)
voi —1.5dm < x < 1.5dm.
Tim bén kinh cong ctia duong di nay véi x = 0.85 dm.
Tra 1061 vi du 8

Puong di cia truc quay dugc thé hién bang duong cong mau xanh. Tai diém nay ta co thé vé
mot duong tron sat voi duong cong. Ta s€ tim ban kinh cua dudng tron nay.

Khi x = —0.2, ban kinh cong la 0.9. Khi x = 1.4, ban kinh cong la 5.8:
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y = In(sec(x))

Vay:
dy sec(x) tan(x) — tan(0)
dx sec(x) - A
Khi x = 0.85, ta dugc két qua la 1.138.
Va,
d?y
i sec?(x)
Khi x = 0.85, ta dugc két qua 1 2.295 8.
Vay ta dugc ban kinh cong:
(@)
B dx _g ot 1.138%)%2 34786 524
dZy - T T 22088] 22958 4™
dx?

III. PAO HAM HAM SO MU
DPao ham cua e* c6 ddi chut dic biét, biéu thirc dao ham cua e* lai ra chinh né, d6 1a e*:
d(e*) B
dx ¢

Piéu nay nghia 1a gi? C6 nghia d6 doc bang véi gia tri ham sé (gia tri y) tai moi diém trén d6
thi.

X

Vi du: Khi x = 2, ta diém nay, giatri y la e? =~ 7.39.

Vi dao ham cua e* 1a e* d6 dbc cua tiép tuyén tai x = 2 1a e? =~ 7.39, ta c6 thé quan sat d thi
dudi day:

207 ¥

157

0] (2,7.39)

Pé dic="7.39
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Ta xem d6 thj sau dé hiéu rd hon viéc d6 ddc tai 1 diém cua dd thi y=e* béng dung vai gia tri
y =e*:

0] Jo— (5,148.4)

1407 y=e
120
100

Dj dée=148.4
-——
207

o] (4, 54.6)

D§ dée=354.6

404 \
207

Ta thay rang tai x = 4, gia tri y 12 54.6 va d6 ddc tiép tuyén (mau do) ciing 1a 54.6.
Taix =5, gid tri y = 148.4, d6 ciing 1a gia tri do ddc tiép tuyén (mau xanh).

1. Mt sé cong thic khac ciia dao ham ham mii

Néu u 1a mot ham theo x, ta c6 thé tinh dao ham dudi dang e¥:

d(e%) L du
=" —
dx dx

Néu ta c6 ham mii theo co s6 b nao do, ta c6 cong thirc dao ham sau:

d(b")
dx

du
= b*In(b) —
n(b)
Vi du 9: Tinh dao ham cua:
y = 103*

Traloividy9

y =103
Vi vay:
d d(3x
Y _ 10 1n10) - 282 _ 31n(10) 103
dx dx

Vi du 10: Tinh dao ham cua:

y = esin(x)

Tra loividu 10
y = esin(x)

bit y = e, véi u = sin(x).
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dy dydu
dx dudx
., d(sin(x))
= —
dx

= eSIn(¥) cos(x)

Vi du 11: Hay cho thay:

thoa phuong trinh:
d*y _dy
— 2422 4oy =
dx? + dx T2y
Traloividu 11
y = e X sin(x)
Vi vay:
d
o e~ cos(x) + sin(x) (—e™)
dx
= e *(cos(x) — sin(x))
Va:
d2y . .
i e (= sin(x) — cos(x)) + (cos(x) — sin(x))(—e™)
— e_x(—Z COS(JC))
Vi vay:
(o dy _dy
Vetra1=ﬁ+2a+2y

= e~*(—2 cos(x)) + 2(e~*(cos(x) — sin(x)))
+ 2(e * sin(x))

= e *(—2cos(x) + 2 cos(x) — 2 sin(x) + 2 sin(x))
=0
= Vé phai

IV. UNG DUNG CUA HAM SO MU

Vi du 12: Mot may tinh dugc lap trinh dé v& mot chudi cac hinh chit nhat ¢ goc phan tu tht
nhat cua truc toa do 2 chiéu, noi tiep dudi duong cong.
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y=e
Hoi dién tich 16n nhat cua hinh chit nhat I6n nhat c6 thé noi tiép duoc?

Tra Ioi vi du 12

T T T
05 X 15 2 25 X

-0z

Dién tich hinh chir nhat tai diém x 1a:

A=xe ™
Gia tri 1on nhat (hay nho nhat) xay ra khi:
dA
dx
Bay gio:
dA
T ()(=e™) + (e™)(1)
=e*(1-x)

Biéu thic nay bang 0 khi x = 1, va duong khi x < 1, am khi x > 1, vi vay ta c6 gié tri 16n
nhat.

Vay dién tich lon nhat 1a (1)(e™1) = 0.3679 don vi%.
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CHUONG 3: TICH PHAN
PHAN 3.1: TICH PHAN

BAI 3.1.1: MG PAU

Tai sao ta phai can nghién ciu tich phan?

Ta di biét sy twong quan gém ca tdc do thay doi gitra 2 bién, nhung ta cling can biét méi quan
hé truc tiep gita 2 bién.

Vi du: Ta biét van téc chuyén dong cua mot vat thé trong thoi khac nao d6, nhung dong thoi ta
cling muon biét trong thoi khac do, vat thé ay dang ¢ cho nao?

Dé tim mdi quan hé truc tiép ndy, ta can c6 mot phép thuc hién nguoc lai phép vi phan. Phép
nay goi la phép tinh tich phan.

Phép tinh tich phan duoc Gng dung rat nhiéu.

Thap d6i Petronas ¢ Kuala Lumpur chiu su tac dong rat I6n cua gié cao. Tich phan duoc st
dung dé tinh toan strc chiu dung cua théap.

Thép doi Petronas.
o Kuala Lumpur

Nha hat Opera Sydney duoc thiét ké doc ddo theo mat cat cua qua bong. Pé thiét ké, nguoi ta
phai sir dung nhiéu phuong trinh vi phan (mét dang cia phép tich phan).
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Nha hat Opera Sydney

Vé phuong dién lich sir, mot trong nhiing tng dung cua tich phan d6 14 tinh thé tich thing ruou
(c6 bé mit cong). Ta s€ nghién cuiru cach tim thé tich ¢ nhitng phan sau.

e

Thung rugu

C6 the ké dén mot s ang dung khac cua tich phan nhu tim dién tich dudi bé mat cong, trong
tam, quang duong va van toc, dong chay chat long, mo hinh héa trang thai vat the, ....

Trong phan 2.1 nay:
+ Bai 3.1.1 Mé dau.
+ Bai 3.1.2 Vi phan.
+ Bai 3.1.3 Tich phan bat dinh: Huéng dan cach tim tich phan don gian.

+ Bai 3.1.4 Dién tich dwéi dwong cong: Cach dung tich phan dé tinh dién tich duéi duong
cong.

+ Bai 3.1.5 Tich phan xac dinh: Cong thirc thay thé va cach sir dung.
+ Bai 3.1.6 Quy tac hinh thang: Tinh toan gia tri tich phan khi ta khéng thé tim ra biéu thuec.
+ Bai 3.1.7 Quy tac Simpson: Cong thic tét hon dé tinh toan gia tri tich phan.

Ta bat dau nghién ciu vé vi phan vi né bao ham maét s khai niém va ky hiéu ma ta s& gap trong
khi nghién ctru tich phan.
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BAI 3.1.2 VI PHAN

Trong chuong “Vi phan”, ta viét Z—z va f’(x) ddu cling mot ¥ nghia. Ta ding ky hiéu % nhu 1a
toan tur.

Bay gio ta sé thay c6 nhiéu cach khac nhau dé viét ciing nhu nghi vé vi phan.
Ta dung ky hiéu dao ham maéi nay trong sudt chuong tich phan.
I. PINH NGHIA

Vi phan 1a mét gid tri nho, nho rat nhiéu, vd ciing nho. Ta thuong viét vi phan bang cac ky hiéu
nhu dx; dy;dt; ... Voi:

+ dx 1& su thay d6i gia trj rat it cua bién x.
+ dy 14 sy thay d6i gié tri rat it caa bién y.
+ dt 1a sy thay di gia tri rat it cua bién t.

+ Khi so sanh 2 dai lugng c6 gia tri v ciing nho ¢6 mdi quan hé v6i nhau, nhu y 1a mot ham f
nao do cua bién x, ta n6i vi phan dy, vai y = f(x) duoc viét la:

dy = f'(x) dx

, d A A A (e p AN aa NP X AL s A 1A
Luu y: Ta xem é nhu 1a mot phéan so (tic ta co quyén tac dong vao tir, mau mot cach doc lap)
hon 1a mét toan tu.

Vi du 1: Tinh vi phan dy ctua ham sé:

y=3x>—x

Traloividul
Tacoy =3x> —xnén f'(x) = 15x* — 1.
Vay ta c6 két qua vi phén:

dy = f'(x) dx

= 15x* — 1dx

Dé tim vi phan dy, ta chi viéc tim dao ham va gan thém dudi dx vao.
Vi du 2: Tim vi phan dy ciaham s6 y = 5x% — 4x + 2.

Tra loi vidu 2
Viy =5x% —4x+2nénf'(x) = 10x — 4.
Vay két qua vi phan Ia:

dy = 10x — 4dx
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Luu ¥: Rét nhiéu sach da dé cap dén viéc ta cd thé sir dung vi phan dé ude luong gia tri thyuc
cua ham s6 (Ax) thay d6i dua trén su thay doi nho cua x (viét la Ax). Diéu nay hoi ngd ngan vi
ta dé dang tim dugc su thay doi chinh xac, khdng can phai tinh ude luong.

O day ta giGi thiéu vi phan ciing nhu gidi thiéu ky hiéu s& sir dung trong tich phan.
Il. GIUA dy; dx; Ay; Ax CO MOI QUAN HE NHU THE NAO?

Ay c6 nghia 13 sy thay ddi cua bién y, Ax c6 nghia 1a sy thay doi cua bién x.

-

. N N » 4 A A N A rr ez K cepr R Y . ~
Khi Ax ngay cang nho, ti s é ngay gan vai ti s6 “tac thoi d—i’. Piéu d6 c6 nghia:

Ay dy
Aalcr—r}o Ax  dx

Néu ban doc chua hiéu, c6 thé xem lai bai “Pg doc cua tiép tuyén véi dieong cong (tinh toan gia
tri)”.

Bay gio ta s&€ xem cach thue vi phan duoc dung dé biéu dién quy trinh nguoc lai caa phép lay
dao ham, quy trinh nay con goi la phép lay tich phan.
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BAI 3.1.3 NGUYEN HAM VA TiCH PHAN BAT DPINH

Ta mudn biéu dién quy trinh nguoc lai cua phép lay dao ham, ta goi quy trinh d6 1a phép lay
tich phan. Trong bai nay, ta s¢ goi quy trinh d6 véi tén goi la nguyén ham (ciing 1a 1 dang cua
tich phan, la tich phan bat dinh).

Vi du 1: Néu ta biét rang:

dy_
dx

va ta mudn biét ham sé nao da dao ham ra dugc ham sé nay, ta sé& “hoan tac” quy trinh liy dao
ham (cé thé nghi: “Dé muon cd ket qua nay, ta can dao ham ham s6 nao?”).

3x?

N A ~ N ., d - < A L N N , 2
y = x3 la mot nguyén ham cua ﬁ = 3x2. Ngoai ra ta con v0 so nguyén ham khac, chang han
nhu:

y=x3+4
y=x3+m
y=x3+273

Tong quét, ta n6i y = x3 + K la tich phan bat dinh (hay nguyén ham) cua 3x2. Con s6 K duoc
goi la hang so tich phan.

Luu ¥: Nhiéu sach toan dung ky hiéu hing s tich phan 1a €, nhung véi nhitng cau hoi bao ham
vé ky thuat dién, ta thuong dung “+K”, vi C trung véi ky hiéu cua dién dung.

I. KY HIEU CUA TICH PHAN BAT PINH
Taviét: [ 3x%dx = x® + K va noi thanh loi: “Tich phan cua 3x? theo bién x bang x3 + K”.
1) D4u tich phan

Ky hiéu [ hinh thanh bai su kéo dai ky tu “S™ viét tit cua chit “sum” (tong) (Nguoi Duc, Anh
thoi xua viet chir “S™ giong vaéi ky hiéu tich phén bay gio). Nhiing bai sau ta sé thay tich phéan
thyc ra la tong cta nhiéu hinh vudng cd dién tich vo cung nho.

¥ la ky hiéu cua “tong”. N6 duoc ding cho tong hitu han hay vé han.
[ 1a ky hiéu cua téng hiru han cac dién tich v ciing nho (hozc cac bién vo ciing nho khac).

Ky hiéu chir “S” dai nay duoc Lebniz gisi thiéu khi 6ng phat trién mot s6 khai niém cua tich
phan.

2) Mot s6 ky hiéu khac caa tich phan
Luu ¥: Doi khi ta viét chit in dé biéu thi tich phan.

Vi du: ta viét F(x) ¥ nghia 1a tich phan cua f(x). Vi vay ta co:

F(x) = f F£(x) dx
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fo—de

Tra loi vidu 2

Vidu2: Tim:

3 .z
Nguyén ham cua x?2 la x? va nguyén ham cua 5 la 5x, vay ta c0 thé viét:

x3
sz—de=?—5x+K
Bay gio ta s& hoc mot s6 cong thirc tong quat cho tich phan:
3) Tich phan hang s6
j kdx =kx+ K

(k va K 14 céc hang sb).

Vidu 3: Tim:

f4dx

Tra loividu 3

Str dung cong thic trén, ta cd thé viét don gian:
f 4dx =4x+ K

Luén lubn kiém tra két qua bang céach lay dao ham cau tra 10i va ddi chiéu xem c6 khép véi
ham s6 dugc lay tich phan hay khong.

4) Tich phéan liy thwra caa x

Cong thuc nay ding khin # —1.

Khi tich phan liy thira cua x, ta thém 1 vao liy thira va chia bién lity thira méi cho gia tri liy
thira moi.

Vi du 4: Tinh tich phan:

fxsdx

Tra loi vidu 4
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Sur dung cong thire trén, ta duoc:

Jx5dx— Gl +K—x—6+K
541 6

I1. HANG SO TiCH PHAN

Dimg quén “+K” (hay “+C”). Hang s6 tich phan nay réat quan trong trong mot s6 tng dung cia
tich phan bat dinh.

Vi du 5: Tinh tich phan:

f 8x° dx

Tra 1o vi du 5

f8x6 dx

8 12 hang sb nén ta co thé iy né ra ngoai dau tich phan:
8 f x® dx
Tiép theo, ta tinh tich phan bang cong thic trinh bay & muc B, ta duoc két qua:
8x7
8 f x®dx = T + K

Vi du 6: Tinh tich phén:

dy = 5x? — 4x + 3 dx

dy = 5x% — 4x + 3dx

Pay la dang vi phan nén ta chi viéc thém dau tich phan vao phia trudc:

fdy=f5x2—4x+3dx

fdy=f1dy=y

O vé phai, ta tich phan ting phan tu:

O vé trai, ta dugc:

(ta tich phan hang s6 1 theo y).

J5x2—4x+3dx
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= ox 4 x +3x+K
~ 73 2 )T
5x3 5
= T —2x“+3x+K
Ghép 2 Vé lai, ta co két qua:
x3
sz—2x2+3x+K

Vidu 7:
5 5
3x2 +Vx — —dx
x
Tra loi vi dy 7
Dé giai phuong trinh ndy, dau tién ta can viét lai lity thira cac bién:

5
f3x2+\/§——3dx
x

= f 3x2 + x1/2 —5x 3 dx

3/2 -2

X 4k
2

X

=x3+ 3
2

2 5
=x3+§x3/2+5x‘2+1(

Vi du 8: Mot duong cong khi dao ham chinh né, ta duoc két qua Z—z = 3x2 — 2x. Biét rang
duong cong di qua diém (2; 5). Tim phuong trinh dudng cong ay.

Tra loividu 8
Pé tim phuong trinh, dau tién ta can tinh tich phan két qua dao ham, khi d6 ta s& duoc biéu thic
theo y:
j3x2—2xdx=x3—x2+l(

Vay ta dugc y = x3 — x% + K.
Biéu thirc nay dai dién mot ho cac duong cong, phu thudc vao hang sé K tng véi truc 0y.

Ta s& tim gié4 tri K tir dit kién dé bai da cho. Vi dudng cong di qua diém (2;5), ta thay vao
phuong trinh:

y=x3—-x*+K
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Ta duoc két qua:

5=(2)3°-(2)?2+K
©&5=8-4+K

Vay K = 1.
Viy phuong trinh dudng cong can tim 1a:
y=x3-x%+1

Pay la d6 thi dudng cong:

Hay nhé 1a d6 thi di qua diém (2; 5).
Vi du 8: Tinh tich phén sau:

J‘(Zx4 —5)x3dx

Tich phan nay hoan toan khac so vai nhirng tich phan trudce do.

Biéu thuc ta can tinh tich phan bao ham (2x* — 5)°, 1a mot ham sé trong ham s, va ta ¢ thém
x3 & khic cuoi. Ta khong thé tinh tich phan bang nhitng cach thirc ma ndy gio ta lam.

Trong trudng hop nay, ta s& lam quy trinh nguoc lai cia “Quy tic xich” ma ta di gap trong
chuong “Vi phan (tim dao ham)”. Ta sé gap go cong thirc mai dé tinh tich phan trong nhitng
trrong hop nhu trén.

Cong thuc Iy thira cho tich phan:

(cong thurc nay dung khi n # 1).
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Diéu nay doi hoi bude dit an phu, khi u(x) 12 ham sé nao do theo x.
Bay gio, ta quay lai bai toan dé xem ta &p dung cong thirc nay nhu thé nao.
Tinh tich phan:
f(Zx4 —5)°x3dx

Tra loi vi du 8
Ta dat an phu:

u=2x*-5
Vi sao ta dat vay? Vi 2x* — 5 1a biéu thirc trong ngoic ¢ dé bai.
Bay gio ta vi phan u, dugc:

du = 8x3 dx
O dé bai ta cd 1x3 dx nén ta bién ddi phuong trinh trén bang cach chia hai vé cho 8.

1d—3d
g du = x*dx

Bay gid vé phai giong nhu mot phan trong dé bai, d6 1a x3 dx.

Ta viét lai phuong trinh dé bai:
1
j(Zx4 —5)°x3dx = §f u®du

Ta tinh tich phan theo bién u:

I k=Y ik
8 7 " 56

Cudi cuing, ta tra lai bién x vi d6 13 bién ma ta bat dau:

) 4-_57
_ @ =57

K
56

Thém vi du vé dat an phu:

Vidu 9:
f (x? — 2)5(3x2) dx.

Traloividu9

bitu = x3 — 2.
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Khi @6 du = 3x? dx.

Ldc nay, ta cd thé viét:

J (x3 — 2)5(3x2) dx

=fu6du

u7

=—+K
—+

_ (x®=2)7

K
- +

Vi du 10: Str dung phwong phap dit 4n phu, tinh:

X
f Nreas dx
Tra loi vidu 10
bitu = x? — 0.
Khi d6 du = 2x dx.
Pé bai chi c6 x dx nén ta chia hai vé ctia phuong trinh trén cho 2, ta dugc:

du_ J
Z—xx

Bay gio:

X
dx
fm

1171
=§fﬁdu
=%fu"1/2du

1 4172
=771

2

+K

=u'/?2 +K

=vx?—-9+K

Vidu 11: Biétrang y’ = v2x + 1, timham s6 y = f(x) di qua diém (0; 2).
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Traloividu 11

Luu y: y' c¢6 nghia la dao ham cua y, tirc Z_i:'

Viy,

Y =V2x ¥ 1

y=j\/2x+1dx

Phuong trinh nay doi hoi ta can tinh tich phén, sau d6 tim hang s tich phan.

batu = 2x + 1, ta duoc du = 2 dx.

Vay:

A

Vay:

Véix = 0thi y = 2 (gia thiét).

Vay:

1a phuong trinh can tim.

1d =d
S du =dx

y=fV2x+1dx

1
== | ul/24
qu u

ud/2 4+ K

wl N

Wl N -

-x+ 132 +K

13/2
2="+K
3
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BAI 3.1.4 DIEN TiCH DUGI PUONG CONG

Mot toa nha c6 cong vom hinh parabola va ta can lip guong dé dong cong. Hoi ta phai can bao
nhiéu guong la da?

Ta can biét dén dién tich dudi dudng cong.

Ta s& tinh dién tich bang 2 cach sau:
+ Str dung gié tri xap xi (tim dién tich nhiing hinh chit nhat).
+ Str dung tich phan.

Trudce khi phép tich phan duoc phat trién, dé tinh dién tich, nguoi ta phai dung phep Xap xi dé
dua ra gia tri dién tich twong doi bang cach chia hinh ban dau thanh nhicu hinh chix nhét nho,
sau d@ cong hét dién tich hinh chir nhat nho nay lai, ta sé duoc gia tri twong doi dién tich hinh
ban dau.

M
Y
"y

il \ SO

Do cao cua mdi hinh chir nhat duoc xac dinh bang mét gia tri ham s6, vi du nhu hinh trén, véi
vi tri x = ¢, ta dugc do cao hinh chit nhat twong tng la f(c). Cang c6 nhiéu hinh chir nhat, gia
tri dién tich hinh ban dau cang chinh xac.

O hinh trén, ta xap xi hinh parabola bang nhiing hinh chix nhat trong (mi hinh chir nhat nam
bén trong hinh parabola). Ta ciing c6 thé sir dung hinh chir nhat ngoai d€ tinh dién tich cua hinh.
Cach lam nay da xuat hién tu thoi Hy Lap co dai.

Vi du 1: St dung nhing hinh chir nhat dé tinh xap xi.

Tim di¢n tich dudi duong cong y = 1 —x? gitia x = 0.5 va x = 1, véi n = 5, sir dung cong
thae tong céc dién tich hinh chir nhat.

< : TOAN F N
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Traloividu 1

Dién tich ta can tim duoc td mau hong dam trong hinh dudi day:

v

/1
Vin =5, chiéu rong cua mdi hinh chi nhat 1a:

b—a_1—0.5_
n 5 -

Ta sé tinh tong dién tich caa 5 hinh chit nhat sau:

h=Ax = 0.1.

/

Chiéu cao ciia mdi hinh chix nhat xac dinh bang gia tri ham sé ung vai gié tri x tuong ung.

Vidy, viy = f(x) = 1 — x2, chiéu cao hinh chit nhat dau tién 1a:
£(0.5) =1—(0.5)% = 0.75
Tur d6 ta duoc:
Dién tich, = 0.75- 0.1 = 0.075
Chiéu cao hinh chir nhat thir hai:
£(0.6) =1—(0.6)> = 0.64
Chiéu cao hinh chir nhat thir ndm:

£(0.9) =1-(0.9)2 =0.19
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Cong lai dién tich ca 5 hinh chit nhat, ta duoc (ta st dung Ky hiéu “tong”, y nghia 1a tong 5 hinh
chit nhat. Dong thoi, ta cong hét chiéu cao cac hinh chir nhat, sau d6 nhan cho chiéu rong vi
chiéu rong mdi hinh chit nhat déu bang nhau):

A= Z Dién tich, = (0.75 + 0.64 + 0.51 + 0.36 + 0.19) x (0.1)
i=1

= 2.45x0.1
= 0.245

O céch lam trén, ta da tim dién tich bang cach sir dung hinh chir nhat “ngoai”. Bé tim gié tri xap
Xi tot hon, ta c6 the tinh dién tich cua hinh chit nhat “trong”, sau do tinh trung binh 2 ket qua.
Do thi tinh dién tich hinh chir nhat “trong” nhu sau:

/

Va day la tong dién tich céc hinh chix nhat trong (hinh chix nhat thir 5 c6 do cao bang 0 nén c6
dién tich bang 0):

A= z Dién tich, = (0.64 + 0.51 + 0.36 + 0.19 + 0) x (0.1)

=1.7x0.1
=0.17
Gia tri trung binh cua 2 két qua Ia:

0.245+ 0.17

=0.2
> 0.2075

Cach thtr 3 dé tim dién tich d6 1a xac dinh diém gitta mdi canh hinh chit nhat. B6 thi cua cach
nay la:
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/1

Ldc nay dién tich ta thu duoc la:

(0.6975 + 0.5575 + 0.4375 + 0.2275 + 0.0975) - 0.1 = 0.20875
(Gia tri dau tién dén tir £(0.55) = 1 — (0.55)% = 0.6975).
Dap an nay 16n hon mot ti so véi dap an trung binh, va kém chinh xac hon!

Tinh dién tich theo hinh & c4u a), nhung 1an ndy n = 10, si dung cach thiic téng cac hinh chix
nhat.

Tra loi
Vin =10,

1-0.5
10

Ta st dung hinh chir nhat ngoai (10 hinh) dé tim dién tich nhu sau:

10
A= z Dién tich,
i=1

= (0.6975 + 0.64 + 0.19 + --- + 0.9755 + 0) x (0.05)

h=Ax = = 0.05

= 3.7875 x 0.05
= 0.189 375

Pé hiéu rd thém vé cach thic tinh tong dién tich hinh chir nhat (hay con duoc goi Véi tén “tong
Riemann”), ban cO thé truy cap vao trang: http://www.intmath.com/integration/riemann-
sums.php dé thyc hién nhicu phép chia nho tng véi gid trin tay y.

I. TINH DIEN TiCH BANG TiCH PHAN XAC PINH

Phai c6 mot cach nao d6 tinh dién tich chinh xac hon cach dung cac hinh chir nhat! Tich phan
dugc phét trien bai Newton va Leibniz dya trén y tuong “cong dién tich cac hinh chir nhat” nay.

Tong quét:
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Y / y =5

Dién tich yvéu ciu

Luu y: Dudng cong hoan toan nam trén tryc x.
Theo quy trinh A, ta cd thé ching minh dwoc tong quat, dién tich chinh xac dudi duong cong
y = f(x) tr x = a dén x = b x4c dinh bai tich phan xac dinh:

b
Dién tich = f f(x)dx
a

Lam thé nao dé ta tinh toan duoc biéu thuc nay?

Néu F(x) la mot nguyén ham caa £ (x), thi:

b
[ reax = ol = F ) - F@
a

Diéu d6 c6 nghia la:
Pé tinh tich phan xac dinh, ta lam cac budc sau:

+ Nguyén ham ham sé da cho (khong kém theo hang so K).

+ Thay can trén b vao nguyén ham, ta dugc gia tri 1.

+ Thay can dudi a vao nguyén ham, ta duoc gid tri 2.

+ LAy gia tri 1 trir gia tri 2.
Cau tra 161 s& 1a mot con sb.

Pay 1a mot phan cia “Nhitng dinh Iy co ban cia vi tich phan”.

10
j 3x? dx
1

Tra loi vidu 2

10 X3
f 3x%dx =3-—
1 3

= x3|10

Vi du 2: Tinh tich phan xac dinh:

10
) (Tinh nguyén ham)
1

= 103 — 13 (Thay can trén va can dudi vao tich phan va trir nhau)

Khoa: TOAN HOC 142




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

=1000—-1
=999
Vi du 3: Bai toan cong vom.

Quay lai bai toan cong vom ma ta da dé cap ¢ dau bai:

T

3m

2m

Néu cong vom rong 2m & day va cao 3m.
Tim phuong trinh parabola.
Tim dién tich dudi vom bang tich phan.

Tra loi vidu 2

Ta dat parabola sao cho dinh bén trai trung vaGi tam toa do 0(0; 0), khi d6 dinh bén phai s& di
qua diém (2; 0) do do rong cua cung vom la 2m. Binh cao nhat cua cung vom la diém (1; 3).

Cong thirc tong quat cua parabola: y = ax? + bx + c.

Vai x = 0 thi y = 0, thay vao cong thuc trén, ta dugc 0 = 0+ 0 + ¢, vay ¢ = 0.

Véi x = 1thi y = 3, thay vao céng thuc trén, ta dugc 3 = a + b.

Véi x = 2 thi y = 0, thay vao cong thirc trén, ta dugc 0 = 4a + 2b.

Vay ta dugc hé phuong trinh:

{20;1121% < {021_63

Vay phuong trinh parabola can tim 1a:
y = —3x% + 6x

(v6i x tinh theo metre).
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5 y=-3x2 +6x
25;

15%

Dj;

0 03 04 06 02 1 12 14 15 12 2

Quy trinh tim phuong trinh parabola con duoc goi 13 mé hinh hoa. Pay 1a ky nang rat quan
trong trong khoa hoc k¥ thuat.

Bay gio ta tinh dién tich:
2
f (—3x2% + 6x) dx
0

= —x3 + 3x2|3
=(=(2*+3(2)») - (0+0)
=(-8+12)
=4 m?
Vi du 4: Tinh chinh xac dién tich duéi duong cong y = x2 + 1, gitta x = 0 vax = 4 va tryc x.
Tra loi vi du 4

Pay 1a dién tich ma ta can tim:

257 y=3:2+1

Tinh dién tich:

4
f (x? + 1)dx
0
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43 03

=(=+4|-(=+0
(5+4)-(5+0)
76 ,

=? donv1

~ 25.3 don Viz
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BAI 3.1.5 TICH PHAN XAC PINH

O bai trudc, ta da str dung cong thuc:

b
[ rerax=Fel = F ) - F@

dé tinh dién tich dudi duong cong.

F(x) languyén ham cua f(x).

F(b) la gia tri nguyén ham &ng vai can trén x = b.
F(a) la gia tri nguyén ham (rng véi can dudi x = a.
Biéu thirc nay goi 1a tich phan xac dinh.

Luu y: biéu thirc khdng kém theo hang sé tich phan va sau khi tich toan biéu thic, ta dugc mot
gia tri xac dinh.

Ta s& st dung tich phan xac dinh dé giai quyét nhiéu van dé thiét thuc. Dau tién, ta s& tinh toan
mot vai bai tich phan xac dinh.

Vidu 1: Tinh:
5
f 3x% + 4x + 1dx
1

Traloividu 1
Pé tra 16i, ta 1am cac budc sau:
Tim nguyén ham, sau d6 viét can trén, can dudi nhu sau:

(3 +2x%2 +x)|3
Ta viét can trén va dudi nhu vy dé nhé rang ta s& thay chling vao tich phan.
Tiép theo, thay 5 (can trén) vao tich phan:
(5)3+2(5)%+5=180
Sau d6 thay 1 vao tich phan:
(1) +2(1)*+1=4

LAy két qua trén trir cho két qua dudi, ta dugc cau tra 10i:

180—-4 =176

Thong thuong, ta sé trinh bay cach tinh nhu sau:
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5
f 3x2 4+ 4x + 1dx
1

= (x3+2x2+ %3

=((5)2+2()*+5) - ((1)*+2(1)?+1)
=180 -4

=176

Luu ¥ rang dap an cudi cing 1a mot con s6 va khong tinh thém hang sé tich phan “+K” vi day
la tich phan xac dinh.

Vidu 2: Tinh:
9
J 2x + 3vx dx
4

Tra loi vi du 2
Cac budc thuc hién:
+ Tim nguyén ham.
+ Thay 9 vao nguyén ham.
+ Thay 4 vao nguyén ham.

+ LAy két qua trén trir cho két qua dudi.
9
j 2x + 3vVx dx
4

=(x%+ 2x3/2)|z
= ((9)% +2(9)*2) = ((9)* + 2(4)*/?)
=135 - 32
=103
I. PAT AN PHU TRONG TiCH PHAN XAC PINH

Nhéc lai céng thuc Iy thira cua tich phan:

un+1
ju"du=n+1+K, (véin#1)

Khi ta dung an phu, tirc ta d thay doi bién nén ta khdng thé ding can trén va can duéi cua bién
do. Ta co the:
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Giai quyét bai toan theo cach cua tich phan bat dinh, sau d6 dung can trén va can dudi.

Giai bai toan theo bién mai va can trén, can dudi maoi.

Biéu dién bién ciing nhu gia tri hai can ban dau trong toan bo qua trinh dat an phu.

Ta s€ st dung phuong phap tha 3.
Vi du 3: Sir dung phuong phéap dit an phuy, tinh:
0
fo(l —2x)3 dx
-1
Tra loi vidu 3

batu =1 — 2x*.
Khi d6 du = —8x3 dx.

Dé bai chira x3 dx nén ta viét.

Nén ta co:

1
=-3 ju3du
x=—1
1 4x=0
81 41,
__§'u4§zg1
1 47410
=—35 (129,
1
= (-0 - (1-2))
=0

Str dung céch tiép can tha hai, & cach nay, ta s& thuc hién phép doi can khi doi bién dat an phy:

u=1-2x*

Véi x = —1 — 0 (diéu nay c6 nghia khi x di tir 1 dén 0), thiu = -1 — 1.

Nén bai toan trd thanh:
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0

fx3(1 —2x)3 dx

-1

Két qua hay giéng nhu két qua ban dau. Céch tiép can tht 2 ndy phé bién hon, it phirc tap hon
cach ban dau.

Il. UNG DUNG: CONG

Trong vt 1y, cong duoc hinh thanh khi mét luc tac dong vao mot vat va gay ra su dich chuyén,
vi du nhu 14i xe dap.

Einstein 141 xe dap

Néu c6 mot lyc bién thién, thay doi, ta dung tich phan dé tinh cong sinh ra bai luc nay.

Ta dung:

szbF(x)dx

a
Vé6i F(x) la luc.

Vi du 4: Tinh cdng sinh ra khi mot luc F(x) = v2x — 1, tac doc vao mot vat thé l1am vat nay di
chuyén tir x = 1 dén x = 5.

Tra loi vidu 4

Dé giai quyét van dé nay, ta can tinh:
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5
f\/Zx—ldx
1

batu = 2x — 1, ta duoc du = 2 dx.

Vay:

Nén ta duoc:

5
f\/Zx—ldx
1

f ul/2 du

=
(51

N =

=
Il
g

x=5

u3/2

wl N

x=1

)]

NW| RN =

N~
N
=

|
—_
N
W
~
N

[uy

w3

Vay cong sinh ra la 8.67 don vi.

Néu ban mudn biét ban chét vi sao cong lai c6 thé tinh duoc bang tich phan, ban c6 thé xem
chuong “Ung dung cua tich phan” dé tim hiéu.

111. UNG DUNG: GIA TRI TRUNG BINH

Gia tri trung binh ciia ham £ (x) trong mién x = a d&én x = b duoc xac dinh boi:

b
J,) f(x)dx
T binh = 4——
rung bin b a
Vi du 5: Tinh gia tri trung binh cua:
x(3x% —1)

khi x di tir 0 dén 1.
Pay 1a d thi biéu dién:
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4 y=x(@x%-1)°

0 T T
0z 0.4 08 0g

1

v X

Traloividu5

Trong truong hop ndy, b — a = 1, vay dé tinh gia tri trung binh, ta chi can tinh tich phan:

1

fx(sz —1)3dx

0

Dua vao do thi, ta thiy rang khi x di tir 0 dén 1 thi f(x) da phan gan véi gia tri 0. Vi vay ta c6

thé dur doan gia tri trung binh khoang y = 0.5.
1

fx(sz —1)3dx

0
bitu = 3x2 — 1, khi d6 du = 6x dx.

Vay,

—du = xdx

1

fx(sz —1)3dx
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Vay gid tri trung binh can tim 12 0.625 don vi, gan gidng véi du doan cua ching ta.

IV. UNG DUNG: QUANG PUONG

Néu ta biét biéu thic van toc v theo thoi gian t, ta co thé biét quing duong s caa mot vat thé

khi di tir thoi gian t = a dén t = b bang tich phan nhu sau:

b

5=Jvdt

a

Vi du 6: Tim quang duong cua mot vat thé di tir luc t = 2 dén t = 3, néu van tdc cua vat thé tai

thoi gian t la:
P+
—(t3 + 3t)2
Traloividu 6

Dé tim quing duong, ta can tinh tich phan:

f t2+1
(t3 + 31:)2

bitu = t3 + 3t, ta duoc du = 3t%2 + 3dt = 3(t? + 1) dt.

Vay:
du
? = (tz + 1) dt

Vay ta dugc:

3 t3+ 3tl,
= 0.014 55
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Vay quing dudng vat di tir ldc t = 2 dén t = 312 0.015 don vi.

Néu ban mudn biét ban chat vi sao quing duodng lai c6 thé tinh dugc bang tich phan van téc,
ban c6 thé xem chuong “Ung dung cua tich phan™ d@é tim hiéu.

Cha y 1: Ban cd thé thay tir nhitng ¢ng dung cua tich phan trong cong, tinh gia tri trung binh,
tinh quang duong, tich phan xac dinh khong chi don thuan dung dé tich dién tich duéi duong
cong.

Cha y 2: Tich phan xéac dinh cho ta dién tich khi toan bo dudng cong phai nam trén truc x trén
mién tir x = a dén x = b. Néu khdng, ta phai chia nho ra timg truong hop dé giai quyét. Toi s&
trinh bay k§ hon vé diéu nay trong muc “Tich phan dién tich dwdi dwong cong” trong chuong
“Ung dung cua tich phan”.

Bay gio ta sé kiém tra nhitng tich phan khdng thé giai bang cach dat an phu.
V. KHONG PHAI MOI TiCH PHAN PEU GIAI PUQC BANG CACH PAT AN PHU
Hay xem cau hoi sau:

Tinh:

1

f x2 + 1dx

0
DPat u = x? + 1, sau d6 ta tinh vi phan, dugc du = 2x dx.

Nhung dé bai lai khong c6 2x dx (chi c6 dx) nén ta khdng thé thay thé duoc diéu gi theo du.
Piéu nay co6 nghia ta khong thé giai tich phan trén bing nhiing céch thirc ma ta da biét dén gio.
Thuc ra, ta hoan toan c6 thé dat an phu bang ham luong gidc nhung do toi chua dé cap dén ham
nay nén ta tam bo qua. Ban doc néu mudn xem c6 thé sang chuong “Cac cong thirc tinh tich
phan” dé theo dbi.

Giai thich: Néu nhu cau hoi cua bai 1a tinh tich phan:

1
ij\/xz + 1dx

0
Luc nay, dé bai cd 2x dx nén ta cd thé dat:
u=x%+1
Khi d6 ta c6 thé vi phan:
du = 2x dx

Khi d6 ta c6 thé ap dung quy trinh ma ta da biét & nhiing bai trén bang céch thay 2x dx thanh
du va can thirc thanh vu.

Tuy nhién, tich phan f01\/x2 + 1 dx khong c6 2x ngoai can nén toi khong thé dung an phy u.
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Vi vay, dé giai bai trén, ta cin dén hudng tiép can tinh toan sb dé xap xi gia tri tich phan:
1
J x% + 1dx
0

(Luu ¥: Trong lich st, trudce khi Newton, Leibniz phét trién cach tinh tich phan nhu chung ta da
thay, moi tich phan xac dinh déu duoc tinh toan s6 dé xap xi gia tri tich phan).
Ta cd thé dung 2 céch tinh toan sb dé xap xi gia tri tich phan:

+ Quy tac hinh thang.

+ Quy tic Simpson.
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BAI 3.1.6 QUY TAC HiNH THANG

I. PAT VAN PE

Tim:
1
f x?+ 1dx
0

Ta ditu = x? + 1, khi d6 du = 2x dx.

Nhung trong cau héi khdng c6 phan tir x dx nén ta khong thé giai dugc bang bat ky cong thic
ma ta da gap tur dau den gio.

Ta can dén huong tiép can tinh toan s6. (Thong thuong cac phan mém tinh toan hay do hoa sit
dung hudng nay dé biéu dién tich phan xac dinh).

Ta c6 thé dung mat trong hai cong thic:
+ Quy tic hinh thang.
+ Quy tic Simpson.

I1. QUY TAC HINH THANG

Ta s& quan sét lai y tuong co ban khi tich toan dién tich cong vom & bai “Dién tich dwdi dirong
cong”.

Trong bai do, thay vi ta dung cach tinh di¢n tich hinh chr nhat nho, ta sé dung hinh thang. Ban
s€ thay dung hinh nay s¢€ cho ta gia tri xap xi dién tich tot hon.

f""

d

Yol X1 ¥a| Y3 ¥4 ¥s

Ax AX Ax Ax Ax

Nhé rang y nghia ctia Ky hiéu “Ax” 1a “sy thay d6i nho gia tri x”.

Ta c0 di¢n tich hinh thang la:
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P
i
q
. h
Dién tich = 5 (p+9q)

Vay ta c6 thé dung dién tich hinh thang dé xap xi gi tri dién tich duéi duong cong. (Hinh thang
cua chung ta da xoay 90° nén ta dugc h = Ax).

1 1 1
Dién tich =~ 3 (yo + y1)Ax + 3 (y1 + y,)Ax + 3 (y, + y3)Ax + -

Tir d6 ta ¢6 quy tac hinh thang, voi n hinh thang nhu sau:

Dién tich = Ax (%+y1 + v, +y; + .|_3;_”)

Pé tinh Ax cho dién tich tir x = a d&én x = b, ta dung:

, b—a
T
va ta cling can:
Yo = f(a)
y, = f(a+ Ax)
vy, = f(a + 2Ax)
Yn =f(b)

Luuy:
Cang nhiéu hinh thang, gia tri xap xi cua ta cang tét.
Cang nhiéu hinh thang, gié tri Ax cang gan dén 0, tic Ax — 0.

Ta c0 thé viét (néu duong cong gilta x = a va x = b nam phia trén truc x).

b
Dién tich = [ () dx = ax (2 31 + 3, + -7y +25)
a

Vi du: Véin = 5, hdly xap xi tich phan:
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1

J x2+1dx

0
Tra loi vi du

Pay 1a d6 thi ham sb:

y:\/m//

035

L J

Trong hinh nay, toi da ndi 2 diém ké nhau trén 2 doan thang dimng thanh 1 doan thang.
Tacoa = 0vahb = 1 nén chiéu rong caa mdi hinh thang la:

po_bme_1-0_1
X = =——=g=0

n
Yo=f(a)=f(0)=y02+1=1
y1 = fla+Ax) = f(0.2) =+/0.22+1 =1.0198039
vy, = f(a+ 2Ax) = f(0.4) =042 +1=1.077 033
yz = f(a+3Ax) = f(0.6) =+/0.62 +1 =1.166 190 4
ys = f(a+ 4Ax) = f(0.8) =/0.82 +1 = 1.280 624 8
ys = f(a+5Ax) = f(1.0) =412+ 1= 14142136

Vay ta dugc:
Tich phan = 0.2
X (% X1+ 1.0198039+ 1.077 033 + 1.166 190 4 + 1.280 624 8 +%
x 1.414 213 6)

=1.15

A

Vay:
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1
J\/xz +1dx = 1.15
0

Ta c6 thé thay & hinh trén, céc hinh thang rat st voi duong cong ham s6, nén két qua xap xi cia
ching ta rat gan vai két qua chinh xac. Thuc ra, két qua chinh xac tich phan nay, néu lay 3 so6
lé, la 1.148.
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BAI 3.1.7 QUY TAC SIMPSON

Trong quy tic hinh thang, ta da dung nhimg doan thang d¢ mo phéng duong cong va thay ring
cach thuc nay cho ket qua tot hon cach dung tong dién tich cac hinh chir nhat dusi duong cong
vi quy tac hinh thang it bo s6t dién tich hon & moi phan doan.

Bay gid chling ta s& budc qua mot quy tic con cho ra két qua xap xi tét hon ca quy tic hinh
thang.

O quy tac Simpson, chling ta s& ding hinh parabola dé xap xi dién tich tung phan dudi duong
cong. Cach nay hiéu qua vi thuong no cho ra két qua chinh xac hon hudng tiép can tinh toan so

ma ta da gap o trén.
Parabolas /\

Ax Ax  Ax Ax Ax Ax

Ta chia dién tich ra thanh n ving c6 chiéu rong bang nhau 1a Ax. Gia tri xap xi dién tich duoc
tinh bai cong thuec:

I. QUY TAC SIMPSON
b
. Ax
Dién tich = ff(x) dx =~ ?(y0 + 4y, + 42y, + 4y + 2y, + -+ 4y + V)
a
voi Ax = =2,
n
Luu ¥: V&i quy tic Simpson, n phai 1a s chan.
Bay gid chung ta s& quan sat cach thirc ma quy tac nay hoat dong.
Cach nha: Ta c6 thé viét lai quy tic Simpson bang cach nhdm céc phan tir nhu sau:

b

Ax
ff(x)dx z?(yo+4(yl +y3+ys+ )+ 20 Fya + Ve + ) + V)
a

Piéu nay cho ta cach nho rat don gian vé quy tic Simpson:
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b
A N . . . < .
f f(x)dx = ?x (DAU + 4(tong cac LE) + 2(tong cac CHAN) + CUOI)

a

Vi du: Hay xap xi tich phan sau bang quy tic Simpson véi n = 4.

3
[t
x+1 X
2
Tra loi vi du
Pay 1a d6 thi ham sé:
\‘\h.\ y=x-::—1
o
025 \\
b—a 3-2
Ax = = =0.25
n 4 L
= = 2 L .
yo = f(a) = f(2) Vi 03313 3333
Vi = f(a + Ax) = f(2.25) = m = 0.307 6923
Yy = f(a + 2Ax) = f(2.5) = 55 +11 = (0.285714 2
V3 = f(a + 3Ax) = f(2.75) =1m = 0.266 666 7
= 4Ax) = f(3) ==——=0.25
ys = f(a + 4Ax) = f(3) 31

Vay:

b
Dién tich = f f(x)dx
a

0.25
~ T(O.333 3333+ 4(0.307 692 3)

+2(0.285 714 2)
+ 4(0.266 666 7) + 0.25)
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= 0.287683 1
Luuy:
Pép an chinh x4c cua bai toan nay 1a 0.287 682 (lay 6 chir s6 1¢), qua d6 ta thdy quy tic
Simpson cho ra dap an c¢6 do sai sot chi khoang 0.000 36 %.
O vi du nay, duong cong gan giéng nhu hinh parabola, nén 2 hinh parabola ¢ trén gan trung véi

\ 1
duong cong y = T

II. Y TUONG VA CHUNG MINH QUY TAC SIMPSON

Chung ta s tinh dién tich dudi duong cong sau:

Ta chia hinh nay ra thanh 4 phan c¢é d6 rong bang nhau. (Véi quy tac Simpson, sé phan chia
phai chan).

Ta s& xay dung hinh parabola sao cho & mdi phan, parabola nay gan nhu trung véi duong cong
trén phan do.

Luu y: Thyc ra khi sir dung quy tac Simpson, ching ta khng can thiét phai xay dung parabola.
Toi trinh bay cach xay dung chung nham cho ban hiéu cach hoat dong cua quy tac Simpson.

Hay bat dau véi 2 phan & bén tréi, ta lay diém dau, diém cudi va diém gitta nhu hinh sau:
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{.'-"-'11- '5"1}

[Em'yn}'

Ta do gia tri cac diém (sir dung ludi toa do), ba diém nay sé la:

(x0; ¥0) = (=1.57;1)
(x4;¥1) = (=0.39;1.62)
(x2;y2) = (0.79;2.71)

Str dung ba diém nay, ap dung cong thac tong quat cua parabola y = ax? + bx + ¢, thay cac
gid tri x; y da biét nhu sau:

1=a(-1.57)?> + b(—=1.57) + ¢
1.62 = a(—0.39)%? + b(—=0.39) + ¢
2.71 = a(0.79)? + b(0.79) + ¢

Ta duoc hé 3 phuong trinh 3 an, giai hé nay, ta duoc:

a=0.17021
b = 0.858 20
¢ =1.92808

Vay phuong trinh parabola di qua 3 diém trén a:
y =0.170 21x% + 0.858 20x + 1.928 08
Pay 1a hinh dang db thi:

V

(Jfl:l:-'sfn}.

Ta c6 the thay rang parabola di qua 3 diém va rat sét véi duong cong. Vi vay parabola ap dung
trong phan di¢n tich nay sé rat 1y tuong dé xap xi. Nhu thuong 1€, ta cang chia hinh ra nhiéu
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phan, ra cang thu vé gia tri dién tich chinh xac.

Véi 2 phan cubi, ta 1am quy trinh tuong tu, xac dinh parabola di qua 3 diém s& c6 hinh dang thu
thé nay:

(23, va)

esvs) R

Ban thy rang c6 k& ho giita hinh parabola va dwong cong. Ta chi can chia dbi kich thudc phan
dé giam di d6 16n k& ho nhu ¢ hinh sau, parabola gan nhu trung véi duong cong.

7

Chirng minh quy tiac Simpson:
Ta quan sat dién tich duéi parabola y = ax? + bx + c.

Céch don gian, ta bat dau vai diém (0;y;) va quan sét dién tich duéi parabola gita x = —h va
x = h nhu hinh duéi day. (Luu y rang Ax = h).
) /(h, )

/

¥
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Ta co:

h
f(ax2 + bx + ¢) dx
“h

h
=3 (2ah? + 6¢)

Parabola di qua cac diém (=h; vo); (0;y1); (h;y,). Thay cac gia tri x va y vao phuong trinh
parabola, ta dugc két qua:

Yo = ah? —bh + ¢
y1=¢
y, = ah? + bh + ¢

Giai cac phuong trinh trén, ta dugc ¢ = y; va 2ah? = y, — 2y, + y,.
Thay vao A = S(Zah2 + 6¢) O trén, ta dugc:

h h
A= §(ZahZ +60) =2 (o + 4y1 +2)

Dién tich cua parabola khi di qua 3 diém tiép theo la:
h
A= §(}’2 + 4y3 + y4)
Cong 2 dién tich lai, ta duoc:
h
A= 5(3’0 + 4y, + 2y, +4ys + y4)

Do ta ¢ 6 phan nhé nén ta chi can xac dinh dién tich dudi 3 parabola va cong ching lai.

h
A =7 0o+4y1+ 2y, +4y3 + 2y, + 4ys + o)
Ta ct tiép tuc quy trinh nay nhiéu lan bang cach tao cang nhiéu phan nho, sau d6 tao parabola,

tinh dién tich, cong lai, ta s& duoc quy tic Simpson.

b

Ax
Jf(x)dx z?(yo+4(yl +y3+ys+ )+ 20 Fya + Ve + ) + V)
a
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PHAN 3.2 UNG DUNG CUA TiCH PHAN

BAI 3.2.1 MO PAU

Trong phan nay:
+ Bai 3.2.1: Mo dau:

+ Bai 3.2.2 Ung dung cia tich phan bat dinh: Sir dung tich phan bét dinh dé tinh quang
duong khi biét van toc, tinh van toc khi biét gia toc. Ngoai ra con mot s6 ung dung trong di¢n
hoc.

O tiéu hoc, ta duoc hoc cach tinh dién tich cua nhitng hinh ¢d canh thing (nhu hinh chir nhat,
hinh vuong, tam giac, ...). Nhung néu nhu canh la duong cong thi sao? Ta s€ tim hiéu tai:

+ Bai 3.2.3 Dién tich dwéi dwong cong.
+ Bai 3.2.4 Dién tich giira 2 dwong cong.

+ Bai 3.2.5 Thé tich khoi tron xoay: Giai thich cach dung tich phan dé xac dinh thé tich cua
vat thé cd canh la duong cong, nhu thiung ruou, ....

+ Bai 3.2.6 Trong tam bé mat: Hay trong tdm. Ta s& dung tich phan dé xac dinh trong tam
cua bé mat co canh cong.

+ Bai 3.2.7 Moment quan tinh: Giai thich cach tim do bén cua vat thé dang quay. Ta ding
tich phan vai vat thé c6 hinh dang canh cong.

+ Bai 3.2.8 Cong sinh ra béi luc bién thién: Hudng dan cach tim cong sinh ra ciia mot vat
khi luc khdng phai la hang so. Bai nay bao gom dinh luat Hooke cho 10 xo.

+ Bai 3.2.9 Dién tich: Gitra 2 vat mang dié[\ ludn c6 1 luc, phu thudc vao luong dién tich va
khoang céch gitta chiing. Ta dung tich phan d¢ xac dinh cong sinh ra khi tach 2 dién tich.

+ Bai 3.2.10 Gia tri trung binh: Ta c6 thé tinh gia tri trung binh ciia duong cong bang tich
phan.

+ Bai 3.2.11 Tiéu chuan chan thwong dau la mot tng dung cua gia tri trung binh, dwoc dung
trong nghién ciu an toan giao thong.

+ Bai 3.2.12 Luc cuaa ap suat chat léng: Luc nay phu thudc vao hinh dang va do sau caa vat
thé. Ta dung tich phan dé tinh lyc.

Trong ting phan, ta s& tiép can van dé don gian trudc, thong thuong s& 1a dién tich hay thé tich
c6 canh thang. Sau do ta s€ mo rong tur cah thang sang canh cong. Ta can dén tich phéan vi ta
dang tiép can canh cong, khoéng thé dung nhirng cong thirc don gian nira.
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BAI 3.2.2 UNG DUNG CUA TiCH PHAN BAT PINH

I. QUANG PUONG TU VAN TOC, VAN TOC TU GIA TOC
Mot ng dung rét hitu ich caa tich phan d6 1a quang dudng, van toc va gia téc.

Trong bai “Pa0 ham Véi toc dé thay doi tirc thoi”, ta co thé tim biéu thire van toc bang céch lay
dao ham biéu thae quang duong.

_ ds

Cdt

Tuong tu, ta ¢ the tim biéu thuc gia toc bang céch lay dao ham biéu thirc van toc, hay dao ham
cap 2 cua biéu thirc quang duong.

v

_dv_dzs
= T dre

Vi tich phan c6 thé xem nhu quy trinh nguoc lai cua vi phan, tir biéu thic van toc v, ta c6 thé
tim biéu thire quang duong s theo thoi gian t bang céach lay tich phan biéu thic van toc do.

szfvdt

Tuong ty, biéu thirc van tdc v theo thoi gian t ¢6 gia toc a Ia:

v=fadt

Vi du 1: Mot hat proton di chuyén trong dién truong c6 biéu thuc gia toc (theo cm/s?) la:
a=-20(1+2t)7?

V6i t tinh bang giay.

Tim ham van téc v theo ¢, biét rang khi t = 0 thi v = 30 cm/s2.

Traloividy 1

v=fadt

Vay,
_f 20
V= (1 + 2t)2
Patu = 1+ 2t, ta dugc du = 2 dt, viy dt = %”
~10
V= deu
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=f—10u‘2 du
10
= —+K
L
C1+2t
Vit =0; v=30,vay K = 20.
Vay biéu thtrc van tdc theo thoi gian 1a:
= 2 2
v <1+2t+ O)C"l/s

Vi du 2: Mét tia lira dugc ban thang ding tir mat dat voi van toc 15 m/s. Hoi sau 2.5 s, tia lia
ay c0 chiéu cao la bao nhiéu?

Tra 15i vi du 2

Tia ltra chiu su tac dong cua trong luc hudng xudng nén ta cé gia téc 1a —9.8 m/s?.

vzfadt
=f—9.8dt

=-98t+C
Véit =0,tacovantéc v = 15m/s, vay C = 15.
Viy ta duoc biéu thirc van téc:
v=-98t+ 15

Ly tich phan biéu thuc van toc, ta dugc biéu thic quang duong.

S=f17dt

= f —9.8t + 15dt

=—49t* + 15t + K
Theo dé bai, ta duoc khi t = 0 thi s = 0, vay ta dugc K = 0.
Vay:
s = —49t% + 15t
Khit = 2.5 s, ta duoc s = 6.875 m.
I1. CONG THU'C TINH QUANG PUONG VA VAN TOC
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Dung tlch phan ta c6 thé thiét lap cong thic tong quat cho quang duong va van téc khi biét
hang sb gia téc a, vi tri ban dau cua vat thé va van toc dau v,.

v=fadt

v=at+K
Khit = 0, ta duoC v = vy Nén K = v, vay:

vV=vy+at

Tuong tu, tinh tich phan ham van téc, ta duoc:

S=fvdt=fv0+atdt
1,
5=v0t+§at +C
Khi t = 0, ta duoc quang duong s = 0 nén C = 0. Vi vay ta duoc:
= vt + 2at?
s=vot+5a

111. HIEU PIEN THE QUA TU DIEN

Dinh nghia: Cuong do dong dién i (don vi Ampere) trong mach dién bang véi thoi gian toc do
thay do6i dién tich q (don vi Coulomb) di qua mdt diém cho trudc trong mach. Ta cd thé viét
thanh biéu thuc theo thoi gian t nhu sau:

dq
dt

Bang céach viét i dt = dq va lay tich phan, ta duoc:

q=fidt

Hiéu dién thé V. (don vi Volt) di qua tu dién c6 dién dung C (don vi Farad) c6 biéu thuc:

[ =

q
V.=~
T ¢

T do, ta c6 biéu thuc:

=L 1a
c=7 L

Vi du 3: Trong mach may tinh, cuong do dong dién (don vi mA) 1a mot ham sé theo thoi gian
t,

i =03-0.2¢t

Tong dién tich di qua mot diém trong mach trong 0.05 s 1a bao nhiéu?
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Tra loi vidu 3

q=jidt

= f 0.3 —0.2tdt

Ta c6 biéu thuc tinh dién tich g nhu sau:

=03t —0.1t* + K
Khit = 0; g = 0, vi vay ta duoc K = 0.
Vay:

q = 0.3t — 0.1t
qlizo.0s = 0.3(0.05) — 0.1(0.05)% = 0.015 mC

(don vi do 1a mili-coulomb vi cudong d6 dong dién i la mA).

Vi du 4: Higu dign thé di qua tu dién co dién dung 8.5 nF dit trong mach thu song FM gan
bang 0. Néu c6 cuong do dong dién i = 0.042t (theo mA) nap vao ty, tim hiéu dién the sau
2 us.

Tra 1o vi du 4
o=t [ia
c=7 L

Pong thoi, 0.042t (mA) = 0.042 x 1073t (A).

Luuy: 1nF =10"°F; 1us =107°

y 0.042 x 1073 fdt
¢~ T85x10-°

t2
=494 x 103?+K

=247 x103t?2 + K
Theo gia thiét, khi t = 0 thi V; = 0. Vay K = 0.
Do do:
Ve = 2.47 x 103t2
Vay khi t = 2 us, ta dugc:
Ve = 2.47 x 103(2 x 1076)?
=9.882 x 107°
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=9.88nlV
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BAI 3.2.3 DUNG TiCH PHAN TiNH DIEN TiCH DUGI PUONG CONG

Trong chuong tich phan, ta di 1am quen v&i mot sé khai niém tinh dién tich dudi duong cong.
Trong bai nay, ta s& phat trién khai niém ay. Ban c6 thé xem phan doc thém & cudi chuong nay
véi bai “Archimedes va dién tich mét phan parabola”, ban s& kham pha ra rang Archimedes da
nam dugc mau chét hinh thanh vi tich phan trude thoi dai cia Newton va Leibiz nhitng 2000
nam.

Luu y: Ban can biét v& d6 thi trudc khi nghién ciu bai nay.

Ta mudn tim dién tich dudi duong cong y = f(x) tir x = a dén x = b. Ta c6 mot vai trudng
hop sau.

Truong hop 1: Puong cong nam hoan toan trén tryc x.

&

Y /7 =fx)

¥

Trong trudng hop nay, ta sé tinh dién tich bang cach tinh tich phan.
b
Dién tich = f f(x)dx
a

Vi sao ta c6 cong thac nay?
I. NGUYEN LY CO BAN PE TINH DIEN TiCH DUOI PUONG CONG

O hinh trén c6 xuat hién mot hinh chit nhat ¢ chiéu rong la Ax va chiéu cao y. Vay dién tich
hinh chit nhat d6 1a yAx.

Néu ta cong tat ca hinh chit nhat nhu trén véi nhau bét dau tir a va két thic tai b, ta dugc gid tri

xap xi dién tich:
b
D (A
x=a
Bay gid néu ta dé Ax — 0, ta c6 thé tinh chinh xac dién tich bang tich phan.

b
Dién tich = f f(x)dx
a
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Phép lay tong nay con duoc goi la tong Riemann. Ban c6 thé thuc hanh téng nay tai trang
http://www.intmath.com/integration/riemann-sums.php.

Vi du 1: Tinh dién tich dudi duong cong y = x? + 2 tr x = 1 dén x = 2.

Tra Ioi vi du 1

20
¥(x)

16 \\ /

12

b
Dién tich = f f(x)dx
a

2
=fx2+2dx
1

2
X3

== +2
3 X

13

= 3 don vi?

Trudng hop 2: Puong cong ndam hoan toan dudi tryc x.

1

Ta s& xét trudng hop duong cong nam dudi truc x véi moi gia tri x duoc xét.

F ]

¥

\_ y=Sx)

Trong truong hop nay, tich phan cho ra sé &m. Ta can lay tri tuyét di dé tinh dién tich.
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b
Dién tich = j f(x)dx
a

Vidu 2: Tinh dién tich bao bsi y = x2 — 4, truc x vaduong x = —1vax = 2.

Tra loi vidu 2

A /
4N /

\ /
: N\ /

Hinh phang yéu cau nam hoan toan dudi truc x, vy ta can dung dén du tri tuyét doi.

b
Dién tich = f f(x)dx
a

= 9 don vi®

Truong hop 3: M6t phan duong cong nam dudi truc x, phan con lai nam trén tryc x
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&

¢
\ ¥ =fx)

Trong trudng hop nay, ta can phai cong nhitng phan riéng biét, 13y tri tuyét ddi phan nim dudi
truc x (tr x = a dén x = ¢).

b

+ff(x) dx

(¢,

c

ff(x) dx

a

Dién tich =

Néu ta khdng 1am vay, phan dién tich “dwong” (phan nam trén truc x) s& trir di phan dién tich
“am”, khién cho gié tri cuoi cung khéng con chinh xac.

Vi du 3: Tinh dién tich bao boi duong congy = x3 trx = —2 dén x = 1.

Tra loi vidu 3

A¥
. ,
i W
: /
. y4

/
6 //
8 /

Ta c6 thé thdy ¢ dd thi rang phan gitra x = —2 va x = 0 nam dudi truc x, vay ta can lay tri
tuyét doi cho phan do.

0 1
Dién tich = Jx3 dx +Jx3 dx
“2 0
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— ] 4
N 4

= 4.25 don vi°
Két luan (qua 3 truong hop):

O tig trudng hop, ta cong cac phan ti tir trai sang phai nhu sau:

71 ¥ =1

0 4 dx b X

Ching ta tim di¢n tich bang céch cong theo phuong nam ngang dién tich cac hinh chit nhat,
chiéu rong dx, chiéu cao y (xac dinh bang cach thay gia tri x vao f(x)).

Vay:

b
A= ff(x)dx

(gid tri tuyét d6i st dung khi duong cong nam dudi tryc x).
Truong hop 4: Tinh dién tich bang cach cong theo phuong thang ding.

O vai truong hop, néu ta lay tong dién tich theo phuong thang dung, ta s& tim dién tich dé dang
hon. Mdi vai truong hop chi si dung dugc cach nay.

N
4 | x=7{y)
A
dy
o /
.-r"'f
0 X

Khoa: TOAN HOC I—Fl—




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Trong trudng hop ndy, ta tim dién tich bang cach cong cac hinh chix nhat c6 chiéu rong dy,
chiéu cao x = f(y).

Néu tacod y = f(x), ta can biéu dién lai thanh dang x = f(y) va ta cong tir day 1én trén dinh.

Vay, ¢ truong hop 4, ta co:

d
a=[rmay

Vi du 4: Tinh dién tich caa mién bao boi dudng cong y = vx — 1, truc y, dudngy = 1 vay =
5.

Tra 16i vi du 4

Ta vé dd thi:

Trong trudng hop nay, ta biéu dién x 12 mot ham theo y:
y=vx—1
yr=x-1
x=y%+1
Vay dién tich la:

5

5 )3
A=fy2+1dy=?+y
1 1

1 2
= 45— don vi
3
Luu y: Trong vi du nay, ta c6 thé cong theo phuong nam ngang (lay tich phan y, ding dx),

nhung ta phai chia ra lam nhiéu phan dé tinh.

Khoa: TOAN HOC I_jTl—




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

BAI 3.2.4 DUNG TiCH PHAN TiNH DIEN TiCH DUGI 2 PUONG CONG

v 4 - 2z =j2(x)
Va-¥
""-._____M
,E-x_"‘“-————yl = f1(x)
0 a b rx

Ta s€ tim dién tich gitra 2 dwong cong y; = fi(x) vay, = fo,(x) vaduong x = avax = b.

Ta thay rang néu ta Iy dién tich dudi dudng cong v, = f,(x) trir di dién tich dudi dudng cong
y1 = f1(x), ta s€ dugc dién tich hinh phang can tim. Khi d6, ap dung tich phan, ta c6 cong thuc
tinh dién tich:

b
Azf)’z‘)ﬁdx
a

I. MOT CACH KHAC PE TIM CONG THU'C (NGUYEN LY CO BAN)

Mot cach khac dé tim cdng thirc trén nhu sau (y twong & ddy rat quan trong trong viéc hiéu rd
cach ta phat trién cong thac sau trong bai nay).

MGi hinh chir nhat dic trung ¢ chiéu rong 1a Ax va chiéu cao y, — y;, vay dién tich hinh chir
nhat dé 1a (y, — y,)Ax.

Néu ta cong hét dién tich cac hinh chit nhat nay lai, bt dau tir a va két thic tai b, ta c6 dién tich
Xap Xi:

b
Z(YZ — y1)Ax
x=a

Bay gid néu ta dé Ax — 0, ta c6 thé tinh chinh xac dién tich théng qua tich phan:

b

A= [y-nax

a

Il. CONG THEO PHUONG THANG PUNG PE TiNH DIEN TiCH GIUA 2 PUONG

CONG

Tuong tu, ta cd thé cong theo phuong thing dirng bang cach biéu dién lai ham s6 theo y va ta
tim:
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d
Azfxz—xldy

c

Luu y rang ¢ va d 1a gisi han cua tich phan nhic ta dang cong theo phuong thang dung, dy
nhac ta dang biéu dien ham so theo bién y.

Vi du: Tim dién tich giira 2 duong cong y = x? + 5xvay = 3 — x?, gitax = —2vax = 0.
Tra loi vi du

V& db thi:

y=x"+Sx

m_

a
L__
n
[}
b

Vay ta can tim:

b
Dién tich = fyz -y, dx
a
0
= J((3 — x2) — (x% 4+ 5x)) dx
“2

= f(—sz —5x + 3) dx

2 5 0
— 43 42 3

3x 2x + x_2
=10-d 2

3 on vi

Ban thay rang mot phan hinh phang duoc t6 mau nam phia dudi truc x, phan con lai nam phia
trén, ban dung lo ling vé viéc c6 nén lay dau tri tuyét d6i hay khdng vi ban than céng thac da
dam bao diéu do.
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111. BAl TAP
Bai tap 1: Tim dién tich bao bsiy = x3, x = 0vay = 3.
Tra loi bai tap 1

Trudc tién, ta vé do thi:

Vg

Ta sé dung:

d
Dién tich = f f(y)dy
(©

va ding cac phan tir nam phuong ngang. Trong vi du nay ta co thé cong theo phuong ngang,
nhung ta s€ cong theo phuong thang dung d€ minh hoa cho céng thtc.
Trong truong hop nay, c = 0 vad = 3.

Ta can biéu dién x theo y: y = x3. Nén x = y'/3, Vay:

d
Dién tich = f f(y)dy
Cc

3
=fy1/3dy
0

3
— §y4/3
4

0

= 3.245 don vi®
Bai tap 2: Tim dién tich duoc bao bsi 2 duong congy = x? + 5xvay = 3 — x2.
(day 1a mot maé rong cua phan vi du & trén).

Tra loi bai tap 2
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Ta vé dd thi:

1

10T

Ta can dung cong thic:

b
A=fy2—y1dx
a
Ta thay ring y = 3 — x2 nam phia trén dé thi y = x2 + 5x nén ta ldy y, =3 —x% va y, =
x? + 5x.
Ta tim giao diém cua 2 d thi:
x% 4+ 5x =3 — x?
& 2x2+5x—3=0
ox+3)2x—-1)=0

x =-—3

~ [x = 0.5

Ta lay cac phan tir huéng thang dung.

Vay dién tich dugc tinh bai cong thuc:

b
Dién tich = jyz -y, dx
a

0.5
= J (3—x2) — (x* +5x)dx
3
0.5

= J 3 —5x —2x%dx

-3
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5 2 |05
— . _ 2.2 _ 2.3

3x 2x 3x .
= 14.29 don vi?

Bai tap 3: Tim dién tich bao béi duong congy = x2,y =2 —xvay = 1.

Tra 16i bai tap 3

Ta vé db thi:
¥
6 .
4 -
2 \
; \ /\ .
T
21 [ |
2 0 2

Trong trudng hop nay, ta liy cac phan tar nam ¢ phuong ngang.

Ta can giai y = x? theo x:

Ta can phan ndm bén trai, vay x = —./y.

Luu y rang x = 2 — y nam bén phai x = —/y néntachonx, = 2 —y vax; = —/y.
Giao diém 2 d6 thi xay ra tai (—2;4) va (1;1).

Vaytadugcc =1vad = 4.

d
Dién tich = j Xy — X1 dy

c

=j(z—y>—(—ﬁ)dy

4
=j2—y+\/;dy
1
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1 2 4

—(2y—Zy2 42 3/2)

(y 27" T3 )
_19d S
i on vi
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BAI 3.2.5 THE TICH KHOI TRON XOAY

~ .__“"\ 1
", ! Ly
| e
' . el
May tién

Nhiéu vat thé ran, dac biét 1a nhirng vat thé duoc 1am tir may tién c6 tiét dién tron va phan canh
cong, Trong bai nay, ta sé tim thé tich ctaa nhirng vat co hinh dang nhu vay bang tich phan.

5000

Nhirng san pham tir may tién

Vi du 1: Hay quan sat phan hinh phang duoc bao bai duong thang y = 3x, truc x va duong
x = 1.

Khi ma vuing t6 mau xoay 360° quanh truc x, nd s& tao thanh mot khéi tron.

Két qua thu duoc 12 hinh non.
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I. TIM THE TICH BANG CONG THUC CHIEC PiA

Dé tinh thé tich nay, ta cd thé lay ting lat cit (phan dia mau vang & hinh trén) c6 ban kinh y, do
day dx.

=

Cong thirc tinh thé tich hinh try la:
V =nr?h
Vi béan kinh = r = y va mdi chiéc dia c6 do day dx, ta thay rang thé tich cua tung lat cat sé la:
V =mny?dx

Cong tat ca thé tich cac lat cat nay lai (voi gié tri dx vo ciing nho), ta cd cong thuc sau:
b
V=nm j y?dx
a
Diéu nay c6 nghia:

b
V= nj(f(x))z dx
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Voi:

+y = f(x) la phuong trinh duong cong ¢ phan hinh phang dugc xoay.

+ a va b la giéi han cia phan hinh phang duoc xoay.

+ dx cho thay phan hinh phang dugc xoay quanh truc x.
Luu ¥: Ta chi st dung céng thie chiée dia (khong phai cong thac con so) trong bai nay.
Ap dung cong thic tinh thé tich cho vi du trén, ta duoc:

b
Thé tich = nfyz dx

a

1
=mn | 3x)?dx
Of

1
= nf 9x2 dx
0
= m3x3|}
= 37 don vi®
Kiém tra: Liéu cong thirc nay co diing khong? Ta c6 thé tinh thé tich hinh nén bang cong thuc:

. nreh
Thé tich hinh n6on =

2(3)2(1)
T ®

= 37 don vi®
Pap 4n khép véi cong thic chiée dia.

Vi du 2: Tim thé tich néu hinh phang dugc bao bai duong cong y = x3 + 1, truc x va giéi han
gitta x = 0 va x = 3 xoay quanh truc x.

Tra loi vidu 2

Day 1a mién duoc miéu ta, nam dudi ham bac 3:
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y -/

¥
28—+

Ap dung cong thire tinh thé tich khdi tron xoay, ta duoc:
b

V=7tfy2dx

a

3
nf(x3 +1)%dx
0

3
=7fo6+2x3+1dx
0

x7  x*
=TC<7+7+X>

= 1118.2 don vi*

3

0

Il. TIM THE TIiCH KHI XOAY HINH PHANG BAO BOI 2 PUONG CONG

Néu ta c6 hai duong cong y, va y; bao qunh mot hinh phing nao d6 va ta xoay hinh phang
quanh truc x. Khi d9, thé tich hinh khoi tao thanh dugc tinh baoi cong thic:
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Thé tich = 7 f ()% — (1)) dx

O hinh tong quét sau, y, c6 mau xanh va y; c6 mau den. Gigi han trén va dudi cia mién dugc
xoay ¢6 mau do toi: x = a dénx = b.

Vi du 3: Mot chiéc coe duogc tao thanh bang cach xoay mién phang glua y=2x?vay=x+1
véi x > 0 quanh truc x. Tim thé tich vat liéu can thiét dé 1am nén chiéc cdc nay. Pon vi do 1a
cm.

Tra loi vidu 3

Ta v€ cac duong cong trén va dudi:

Can dudi cua tich phan 1a x = 0 (vi dé bai c6 n6i x > 0).

Tiép theo, ta can tim xem 2 duong cong nay giao nhau tai diém nao dé xac dinh can trén cua
tich phan.

Giai phuong trinh sau:
2x2=x+1

S2x2—-x-1=0
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S 2x+Dx—1) =
x=1
(:)[x=—0.5

Theo gia thiét thi x > 0 nén ta nhan két qua x = 1.

Vay véiy, = x + 1 va y; = 2x?2, thé tich yéu cau dugc tinh boi™:

1
Thé tich = 7 j ((x + 1) — (2x2)?) dx
0

1
=7zj2+2x+1—4x4dx
0

B 23T
~ 15

= 4.817 cm3

0

Pay 1a anh hinh khdi ma ta da tim duoc. Trong anh nay c6 mot “miéng dém cao su” ¢ ban kinh

bén ngoai la y, = x + 1 va ban kinh bén trong la y; = 2x2.

184
163
145
1.29

o o oo
Tl

y

111. XOAY HINH PHANG QUANH TRUC y

Khi mién phang quay 360° quanh truc y, ta c6 thé tim thé tich khi tron xoay tao thanh bang

cong thaec:
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d
V= nf x?dy
C
Tuc:
d
2
v=n[(r0))"ay
C
V6i:

+ x = f(y) la phuong trinh duong cong biéu dién theo bién y.
+ ¢ va d la can trén va duéi cia y trong mién phang duoc xoay.
+ dy cho thay mién phang xoay quanh truc y.

Vi du 4: Tim thé tich khéi tron xoay tao boi duong cong y = x3 quanh truc y, gitta y = 0 va
y = 4.

Tra 15i vi du 4

P4y ma mién parabola ta can xoay:

Va day 1a khoi tron xoay duoc tao thanh, khbi nay con duoc goi 1a khdi parabolaoid:
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Ta can biéu dién x theo y dé &p dung cong thirc thé tich khoi tron xoay.

Néu y = x3 thi x = y1/3,

Biéu thtrc yéu cau x2, vay x2 = y?2/3,
d
Thé tich = nj x%dy
c

4

=ﬂfy2/3dy
0

3y5/3
-(*5)

=19 don vi®

4

0

IV. BAI TAP
Ban doc hdy tu giai cac bai sau trudc khi xem céch giai.
Tim thé tich tao boi hinh phing bao bai dudng cong cho truéc, xoay quanh mét truc cho trudc.
1) Buong thang y = x, gitra y = 0 va x = 2, xoay quanh tryc x.
Tra loi cau 1)
Pay 1a phan hinh phang s& xuay quanh truc x:

Ay

/

L

-1+

Po thi ham sé y = x véi phan hinh
phiang dwéi dwong “cong” dwoc lam
mo' gitra
x=0vax=2
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Ta ¢ thé xéac dinh thé tich sinh ra bang cach sir dung cong thirc tinh thé tich khdi tron xoay:
b
Thé tich = J y?dx

a

2
=mx | (x)?dx
|

).

8
=n(35) -
_8 d -3
= 311 on vi

2

~ 8.378 don vi°

2) Buong cong y = 2x — x2 dugc chin bai y = 0, xoay quanh truc x.

Tra loi cau 2)
Ay
] -
xI
} o
-1 1
-1+
Do thi ham sb y = 2x — x? V6i
phan hinh phang dwéi dwong cong
dwoc lam mo giira
x=0vax=2

Puong thang y = 0 don gian chinh Ia truc x.
Tir d6 thi, ta c6 thé thay can gigi han cia phan hinh phang la x = 0 va x = 2.

Thé tich sinh ra Ia;
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3) Buong cong y? = x, chan bai y = 4 va x = 0, xoay quanh truc y.

Vix = y? tacd x? = y*.

Ta tinh thé tich:

4

b
Thé tich = nfyz dx
a

2

= 7tf(2x—xz)2 dx

0

2
= nJ(4x2 —4x3 + x*) dx
0

<4x3 4x* «x
= ————+—

3 4

32

)

2

0

=n<——16+£>—n(0)

3 5
_ 16 p 3
= gdonvi

~ 3.351 don vi°

Tra loi cau 3)
Ay P
4
3--
2--
] -
H
} } } -
5 10 15
-1 -\

Do thi phan hinh phang bao béi
yP=x,y=4vax=0
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d
Thé tich = nf x? dy
c

4

=7tJy4dy
0

()
5 0

(1024
=7

)~

1024 A
= Tndornw

4

~ 643.40 don vi’
4) Buong cong x2 + 4y? = 4 ¢ goc phan tu thir |, xoay quanh truc y.
Tra loi cau 4)

Ta nhan thay duong cong ¢ dang hinh ellipse. Cau hoi chi yéu cau phan hinh phang & géc phan
tu thu .

Ay

Puang cong ellipse x + 4y? = 4 cho thay
phan hinh phang dwec bao béi dwong cong,
x=0,x=2vatrucx

Tir do thi, ta thay gi6i han bién hinh phanglay = 0vay = 1.
Khi d6, ta tinh thé tich:
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d
Thé tich = nf x? dy

c

4
=n<4—§)—n(0)
_87td 3
= donvi

~ 8.378 don vi’
V. UNG DUNG
1) Thé tich thiung rwou

Mot thung rugu cd ban kinh ¢ trén 1a 30 cm va ¢ gitra la 40 cm. Chiéu cao thung ruou 1a 1 m.
Hoi thé tich cua thung ruou (don vi litre) 1a bao nhiéu? Cho rang canh bén hong thung rugu la
hinh parabola.

Tra loi

Ta s& dé thung ruou nam ngang dé thuan lgi trong viéc tinh toén.
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-.-‘_____,_.413 T

(-30, 30) (50, 30)

20

=20

Ta can tim phuong trinh parabola di qua dinh 1a diém (0; 40) va qua diém (50; 30).
Ta dung cong thuc:
(x —h)? = 4a(y — k)
Bay gio (h; k) 1a (0; 40) nén ta dugc x? = 4a(y — 40) va parabola di qua (50; 30). Vay.
502 = 4a(30 — 40)

& 2500 = 4a(—10)

& 4a = —-250
Vay phuong trinh canh thung ruou la:

x? = —-250(y — 40)

x2
= y=———+40
Y="250"
Ta can tim thé tich thung ruou, dugc tao thanh bang cach xoay parabola giita x = —50 va x =
50 quanh tryc x.

N T
) 2l
T 5

=
e

Bay gio ta 4p dung cong thic tinh thé tich khdi tron xoay:
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b
Thé tich = nfyz dx

a

50 , )
= f - +40 | dx
T 250
—-50
50
- f x 80x2+1600 d
=™ ] \62500 250 x
—-50
x> 80x3 R
- 7T<312 500 750 @ 600x>
—-50
= 425162 cm?

Vay thung ruqu s¢ trir duoc 425.2 L.
2) Thé tich qua dwa hau

Qua dwa hau c6 bé mat ellipse tron xoay (ellipsoid) véi truc 16n dai 28 cm va truc nho dai
25 cm. Tim thé tich qua dua hau day.

Hudng giai quyét trong lich sir: Trudc khi vi tich phan ra doi, cach dé xap xi thé tich qua dua
hau do la cat lat ting mieng (day khoang 2 cm), tinh thé tich tirng miéng bang cong thac V =
r?h sau d6 cong lai.

Mot diéu thd vi 1a Archimedes (nguoi noi tiéng voi hanh dong nhay ra khoi bon tim, sau do
chay ra ngoai duong va hét Ién: “Eureka! Tim ra r6i.”) da sir dung cach nay dé tinh thé tich khoi
cau vao khoang 200 nam trude Cong nguyén. Tuy nhién, cach trén di dan bi quén lang cho dén
khi Newton va Leibniz phat trién vi tich phan vao khoang dau nam 1700.

Ta s& giai quyét bai toan trén bang ca 2 cach trén:
(i) Tinh thé tich bang cach cia Archimedes.

Tra loi
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Vi qua dua hau c6 dang dbi xing, ta chi tinh thé tich trén mot nira qua, sau d6 nhan déi dap an.
Bing cach do dac thu cong, ta tinh dwgc ban kinh mdi lat trén mot nira qua dura hau la:
0; 6.4; 8.7; 10.3; 11.3; 12.0; 12.4; 12.5
Gia tri xap xi mot ntra thé tich qua dwa hau c6 14t cat day 2 cm 1a:;
Vowa = T X (6.4% +8.7% + 10.32 + 11.3%2 + 122 + 12.4% + 12.5%)

=m X 8040.44 x 2

= 50544
Vay thé tich cua toan bo qua dua hau la:

50544 x2=10109cm®=10.1L
O cau hoi tiép theo, ta s& tim cach tinh chinh xéac thé tich qua dua hau.
(ii) Tinh chinh xac thé tich qud dwa hau bang tich phan:
Tra loi

Ta biét qua dua hau c6 dang ellipse tron xoay, ta can tim phuong trinh ellipse trong toa do 2
chiéu cé truc I6n la 28 c¢m, truc nho la 25 cm.

Ta dung cong thuc:
2 2
x= oy
—+==1
a?  b?
véi a la nua truc 1on va b la nua truc nho.

Véi cong thich tinh thé tich, ta can biéu dién cong thirc theo y? va diéu nay rat dé dé thuc hién.

y
—2+ﬁ =1
= b%x? + a?y? = a?b?
b2
= y° _;(az —x%)
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Via =14 vab = 12.5, ta dugc:

2
,_ 125
142

y (142 — x?) = 0.797(196 — x?)

Luu y: a va b dung trong cong tharc ellipse khdng phai a va b trong cong thuc tinh tich phan.
Hai dieu nay hoa toan khac nhau.

Co6 phuong trinh ellipse, ta ap dung tich phén dé tinh thé tich. (Mot lan nira ta tinh thé tich nora
qua dua hau, sau d6 nhan déi dap an).

14

Viga = nf y?dx
0

14
= nJ 0.797(196 — x?) dx
0

14

= 0.7977‘[f 196 — x2dx
0

3
= 2.504 <196x — ?>

= 4 580.65 cm?3

14

0

Vay tong thé tich qua dua hau 12 2 - 4 580.65 = 9 161 cm?® hay 9.161 L. Pap an nay gan gidng
véi dap an theo cach ctia Archimedes.
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BAI 3.2.6 TRONG TAM BE MAT

I. VAN PE PIEN HINH (CANH THANG)

Trong cau tric xay dung tilt — slab, ta c6 btrc tuong bé tong (voi ctra chinh va cira s6 roi) va ta
can dat buc twong nay vao dang chd. Ching ta khdng muébn birc twong bi nat khi dat xudng,
vay ta can biét dén trong trong tam cua birc twdng. Lam cach nao ta c6 thé tim duoc trong tam
ctia mot vat ¢ hinh thi khéng bang phang?

Cau tric tilt — slab (hay tilt — wall, tilt — up)

Trong bai nay ta s& nghién ctiu cach tim trong tam cua mién phang c6 canh thang, sau do ta s&
dung tich phan ap dung cho canh cong.

1. MOMENT

Moment ciia mot vat 6 tac dung uéce lugng khuynh huéng xoay quanh mot diém cua vat the.
Hién nhién, vat c6 khoi lugng cang Ion (va khoang cach so vai diém cang xa), khuynh hudng
xoay s¢€ lon.

Cong thuc tinh moment:
Moment = khi luong - khoang cach tir mot diém

Vidul

|
10 ke ©

Trong trudng hop nay, s& ¢ tong moment & O (chiéu duong 1a chiéu kim dong hd).

M=2-1-10-3=-28kg-m
I1l. TRONG TAM
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Bay gio ta s& di tim trong tam cua hé va diéu nay s& gitip ta dua dén nhiéu két qua tong quét.

Vi du 2: Taco 3 vat c6 khdi lugng 12 10 kg; 5 kg va 7 kg, vat truc cach vat sau mot khoang
lan luot 14 2 m; 2 m va 1 m nhu hinh sau:

O

2m
L

2m

1m

10 kg

5kg

7 kg

Ta thay thé 3 vat trén bang 1 vat sao cho vat d6 tao ra moment tuong dwong véi 3 vt kia. Vay

ta nén dat vat ay & dau?

Tng moment:

Tra 15i vi du 2

10xX2+5%x4+7%x5=75kg.m

Néu ta cong hét khdi lwgng cac khéi, ta duoc khéi luong tong:

bé duoc gia tri moment tuong duong, ta can;

10+5+7 =22kg

22xd =75

Véi d 1a khoang céch tir trong tam dén tam quay. Giai phuong trinh trén, ta dugc:

75

d=—~=~34m

22

Vay hé twong duong (v6i vat ¢ khdi lugng 22 kg) 1a:

IV. TRONG TAM HINH PHANG

Hinh chir nhat:

34 m

* |

O
22 kg
¥
(4.2)
02) / Trong tim
0 (4.0) X

Trong tdm nam ngay giira hinh chix nhat, tic diém (2; 1).
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Mot s6 hinh phuc tap:

+ Ta chia hinh phuc tap ra thanh cac hinh

chir nhat va tim x (gia tri hoanh d6 x cua trong tam)

va y (gié tri tung do y cua trong tm) bang cach lay moment trén 2 truc ndy mot cach doc 1ap.

+ Vi ta c6 hinh phang nén ta c6 thé dung dién tich dé tinh moment.

Vi du 3: Tim trong tdm cua hinh sau:

Yoy

(22

(1.4) 3.4)

('2 ,D)

1 (3.0)

Tra 16 vi du 3

Ta chia mién phang thanh 2 hinh chit nhat
gitra.

va gia sir khéi lugng caia hinh chix nhat tap trung &

) y & (3 ,4 )
Trong tim(-1,2, 1) *\ Trong tim
{-2,2) \ ]
| i |
(-2,0) 1 (B30) =

Hinh chir nhat trai:

Dién tich = 3 X 2 = 6 don vi’

Hinh chir nhat phai:

Dién tich = 2 x 4 = 8 don vi?

L4y moment theo truc y, ta dugc:

6(—%)+8(2) = (6 + 8)%
13
(:>x=ﬁ

Tuong tu vai tryc x:

6(1)+8(2)=(6+8)y

Sy=

22

14

Khoa: TOAN HOC 201—|_




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

A A Y , (13 22
Vay trong tam nam o (— ; —).
14 14

Ta c6 thé str dung quy trinh nay dé giai quyét van dé cau tric tilt — slab da dé cap ¢ dau bai.
Mot cach tong quét, ta co thé noi:

Téng moment theo hudng x

=i
Il

Tong dién tich
Tong moment theo hudng y

<l
Il

Téng dién tich
Y tuong nay s& duoc ding rong rai hon ¢ phan sau.
V. TRONG TAM CUA MIEN PHANG CONG

Hay tiép can truong hop dé nhat, ta s& tim trong tm ciia mién phang xac dinh boi ham £ (x),
duong thang dang x = a va x = b nhu hinh duéi day:

y=f(z)

Pé tim trong tam, ta str dung ¥ tudng co ban ma ta da ap dung cho trudng hop canh thang. Hinh
chir nhat trong hinh cach truc y mot doan c6 do dai x don vi, chiéu rong Ax (sé tré thanh dx khi
str dung tich phan) va chiéu cao y = f(x).

Tong quat hoa trudng hop mién phang hinh chit nhat ¢ trén, ta nhan 3 gia tri x; Ax va f(x) s&
cho ta dién tich hinh chir nhat mong nhan véi khoang cach dén truc x, sau d6 cong ching lai.
Néu ta ldy mot lwong vo cuing nho nhitng hinh mong, ta duoc gia tri hoanh do x cua trong tam
bang cach &p dung tong moment theo chiéu x bing cong thuc:

. b
tong moment 1

X=—7——"——=—]xf(x)dx
tong di¢n tich Af f@)

a
V&, md ta moment theo chiéu y trén truc x va viét lai biéu thuc theo y, ta duoc:

, d
tong moment 1

y=——————— = — d
Y tong dién tich A f v/ dy

c
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A

Y

z = f(y)

Ay \

Hay nha rang lc nay ta tich tich phan theo y, va khoang cach cua hinh chit nhat ¢ hinh trén dén
truc x 1a y don vi. Bong thoi can dudi va trén cua tich phan lic nay la ¢ va d, hién ¢ truc y.

Puong nhién, ta can st dung nhiéu hinh chit nhat mong.

Cong thic so le: Tuy theo ham sd, cdng thiic ndy s& gidp ta tinh toa do y dé dang khi md ta
moment theo hudong x (Hay nhé dén “dx” trong tich phan, can trén va dudi trén truc x khi s
dung cong thuc so le).

tong moment

Y= tong dién tich

b
=%j%x)xf(x)dx

b 2
f (f (;C)) dx

Piéu nay dung khi ta c6 hinh chit nhat rat mong (do rong dx), trong tdm s& bang mot nira
khoang céch tir dau dén day cua hinh mong.

Mot huéng trién khai cua biéu thic thir hai nay do 1a khong can thiét phai biéu dién lai ham sé
theo y.
VI. TRONG TAM MIEN PHANG BAO BOI HAI PUONG CONG

Y1=75(x)
/ —t Y20
L
yi =l
— dx
0 a b X
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Ta mé rong trudng hop don gian & trén. Hinh chir nhat mong & hinh trén cé chiéu rong Ax va
chiéu cao y, — y;, vay tong moment theo hudng x trén tong dién tich la:
, b
tong moment 1

X=—7——"——=—|x(,—y)dx
tong dién tich A .[ o2 =)

a
Véi toa d6 v, c6 hai cach dé ta xir ly.

C4ch 1: Ta lay moment trén truc y, khi d6 ta can biéu dién lai biéu thic x, va x; 12 ham sé theo
.

, d
tong moment 1

y=—F———"—=— X, —x1)d
Y= 1ng dien tich Afy(z 1) dy

c

Céch 2: Ta giir moi thir theo x bang cach mo rong “cong thitc so le” & trén.

. b
__tongmoment 1 [ (y5)* — (y)?
y=—0—""T—""-= ——————dx

2
a

tong dién tich A

Vi du 4: Tim trong tim mat phang bao boi y = x3; x = 2 va tryc x.

Tra loi vi du 4
Pay 1a mién phang dugc md ta:
:JJ’ F 3
y=x
8 1
-}F =
0 dx 2 X

Trong truong hep nay, v = f(x) = x3;a=0; b = 2.
Dau tién, ta tinh dién tich phan duoc td mau:

2 2
X

A=fx3dx=—
4

O 0

=4

Tiép theo, str dung cong thc tinh toa do x cua trong tim, ta duoc:
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b
1
__1 p
X Afxf(x) X
a
1 4
s 4d
X 4jx X
0
=),
Xx==|—
4\ 5 0
x=1.6
Bay gio, dé tim toa do y, ta can tim:
¥ _ 13
£ =y X7 - x|
8 -
&
0 2 X

x, = 2 (diéu nay da duoc noi trong dé bai).
x; = y/3 (day 1a bién trong bai).

c=0;d=8.
d

1
y=5]ve-xay
c

8

1
=ny(2—y1/3)dy
0

8
1
=_2_4/3
4fy y*=dy
0

YN
4 7

= 2.29

8

0

Vay trong tam ctiia mién phéng c6 toa d6 (1.6; 2.29).
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VII. CONG THUC SO LE TiNH GIA TRI TUNG PO y

Str dung cong thic so le, ta c6 thé tinh gid tri tung d6 y cua trong tam nhu sau:

=2.29

O vi du nay, cong thuc so le gitp ta tinh todn dé dang hon, nhung tiéc 1a khong phai trueong hop
nao cling vay.

Chu thich:

Céu tric xay dyng tilt — slab l1a mot dang ky thuat xay dung, st dung cac tam bé tong c6 khoét
vi tri dat cua so, cua chinh,... gitp cho viéc xay dung tré nén nhanh chdng. (xem thém tai
http://en.wikipedia.org/wiki/Tilt_up).
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BAI 3.2.7 MOMENT QUAN TiNH

Moment quén tinh 1 gié tri do luong su chdng lai thay d6i chuyén dong caa mot vat thé quay.

Moment quan tinh ciia mot vat c6 khéi luong m quay quanh mot diém cho trude duoc tinh bang
cong thic:

Moment quéan tinh = md?
véi d 1a ban kinh quay.
I. QUAN TINH CHO HE NHIEU VAT

Néu mot nhém cac vat co khdi lugng 1a my; my; ms; ...; m, quay quanh mét diém véi khoang
cach khac nhau lan luot 1a dy; d,; ds; ...; d,,, khi d6 moment quan tinh I xac dinh boi:

[ =myd? + myd? + myd3 + -+ m,d?
Néu ta dat tit ca vat ndy vao cling mot diém (cach diém quay mot khoang R) thi:
dy=dy=d; = =d, =R
va ta co thé viét,
I=(my+my+mz+-+my)R?
R duoc goi 12 ban kinh hoi chuyén.

Vi du 1: Tim moment quén tinh va ban kinh hdi chuyén tai diém géc toa do (0,0) voi hé vat c6
toa do va khoi lugng cho trong bang sau:

Khéi lwgng 6 5 9 2
piem | (=3;0) | (=2; 0| (1;0) | (8 0)

Traloividu 1
Moment quan tinh cd gié tri:
I =6(—3)%+5(-2)%+9(1)% + 2(8)?
I =211
Pé tim R, ta dung:
I =(my +my +mz+ -+ m,)R?
211=(6+5+9 + 2)R?
Vay R ~ 3.097.

Diéu d6 c6 nghia mot vat nang 22 don vi, dat tai vi tri (3.1; 0) s& cd cing moment quan tinh
Vai 4 vat trén.
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Il. MOMENT QUAN TINH CHO MIEN PHANG

Y1=75(x)
/ —t Y20
L
yi =l
— dx
0 a b X

Ta mudn tim moment quan tinh I,, & mién phang trén xoay quanh truc y.

MJi hinh chir nhat mong s& c6 do rong dx va chiéu cao y, — y;, vay dién tich caa ching la
(y2 —y1) dx.
Néu mdi don vi dién tich c6 khdi lugng k thi khdi lugng hinh chit nhat 13 k(y, — y,) dx.

Moment quan tinh mdi hinh chit nhat 1a (k(y, — y;) dx)x? vi mdi hinh chir nhat cach tryc y
mot khoang c¢6 d6 dai x don vi.

Ta cd thé cong tat ca moment quén tinh caa mdi hinh chit nhat nho lai dé tinh moment quan tinh
I,, bang tich phan:

b
I, = kfxz(yz —y1) dx

a

Str dung quy trinh tuong tu ta d ap dung khi giai quyét cho hé nhiéu vat, ban kinh héi chuyén
R,, duoc tinh béi cong thuc:

v6i m 1a khdi luong cua mién phang do.
Vi du 2: Xét goc phan tu thir nhat bao béi duong cong:
y=1-—x?
Tim:
+ Moment quan tinh ing véi truc y. ().
+ Khéi luong mién phang.

+ Tim ban kinh hoi chuyén.
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Tra loi vidu 2

Puong nhién, dau tién ta v& hinh trudc:

%

J _}’2=I'I2

a=0"0 h=1 X

Oday,y, =1—x?vay, =0,a=0vab=1.

Tim L

b
L, = kfxz(yz —y1) dx
a

1
kfo(m —x2) — (0)) dx
0

Khéi luong mién phang m:
Bay gid m = kA, véi A la dién tich mién phang.

Bay gio,

1
A= |1 —=x?dx
|
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2
3
Vaym = kA ==

Ban kinh hdi chuyén:

Diéu nay co nghia néu mot vat c6 khdi luong l1a % duogc dat cach truc y mot khoang 0.447 don
vi thi nd c6 cling moment quan tinh véi hinh phang ban dau.

Luu y: Khi quay quanh truc x, cdng thirc tré thanh:
d
I, = kfyz(xz —x1) dy

Va,
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BAI 3.2.8 CONG SINH RA BOI LUC BIEN THIEN
Cong W sinh ra bai luc F khong d6i tac dong vao mot vat 1am vat dé chuyén dong mot khoang
d dugc xac dinh boi cong thic:
W=FXxd

Vi du: Mot tréi téo c6 trong lwong 1 N dat trén ban. Néu ban nhic trai tio nay 1én dén do cao
1 m so vGi mat ban, ban da thuc hién mot cong xap xi 1 Newton met (Nm).

I. CONG SINH RA BOI LUC BIEN THIEN
Néu lyc 12 mot gia tri bién thién (nhu nén 16 xo), ta can dung tich phan dé tinh cong sinh ra.

Néu lyc xac dinh boi ham F (x) thi cong sinh ra theo truc x tir a dén b 1a:

b
W= | F(x)dx
J

1. PINH LUAT HOOKE CHO LO XO

Luc F dung dé kéo cang hay nén 16 xo di mot khoang x don vi o véi trang thai ban dau caa 10
X0 c0 ti lé véi x.

F = kx

Ta c6 thé xac dinh hang s 10 xo k bang cach tng voéi mdi 10 xo, ta quan sat tac dong cua luc
lam 10 xo bi kéo cang.

Vidu1l

a) Tim cdng sinh ra cia 10 xo khi ban nén 16 xo dang & trang thai tu nhién dai 1 m con 0.75m
néu hangsoloxolak =16 N/m.

Tra loi vidu 1 cau a)
F =16x

Vay:

o
N
)]

Cong = 16x dx

O’\‘.
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= 8x2|925
=0.5Nm
b) Cong sinh ra |a bao nhiéu néu ta nén 16 xo thém 30 cm?
Tra loi vidu 1 cau b)
0.55
Cong = f 16x dx
0.25

— .2]0.55
= 8x°|p3z

=192 Nm
Chuy: Vi 10 xo,
b

f F(x)dx

a
y&u cau a va b 1a khoang céch tinh tir trang théi ty nhién cua 16 xo.

Vi du 2: Mot luc 1200 N nén 10 xo tir chiéu dai tu nhién 1a 18 cm xudng con 16 cm. Hoi cong
sinh ra la bao nhiéu néu ta tiep tuc nén 10 xo tir 16 cm xuong 14 cm?

Tra loi vi du 2

Dau tién ta s& xac dinh hang s6 10 xo (theo don vi cm).

F =kx
Vay 1200 = k(2).
Vay k = 600 N/cm.
Vay trong trueong hop nay,
F = 600x

Vay cong sinh ra xac dinh boi:
4
Cong = f 600x dx
2
= 300x2|3
=3600N-cm

Vi du 3: M6t x6 nudce bi ri ¢6 trong lugng 5 N duoc nang Ién khdng trung 20 m vaéi toe do ¢d
dinh. So day thing ning 0.08 N - m~1. Ban dau x0 nudc ¢d 2 N nudc va ri ra véi toc do khong
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d6i. Khi nang x6 nudc 1én dinh thi nd hét nho giot. Hoi ¢ong sinh ra khi:
a) Bo qua trong lugng x6 nudc.

Tra loi vi du 3 céu a)

Luc can thiét dé nang x6 nudc 1én chinh 14 trong luong cua nudc.

Khi x6 nuéc cach mat dat mot doan x don vi, biéu thac trong lugng nude duoc xac dinh bang
d6 thi:

Trong lugng nwée
24
157
16
1.4
12
1_
0]
0.5
0.4
0.2

0 T T T T T T T T T y A
2 4 & 2 W 12 14 1s 18 20
DQ Cao Cua Xo nurdc

Vay, st dung y = mx + c, ta dugc d6 doc 1a:

va giao diém véi truc y la ¢ = 2.

Vay ta c0 thé thiét 1ap ham sb trong luong Gng véi chiéu cao x nhu sau:
X
F(x) = —— +2
(x) 10
Khi do,

Khoa: TOAN HOC 213




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

b
Cong = f F(x)dx

=20 N -m (20 Joule)

Ngoai ra, ta c6 thé viét ham sé theo cach sau:

20— x X
F(x)=2 =(2-—)N
=2 N =05
Trong legng ban diu j \—Ti 1€ con lad
cla mrdc i du_ﬁ Cao x.

b) Tinh ca trong lugng x6 nudc.
Tra loi vi du 3 cau b)

V&1 x0 nudc:

=5-20
=100N-m
Vay tong cong = 20 + 100 = 120 Nm.
c) Tinh trong lugng nudc, trong lugng x6 nudc va trong luong day thung.
Tra loi vidu 3 cau ¢)

Trong luong day thung & do cao x la:
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Trong hrgng diy thirng
161

1.44
1.2

1]
0.8
0.6
0.4
0.2

X

T T T T T T T T T 1
a 2 4 & & 0 12 14 18 18 20
Ed cao cla 26 mrdc

F(x) = 0.08(—x + 20)

Codng sinh ra cua soi day la:

20
J 0.08(—x + 20) dx
0
2 20
= 0.08 - + 20x
0
=16 N'm

Vay téng cong sinh ra ctia nudc, x0, so day la:

W =204+100+ 16 Nm = 136 Nm (hay 136 ])
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BAI 3.2.9 PIEN TiCH

Luc gitra hai dién tich ti 1é thuan véi tich dién tich caa chung va ti 1€ nghich véi binh phuong
khoang cach gitra chdng.
Vay ta c6 thé viét:

Flx) = k‘h‘lz

Véi q; va q, tinh theo don vi Coulomb (C), x tinh theo metre, luc tinh theo Newton va k la
hang so cd giatri k = 9 - 10°.

Diéu nay cho thiy cdng sinh ra khi 2 hat diét tich di chuyén gan lai nhau (hoic céch ra xa nhau)
la:

b
Cong f ‘h‘h
a

Vi du: Mat hat electron c6 dién tich &m 1a 1.6 - 10~1° €. Hoi cdng sinh ra 1a bao nhiéu néu ta
tach 2 hat electron tir 1 pm dén 4 pm?

Tra loi
Nhac lai: “pm” 1a don vi do pico-metre, hay 10~2 metre.
Trong vi du nay,

a=1x10"2m
b=4x10"12m
k=9-10°

g1 =¢q,=16-10"1°C

Vay ta dugc:

b
k
Cénng CI1CI2
a

0—12
(9-10°)(—=1.6-10719)2
5 dx
X

1x10~12

410712

(2.304 - 10728) (— %)

1-10712

=1.728-1071%J
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BAI 3.2.10 GIA TRI TRUNG BINH

Gia tri trung binh cia ham s6 y = f(x) tir x = a d&n x = b xac dinh bai cdng thic:

[7 f () dx

Y trung binh bh—a

Tai sao? Néu nhu dy 1a 1an dau ban gap cong thac ndy, ban hiy suy nghi xem cong thic nay
den tur dau va sir dung n6 nhu thé nao.

Goi y: Lam sao dé tim duoc gié tri trung binh ciia mot tap s6 nao do6? Ban chat cua viéc tim tich
phén la gi? Ky hiéu tich phan c6 y nghia nhu thé nao?

Vi du: Nhiét @6 T (tinh theo °C) ghi nhan trong mét ngay théa duong cong sau:
T = 0.001t* — 0.28t% + 25

vai t la gio, duoc tinh tir l0c gita trua (—12 < t < 12). Hoi nhiét d trung binh cua ngay hém
do 1a bao nhiéu?

Tra loi

Pau tién, ta vé do thi, tir d6 ta c6 thé du doan rang gia tri trung binh s& nam trong khoang 14
dén 16 do:

nhigt dd

[7 F () dx

ytrung binh — h—a

[ (0.001t* — 0.28t2 + 25) dx

12— (-12)
1 (0.001t5 0.28t3+25t> 12
24\ 5 3 »
= 15.7°C

Cau hoi: Nhiing van dé sau c6 tinh chét gi chung?
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+ Gida trj trung binh cta ham s.

+ Dién tich dudi duong cong.

+ Tui khi.

+ Vu tai nan xe tham khéc nhat lich st.
+ V3§ si quyén anh.

Tat ca s& dugc giai dap trong bai tiép theo 1a “Tiéu chudn chdn thwong dau”.
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BAI 3.2.11 TIEU CHUAN CHAN THUGONG PAU (HIC): CHI SO NGHIEM
TRONG

Trong bai nay ta s& thay mot sé vi du cua gid tri trung binh caa ham sb. Muc tiéu caa ching ta
sé xac dinh dugc tiéu chuan chan thuong dau, mot dai lugng nham do luong muc d6 hu hai cua
dau.

V4o nhitng nim 1950, xe hoi con duoc biét dén nhu cd may giét nguorl Vao lic d6 xe hoi chua
dugc trang bi tai khi, ddy dai an toan, hé théng chong bé phanh, vung chiu luc hay tay nam
bang nhwa. Vo nhitng nim 1960 dén 1970, Ralph Nader da yéu cau cic nha san xuit xe hoi
phai san xuét ra nhiing chiéc xe an toan hon va diéu nay da lam giam di luong tai nan giao
thong.

I. PHANH XE BINH THUONG
Phanh xe binh thuong cua chiéc xe hoi di duong 12 10 m/s? (hay 1 g).

Phanh xe binh thuong cua chiée xe dua 1a 50 m/s? (hay 5 g). Biéu nay tuy thudc vao kiéu khi
dong hoc va vo xe 16n lam bang loai cao su dac biét.

Khi ta dimg xe, do giam toc c6 thé xay ra dot ngot (nhu trong cac vu va cham xe) nhu sau:

B giarmn téc

Thif gian

hay xay ra mot cach cham rai nhu Iuc ban phanh xe binh thuong.
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Pb giam tic

T .

Trong hai trudng hop, dién tich hinh phang dudi dudng cong 1a nhu nhau vi van téc ta can mat
la nhu nhau.

Il. KIEM TRA VA CHAM

Hiy tudng twong mot chiée xe hoi di chuyén véi van téc 48.3 km/h. Néu ta phanh xe binh
thuong, xe s€ mat mot khoang thoi gian tir 1.5 s dén 2 s dé dung hoan toan (trang thai nghi).

Nhung khi xay ra va cham, xe s& durng chi trong vong 150 ms va dinh cua do giam téc c6 thé
de doa dén tinh mang kéo dai trong vong 10 ms.

Thi nghiém kiém tra va cham c6 sy tham gia caa hinh nom, tir thi, dong vat va v si quyén anh.
I11. DU LIEU KIEM TRA VA CHAM CUA HANG MERCEDES BENZ

Cong ty Mercedes Benz la mot trong nhimg cong ty hang dau trong linh vuc san xuat xe an
toan. Cong ty nay da thuc hién nhiéu thi nghiém kiém tra sy va cham xe vagi doi twong ngoi
trong xe la hinh ném, véi muc dich giam thiéu chan thuong cho con nguoi.

Pau caa ching ta giéng nhu con lic nén day la ving dé bi ton thuong nhét trén co thé khi xay
ra va cham. Trong mot chiéc xe khong co tui khi, d6 giam toc rat manh va xay ra rat nhanh.

Tiéu chuan chan thuong dau (HIC) ¢6 vai tro rat 16n trong truong hop nay, cho biét dau cia mot
nguoi s€ bi chan thwong hay khong. (Ta s€ quan sat cach tinh HIC ¢ bai sau).

IV. GIA TRI A-3 MS

Gia trj A-3 ¢ hinh sau lién quan dén mic giam toc cuc dai, kéo dao trong 3 ms (bét ky khoang
thoi gian nao ngan hon déu anh hudng nho dén nao).
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1204 KIEM TRA Va CHAM 48,3 km/h - KHONG CO TUTL KHI
100 4
a0 -
g 60
40
20 -

0

HIC =68815
A-Zms=89 65

0 20 40 60 20 100 120 140 160180 200220 240 260 280 300
s

Néu c6 tui khi, n6 s& mé rong ra, qua d6 giam thiéu luc giam tdc. Luu ¥ rang luc cuc dai (theo
g) xuong thap hon rat nhiéu khi co tai khi.

120 4  KIEM TRA VA CHAM 48,3 lan/h - OO TUT KHI
100 -
20 - HIC  =307.84

g 604 A-3ms=4347¢
40 -

20 -

[:I L] L] L] T L T L T L) L] L] T T T T
0 20 40 60 30 100120 140 16010 200220 240 260 250 300
mas

Trong hinh vé d¢ giam téc nay, hinh chir nhat mau xanh twong cho biét phan nghiém trong nhat
IUc giam toc, khi luc cuc dai xuat hién trong mét khoang thoi gian dai.

Vi tdi khi, kha nang ban séng sot sau va cham s& cao hon. Tii khi dwoc phdng ra trong vong
25 ms.

TUI KHI + DAY BAT AN TOAN

/

Choa: TOAN -
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V. THIET KE XE HOI VA HE QUA KHI VA CHAM

Chiéc xe chg céng chla Diana bi nat

Hinh anh nay duqc chup sau khi vu va cham xe hoi xay ra vao nam 1997, lam thiét mang nhirng
nguoi trong xe, ké ca cdng chla Diana.

Can luu ¥ dén ving chiu lyc phia trude cia xe Mercedes di hoat dong nhu thé nao trong khi
buong lai van git dugc hinh dang ban dau. Tuy nhién diéu nay la chua du dé cau céng chua.

Viing chiu lyc c6 vai tro hap thu luc va cham, vi vay do giam toc duoc giam, kéo theo kha ning
chan thuong cling giam.

VI. MO HINH NHAM MO TA CHAN THUONG PAU

Ta can mo ta nguy co ton thuong dau khi va cham bang mot con sb cu thé.

Hai huéng tiép can chinh d6 1a chi s6 nghiém trong va tiéu chuan chan thuong dau.
VIIl. CHi SO NGHIEM TRONG

Trong lich st, md hinh dau tién dugc phét trién d6 1a chi s6 nghiém trong (SI).

Chi s6 nay xac dinh bai cong thirc:

T
SI [a(t)]?® dt
|

Voi:
+ T la khoang thoi gian dién ra d¢ giam toc khi xay ra va cham.
+ a(t) 1a do giam toc tai thoi gian t.

Chi s6 2.5 dwoc chon cho du va nhirng chi s6 khac dugc chon cho nhiing bo phan khéc trong
co thé (thuong nhitng bo phan de bi chan thuong).

Ghi chu:

g: Hang sé gia toc trong truong. Trong bai nay ta ldy g = 10 m/s?.
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Tiéu chuan chan thuong dau (Head Injury Criterion) nham uéc luong kha nang chan thuong
cua dau khi xay ra va cham. Xem thém tai:

http://en.wikipedia.org/wiki/Head_injury_criterion
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BAI 3.2.12 TIEU CHUAN CHAN THUONG PAU (HIC): CHi SO HIC, Vi DU
Dua vao thi nghiém, cac nha nghién cau thy rang chi s6 nghiém trong khang mé ta chinh xac
kha nang chan thuong khi va cham.

Ho phét tricn HIC dya vao gia tri trung binh cua gia toc trong phan nghiém trong nhat cua do
giam toc (dugc thé hién bang hinh chir nhat mau xanh trong di liéu ctia hang Mercedes ¢ bai
trén).

Gia tri trung binh @ cua gia téc a(t) trong mot doan thoi gian t; dén t, xac dinh boi cong thuc:

Véi HIC, dya vao dit liéu thi nghiém, ta bién ddi cong thire d6 thanh:

.

HIC = max({ty hoe t2)) | (&, — 1) - ! t J a(t) dt )
2 U

t2

Cong thirc nay c6 y nghia rang:

HIC Ia gi4 tri I6n nhat trén khoang thoi gian t6i han t; dén t, cho biéu thirc trong dau ngoic
tron (). Chi s6 2.5 duoc chon cho vung dau, dua vao thi nghiém.

I. MO HINH HOA KET QUA KIEM TRA VA CHAM

Hay quan sét vi du vé viéc sir dung HIC. Ta s& md hinh mot két qua va cham cua Mercedes
Benz, sau d6 ap dung céng thurc trén.

1. Phét trién md hinh héa

Hudng tlep can cua ching ta s€ 1a mo6 hinh hoa duong cong cua do giam gia téc bang ham sé.
Ta nhan thay rang hinh dang d6 thi dix liéu va cham vé co ban gidng véi dudng cong:

1
x%2+1

f&) =

Khoa: TOAN HOC 224




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Hinh anh nay twa nhu hinh anh “dudng cong hinh qua chuéng” trong théng ké.
2. Md hinh hoa gia téc

Bang cach mo hinh hoa dudng cong trén, ta sé thu dugc dudng cong rat sat véi di liéu thi
nghiém Mercedes.
16 400 1480

t e
o) =68z 1400 T t=93)2 1 18

Ta tim dugc md hinh nay bang céch quan séat 2 dinh trong d6 thi cia do giam tdc, c6 tam lai
68 ms va 93 ms. Bang cach thém vao 2 duong cong dang qua chudng, ta dugc md hinh rat sat
véi do thi yéu cau.

1004

801

607

407

207

Thoi gian dé may tinh tinh toan biéu thirc HIC rat 16n, nén ta can phai don gian mot s thi.

Ta c6 thé don gian cac phan tir trong ngoic nhon cua biéu thirc HIC, véi mdi gia tri khac nhau
cuad = t, — t;, ta dinh nghia ho duong cong:

t+d 2.5

1
Hia = d| 5 f a(T) dT

t
Ta thay d6i gia tri ciia bién d. Gia tri cua dinh cao nhat trén ho duong cong cho ta HIC.

3. HIC khong co tai khi
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Bay gio ta sé sir dung mé hinh cho a(t) ¢ trén va cuc dai hda gia tri cia H véi nhitng gia tri

khac nhau cua d.

200

T T !
,-\d=50

KHONG CO TULKHI

oo

d=65 ,-""}(._‘ \ d=35

00

Ho dwemg cong H dfmgvo"i
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Ta thay rang dinh cao nhét xuat hién khi d = 50, tir @ thi ta thay rang HIC xap xi 725, sat V&i
dir liéu ctia Mercedez (hinh anh trén chi cho vai gia tri caa d, trén thuc té gid tri d = 50 cho ra

duong cong cao nhat).

4. HIC co tai khi

M6 hinh s& don gian hon néu c6 tai khi vi do giam téc s& muot hon va c6 dang gan giong véi
hinh qua chudng. Mgt s6 m6 hinh da thu dugc biéu thac sau cho gia toc:

22000

a(t) =

(t —74)? + 500

Do thi nhu sau (v& cling ti 1& véi dd thi trong trudng hop khéng co tai khi):

1007

20

il

40

201

0 40 60 480

100

120 140

Ap dung lai cong thic H, ta duoc ho duong cong va mot 1an nira, d = 50 cho ta gia tri 1on nhét,

tir d6 6 két qua cia HIC.

HIC trong truong hop ¢ tii khi ¢d gia tri xap xi 310, sat véi dit liéu caa Mercedes Benz.
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Il. TIEU CHUAN CHAN THUONG PAU (HIC) CO Y NGHIA Gi?

Nhin chung, cac chuyén gia d6ng y rang gia tri HIC trén 100 canh bao nguy co de doa mang
song con nguoi.

MJdi sé bai kiém tra va cham cho ra gia tri HIC thap, tam 142 (xe Audi 8 c6 tai khi vao nim
1995).

I11. KET LUAN

Ban khong dugc 6m chat mot dua tré trong tay khi xay ra va cham.
That day an toan bao vé mang song cua ban.

Tai khi bao vé dau.

Dién tich dudi dudng cong va gié tri trung binh ¢ nhiéu tng dung.

Chu thich: Tham khao Crash Tests and the Head Injury Criterion, Henn, H, Teaching
Mathematics and its Applications, Vol 17, No 4, 1998.
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BAI 3.2.13 LUC CUA AP SUAT CHAT LONG
Luc F trong mot mién phang A tai do su y trong mot chat 1ong c6 ty trong w xac dinh béi cong
thuc:
F =wyA
Luc sé ting néu nhu ty trong ting, hay do sau ting hay dién tich mién phang tang.

Vay néu nhu ta c6 mot chiéc dia mong vei hinh thu bat ky, dé thang dung sau d6 nhing vao
chat long, luc tac dong vao mat phang 4y ting ti 1& thuan véi do su. Cho nén hinh dang chiéc
dia c6 thé thay d6i néu ta chim n6 sau hon do tac dong ngay cang 16n cua lyc.

Vay ta duoc:

Bé mit chit long

s S S

dy -

Vay tong luc tac dong 1én chiéc dia xac dinh boi cong thic:
b
F=w f xy dy

a
Voi:
+ x la chiéu dai (theo m) cua phan tir trong dia (xac dinh theo y).
+ y la do sau (theo m) cuia phan tur trong dia.
+ w la ti trong chat long (theo Nm™3). Ddi vé6i nuéc, ti trong ndy 1a w = 9800 Nm ™3
+ a 1a d6 sau phan cao nhat cua dia, dé cap trong cau hoi (theo m).
+ b 1a @ sau phan thap nhat cua dia, dé cap trong cau hoi (theo m).

Vidu 1: Tim d6 16n cua luc tdc dung vao mot canh cua thung dung hang hinh hop cé canh dai
6 cm. Biét rang thung hang nay chura day thuy ngéan va thuy ngén co trong luong riéng la
133 kN/m3.
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Traloividu 1

Piéu nay twong ty nhu ta ¢6 chiéc dia hinh vudng, canh dai 6 cm chira day thuy ngan.

&

&
F
dy__t
X

oy

!

Pay 1a vi du hét strc co ban khi d6 rong cua chiéc dia khong thay d6i khi ta nhung dia xudng
nudc, no ludn cé giatrilax = 6.

Dong thoi, d sau cua canh trén cuing chiée dia 1a 0, vay a = 0.
Pé ap dung cdng thc, ta co:

x=0.06m
y 1 bién tich phan.

w =133 kN/m = 133000 N/m
a=0
b = 0.06
Vay ta duoc:
b
Luc = foydy
a

0.06

=133 ooof 0.06y dy
0

0.06

7980[ ydy

2
_ Y
—7980<2>

=144 N

0.06

0

Vi du 2: Mbt chiéc dia hinh tam giac vudng c6 day dai 2 m va cao 1 m chim thang ding vao
nudc, vai dinh trén chim cach mat nudc 3 m. Tim d6 16n caa luc tic dong vao mot canh caa
tam giac vuong.
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Tra loi vidu 2
Trude khi xac dinh d6 16n cua lyc, ta can tim x theo y.
Bay gio, khi x = 0 thi y = 3 vakhi x = 2 thi y = 4.
Vay ta dugc:

y=mx-+c

! +3
_2x

Diéu nay dua dén x = 2y — 6.
Pé ap dung cdng thic, ta co:
x=2y—6=2(y—3)
y la bién tich phan.
w =9800 N/m3

a=3
b=4
Vay ta duogc:
b
Luc = wfxydy
a

4

=9 800[ 2y(y —3) dy
3

4
=19 600fy2—3ydy
3

4

3
y 3

=1 _ —y2

9600<3 2y>

3

=35900N
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BAI 3.2.14 SU DUNG TiCH PHAN TiNH PQ DAI PUONG CONG

I.VIDU 1- TAM SAT LUQN SONG

Mai nha bang tam sat lugn song

Tam sit luon song dugc st dung rong rai trén toan thé gisi, 1a mot vat liéu xay dyng da ning.
Tam sat ¢ hinh dang lugn song déu c6 d manh cao hon tam sat phang.

Mot vi du khac, vai miéng 16t nhe, mong va yéu s& bén hon khi ¢ hinh dang nép gip gon séng,
tao thanh céc — téng song, st dung khi van chuyén luong thuc thyc pham.

D¢ tao tim sit luon séng, ban can phai udn cong tam sat phang, rong va mong thanh hinh c6
dang séng. Sau khi hoan tat, hién nhién kich thudc tam sat luon song sé€ hep di.

Hinh dang song thuong gidng nhu duong cong hinh sine.

\ 4

Tam 16t phang duoc udn thanh hinh luon séng, kich thudc sé hep di.

Ta quan sat mot tim kim loai lugn song kich thude 4.2, duoc st dung nhiéu khi lop mai nha,
cac toa xe Itra, hay tng dung trong trang tri.
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Tam kim loai luon séng, c6 dang séng hinh sine

Tam nay c6 chiéu rong 106.7 cm, chu ky (1a khoang cach dinh trén cia song nay dén dinh trén

cua song canh no) dai 10.67 cm va c6 bién do (do cao tir diém gitra cua song dén dinh séng) 1a
1.35 cm.

Viy néu ta “kéo thang” tim gon s6ng nay tro vé tam phang, khi d6 tim phang s& c6 do rong la
bao nhiéu?

1. VIiDU 1 - CACH GIAI QUYET
Ta m6 hinh héa dang séng bang cach sir dung duong cong:
y = 1.35sin(0.589x)

Cong thirc nay c6 dugc do ta ¢ bién do 1a 1.35 va chu ky 10.67. Vi biéu thac ham sine, ta
< 27 N A A
dung Y 0.589 lam h¢ so6 cho x.

Ta sé& xac dinh do rong can thiét cua 1 song, sau d6 nhan véi s6 lugng song.

1351 L

10.67

-1.354

1) Pap an xap xi

Tiép theo, ta s& xap xi chiéu dai duong cong, tir do ta s& ¢4 ¥ tudng tuwong dbi chicu dai thyc
duong cong s€ la bao nhiéu (sé rat tot néu nhu ban c6 dap an xap Xxi trudc, no sé€ giup ban hiéu
16 hon 1y thuyét dugc trinh bay trong bai nay).

Ta dit cac diém 0 (0; 0); A(2.65; 1.35); 3(5.33; 0); €(7.99; —1.35) va D(10.65;0), la nhitng

diém mau chét cua dudng cong (d6 1a cac diém gitra, cuc dai va cuc tiéu), va ta hinh thanh cac
doan thang nhu hinh sau:
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I

Sau d6 ta dung dinh Iy Pythagoras dé tim d6 dai OA:

0A = /2.65% + 1.352 = 2.97
Do dai cua AB; BC; CD déu bang nhau, vay ta c6 thé noi:
OA+AB+BC+CD=4-297=11.88
Viy ta dy doan chiéu dai duong cong OD tam 12 cm.
2) Dap an chinh xac
Ta s& dung vi tich phan dé tim gia tri chinh xac. Nhung dau tién, ta can biét y tuong lam.

Ta phong to khu vuc gan trung tam cia doan OA va ta thiy duong cong gan nhu 1a dudng
thang.

Tai doan nay, duong cong EF gan sét v6i doan thang EF.

(181,171 F —

0.57

03060

Bang cach phong to, ta dugc:

b
Do dai duong cong EF =1 = J\/ 12 4+ 0.572 = 1.15
a

Puong nhién, d¢ dai thuc caa duong cong EF nhiéu hon gia tri 1.15 mat it.
Hay tong quat héa y tuong nay.

3) Dang tong quat cia dé dai dwong cong
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Néu d6 dai theo chiéu ngang 1a dx (gia tri x thay d6i nho) va do cao theo chiéu thang diing cua
tam giac la dy (gia tri y thay doi nho), khi d6 chiéu dai cua cung tron dr dugc xac dinh xap xi
nhu sau:

dr ~ /(dx)? + (dy)?

dx

Bay gio, néu ta di chuyén diém E rat gan voi diém F, gid tri xap xi chiéu dai dudng cong s& tot
hon trong mién dia phuong do.

Ta can cong hét tat ca cac gid tri vo clng nho nay lai. Ta dung tich phan vi n6 dai dién cho phép
cong vO han nhitng d6 dai vo cung nho, nam gitta x = a dén x = b:

b
Chidu dai = r = f J(dx)? + (dy)?
a

Ta biéu dién cong thic trén vé dang quen thudc nhu sau:
Do dai cung cua duong cong ¥y = f(x) tir x = a dén x = b xac dinh bai:
b
S dy\*
Chiéudai =r = f 1+ (—) dx
dx

a
Puong nhién, ta gia sir ham s6 y = f(x) lién tuc trong mién tir x = a dén x = b (Néu khong, ta
khong thé st dung cong thirc nay duoc).
I11. QUAY LAI VI DU VE CHIEU RONG TAM SAT
Str dung cong thirc trén dé tim chiéu rong cua tam kim loai néu trong vi du.

Traloividu 1

Ta c6 thé st dung cong thire trén dé tim d6 rong can thiét cua tim sit phang. Hay nhé rang ta
dang tim d¢ rong can thict cho 1 cung song, sau d6 ta nhan két qua véi so lugng cung song.

Trong vi du trén,

y = 1.355sin(0.589x)
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A

Vay,
dy
dx

Trong doan can xét, can dudi 1a x = 0 va can trén 13 x = 10.67. Thay vao cdng thic tich phan,
ta s€ tinh dwoc d6 dai cua 1 cung song.

= 0.795 cos(0.589x)

10.67

r= f 1+ (0.795 cos(0.589x))2 dx = 12.196
0

Vay ta dugc do dai cua 1 cung song la 12.196 cm.
Tam sit gon séng nay c6 % = 10 cung séng trai dai chiéu rong. Vay kich thudc tim sit
phing ban dau dé tao ra tim sat gon song c6 do rong 1a 106.7 cm 1a:
10-12.196 = 122.0 cm
IV. Vi DU 2 - UNG DUNG VAO PiA PARABOLA

Ta md hinh hda mit cat ngang cua dia parabola bang d6 thi y = 0.04x? (theo don vi metre), tir
x = —5m dén x = 5 m. Ta can thiét ké mot bang thép dé bao quanh ria ngoai chiéc dia. Ta nén
thiét ké bang thép nay c6 do dai la bao nhiéu?

Ta can tinh d6 dai duong cong AB.
Tra loi vidu 2
1) Uéc tinh

Hay nhin vao d6 thi (dd duoc canh chinh ti I¢ trén truc x va truc y), ta c6 thé thiy dap an cudi
cung s€ lon hon 10 m, mot gia tri nao do gitra 10 mva 11 m.

2) Chinh xac

Bay gio ta sé tinh chinh xac chiéu dai:

Chiéu dai = r

O vi du nay,
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y = 0.004x?
Vay,

dy

— =0.08

dx x

Can duéi la x = —5 vacan trén la x = 5. Thay vao cbng thue, ta duoc:
5
r= f 1+ (0.08x)2dx = 10.261
-5

Luu y: Toi da diung mot sé phan mém tinh toan dé tinh tich phan, dién hinh 1a tich phan & trén.
Nhiéu bai toan tinh do dai duong cong xuat hién nhiing tich phan khong thé tinh “thu cong”
(tich phan trén co thé giai “thu céng”, nhung khong dé thiy ngay cach giai). Thuong cach don
gian nhat dé tinh tich phan d6 1a st dung cic phuong phap tinh toan sb, hoic 13 sir dung pham
mém may tinh nhu Matlab, Wolfram|Alpha.

Viy bang thép co d6 dai 10.26 m. Pap an nay phu hop vai du doan ban dau.
V. VI DU 3-DAY CAP CAU CONG VANG

Nhip trung tam cua cau Cong Vang tai San Francisco, My dai 1 280 m.

1280 m
Nhip trung tam cua cau Cong Vang

Chiéu cao cua toa thap 12 152 m tinh tir mat duong, hoi cép treo chinh giira 2 toa thap co chiéu
dai la bao nhiéu?

Tra loividu 3
Pau tién ta cin mo hinh duong cong, tire tim phuong trinh dudng cong gidng voi cap treo.

Mot cap treo ty do ¢ dang soi day chuyén. Dang tong quét cua day chuyén nay d6 1a tong cua
2 ham s6 mii:
a(e™ + e~ )
y= >

Déy cép cau Cong Vang tya hinh day chuyen va tya hinh parabola, nhung khong hoan toan
giong 1 trong 2 hinh trén (do anh huong cua khoi luong day cap, moc treo cap va mat duong).
bé thuan tién, ta gia sir day cap cd hinh dang xich.
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Ta dit gbc toa d6 ngay diém thap nhat cua day cap.

Puong cong yéu cau (sau khi udc lwong va kiém tra) di qua cac diém (—640; 152); (0;0) va
(640; 152) c6 phuong trinh la:

pX/1326 4 ,—x/1326 )
-1

=12
y 80( >

Pay la d6 thi cua cau hoi trén. Ta c6 thé thay né di qua nhitng diém da cho trudc.

A0-640, 152) 200 B (640, 152)

-G00 -400 -200 o] 200 400 Goo

DPao ham ham sb trén, ta duoc:

dy 640 eX/1326 4 o—x/1326
dx 663 ( 2 >

Str dung cong thirc tinh chiéu dai duong cong, bat dau tir diém x = —640 va két thic tai diém
x = 640, ta duoc:

610 640 ex/1326 1 g—x/1326\2
J 1+<663 > ) dx =1 326.956

—-640
Vay chiéu dai cia soi cap chinh & nhip trung tam 1a 1 327 m.
Néu tinh ludn ca day cap & ngoai nhip trung tdm thi tong chiéu dai cua mdi day céap 1a 2 332 m.

Chuyén bén I&: Buong kinh cia méi nhip cap chinh ¢ cau Cong Vang gan 1 m (chinh xéc la
0.91m) va tong chieu dai cua day thép ma kém su dung cho ca 2 day cap chinh la
129 000 km.

Ghi chu:

"' inches, don vi do dudng chéo cua tim kim loai trong bai, c6 gia tri xap xi 10.668 cm.

Tham khéo thém céch hinh thanh cdng thuc tai “Chuong II: Dao dong co”, Vat ly 12 nang cao,
Nha xuat ban Giao duc Viét Nam, thang 02 ndm 2012. Ban doc c6 thé twong tac tai trang

http://www.intmath.com/trigonometric-graphs/2-graphs-sine-cosine-period.php dé hiéu r6 hon
vé khéi niém bién do, chu ky, tan sé cia dao dong hinh sine.
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BAI 3.2.15 PO DAI PUONG CONG: PHUONG TRiNH THAM SO, TOA PQ
CUcC

I. TINH PO DAI PUONG CONG KHI BIET PHUONG TRINH THAM SO
Ta s& nhin vao vi du sau, tir d6 s& phat trién 1én y tuong tong quét:
Vidu 1: Pwong dua:

Trong bai “Chuyén déng cong” c6 néu vi du mét chiéc xe dua di chuyén trén dudng cong cd
phuong trinh tham s6 la:

x(t) =20+ 0.2¢3
y(t) = 20t — 2t?

Véi x va y theo don vi m va t tinh theo giay.

Hoi trong 8 s dau tién, xe di chuyén duoc bao xa?
Céch giai:

Do thi cho truong hop nay dugc cho & bén dudi.

Cach vé& d6 thi phu thudc vao cach ta dat diém x va y trong khoang thoi gian gitat = 0va t =
8.

Vi duy, véi t = 0 thi x(0) = 20 va y(0) = 0, vay chiéc xe xuat phat tai diém (20; 0).
Tai t = 3, x(3) = 25.4 va y(3) = 42, vay chiéc xe & vi tri (25.4; 42).
Cudi cuing, tai t = 8, chiéc xe ¢ x(8) = 122.4 va y(8) = 32, tuc vi tri (122.4; 32).

504

20 40 6l 20 100 120 140

Udce lugng:
Dua vao do thi, ta ¢ thé du doan dap an vao khoang 150 m.

Ta mo rong van dé da ban trong bai “Sir dung tich phan tinh do dai dwong cong” cho trudng
hop tham so.
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Ta bt dau véi biéu thirc da gap ¢ bai trén:

b
D6 dai = r = f\/(dx)z T+ @)?
a
L4y vi phan theo t, binh phuong 1én, ta duoc két qua:

(@) =) +(@

L4y can duong mdi Vé, ta duoc:

dr (dx)z N (dy)z
dt | \dt dt

Sau d6, 14y tich phan theo t tir t = t; dén t = t, cho ta cong thirc tinh d6 dai duong cong theo

phuong trinh tham so:
t2
poaii=r= [ (%) +(L) a
eaa=r= dt dt

t1

Tro lai vi du 1:

Tim d6 dai xe da di theo yéu cau, sir dung cong thic trén.
Traloividu 1

Bay gio ta s& st dung cong thiic dé tinh quing dudng xe da di duoc.

Trong truong hop nay, ta co:

x(t) =20+ 0.2¢3

= 9 _ o6e2
dt
Ngoai ra,
y(t) = 20t — 2t?
dy
= — =20 — 4t
dt

Can trén va can dudi trong vidunay lat = 0 dén t = 8.
Thay vao cong thuc quang duong, ta dugc:
8

Pbodai=r = fJ(o.etZ)Z + (20 — 4t)2 dt = 144.7
0
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Vaiy trong 8 gidy du tién, xe dua di dugc 144.7 m. Pap an nay phu hop véi du doan cua ta ban
dau.

II. PO DAI PUONG CONG TRONG TQA PQ CUC
Mot lan nira, ta s& bat dau tir mot vi du dé lay y tuong.
Vi du 2: Pwdng xodn 6c vang:

Puong xoin ¢ vang c6 tinh chat rang véi mdi 1an quay mét goc phan tu (90° hay g radian).
Khoang céch tinh tir tim duong xoan bc¢ ting dan theo ti 1é vang ® = 1.618.

Cong thire cho duong xoan bc¢ vang nhu sau:
r(0) = 1.618 0330306 356
Cach giai:

Tim d6 dai duong xoin &c vang, tinh tir tAm cho dén diém ma duong xoin dc di xoay dugc 2
vong.

Duéi day 1a hinh dudng xodn dc va do dai dudng cong can tim. Hinh nay duoc vé bang cach
thay cac so do goc tir & = 0 dén 6 = 4w (2 vong xoay).

Viéc ude lugng gia tri lic nay kha kho. Nhung ta cé thé xap xi bang hinh tron, ban kinh 40 va
ta sé duoc ket qua chu vi:

C = 2nr = 2n(40) = 80w =~ 251

I11. DANG TONG QUAT CHO CONG THUC TiNH PQ DAI PUONG CONG TRONG
TOA PO CUC

Tong quat, do dai cung tron caa duong cong () trong toa do cuc xac dinh bai cong thuc:

b 2
o= [ ey
=) 07 " \ae
a

Véi @ xoay tir 6 = a dén 6 = b.
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Tro lai vi du 2:
Str dung c6ng thure trén dé tinh do dai duong xodn 6¢ vang, xoay 2 vong.

Tra I6i vi du 2

Ta co:

r = 1.618 0330306350
Vay:

r? = 2,618 03¢06127¢
Va:

z—; = 0.495 68¢0-306 350
Ta can:

2

dr
_ 0.612 76
(d@) 0.245 697e

Thay vao cong thte, ta tinh duoc d6 dai yéu cau:
am

L= ] \/2.618 03e0:61276 4 (.245 7¢061270 9 = 254
0

Pap 4n nay rat gan vai két qua ta du doan.

Luu y: Dap an 254 dugc tinh thong qua cac chuong trinh tinh toan nhu Matlab, Scientific
Notebook hay Wolfram|Alpha (chuong trinh nay cho ra két qua la 254.2).

Néu ban mudn tinh tich phan nay bang “tha cong”, ban c6 thé ding céch tinh toan sb bang quy
tac Simpson hay tong Riemann.

Vi du 3: Pwong xoin 6c Archimedes.

Ta c0 thé thay duong xoan ¢ Archimedes trong 10 xo co hoc cta dong ho.

Pong ho co hoc
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Tim d6 dai cua 10 xo trong ddng hd phang, biét hinh dang duong xodn 6c¢ cua 10 xo 1a 7.5 vong,
ban kinh trong la 5 mm va ban kinh ngoai la 15.5 mm.

Tra I6i vi du 3

Day 1a d6 thi cua dé bai:

Puong xoin 6¢ Archimedes,
ban kinh trong 5, ban kinh ngoai 15.5,
khoang céch gitta moi nhanh 1a 1.4 don vi

DPuong xoan 6¢ Archimedes cé cong thuc tong quét trong toa do cuc la:
r=a+ b6

vé6i r 1a khoang cach tir tm, a 1a diém bét dau cia dudng xoan 6¢ va b ¢6 anh huong dén
khoang cach gitra moi nhanh (khoang cach la 2rh).

Trong trudng hop nay, a = 5 (vi day la diém bat dau cua dudng xoan oc).
Khoang céch gitra méi nhanh la:

15.5—5_10.5_14
75 7.5

va ta xac dinh b bang céch:

1.4
b = TTC = 0.222 82

Vay codng thac caa chung ta la:

r =5+ 0.222 820
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Goc quay ban dau cua 6 1a a = 0 va sau khi quay 7.5 vong, diém két thic 1a b = 7.5 2 =
157 = 47.123 89.

Pao ham:

ar _ 0.222 82
e
Thay vao cong thuc cua chung ta, ta duoc:
157

L= f J(5+0.2228260)2 + (0.222 82)2 d6 = 483.1
0

Viy 16 xo dong ho dai 483.1 mm.
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PHAN 3.3 CAC CONG THUC TiNH TiCH PHAN
BAI 3.3.1 MO DAU
Trong phan nay, ta s& trai nghiém maot vai ky thuat tha vi dé tinh tich phan phuc tap, tir d6, ban

c6 thé giai quyét nhiéu bai toan can ung dung cua vi tich phan.

Mot s6 ki thuat co thé ban s& thiy “kinh hi” khi m&i nhin, nhung thuc ra né chi nguoc véi cac
cong thire tinh dao ham co ban va cdng thic tinh dao ham ham siéu viét.

Ngoai ra, cac cdng thirc c6 trong chuwong nay dya vao cong thuc liy thira tong quat trong tich
phan ma ta da gap tu trudc.

Trong phan nay:
+ Bai 3.3.1 Mo dau.
+ Bai 3.3.2 Cong thie tinh tich phan ham lily thira tong quét.
+ Bai 3.3.3. Cong thure tinh tich phan ham logarithm co ban.
+ Bai 3.3.4 Cong thtc tinh tich phan ham mdi.
+ Bai 3.3.5 Cong thtre tinh tich phan ham lugng giac co ban.
+ Bai 3.3.6 Mot sb cong thic khac tinh tich phan ham lugng giéc.
+ Bai 3.3.7 Cong thtc tinh tich phan ham lugng giac nguoc.
+ Bai 3.3.8 Tich phan ting phan.
+ Bai 3.3.9 Tinh tich phan bang cach dit an luong giac.
+ Bai 3.3.10 Tinh tich phan bang cach dung bang.
+ Bai 3.3.11 Bang mot s6 tich phan thuong gap.
+ Bai 3.3.12 Tinh tich phan bang cong thirc hdi quy.
+ Bai 3.3.13 Tinh tich phan bang phan s riéng phan.
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BAI 3.3.2 CONG THUC TiNH TiCH PHAN HAM LUY THUA TONG QUAT

Trong bai nay, ta &p dung cong thirc sau cho ham lugng giac, ham logarithms va ham mii:

un+1
Tdu = C, #1
fu u n+1+ (n )

Vi du 1: Tinh tich phan:
f sin'/3(x) cos(x) dx
Tra loi vi du 1
f sin/3(x) cos(x) dx

1 A e \
Ta sé chon u = sin(x) ; u = sin3(x) hoac u = cos(x). Tuy nhién, chi c6 cach dat dau tién la
phu hop vai cdng thuc cua ta.

Vay ta dat:
u = sin(x)
Tinh vi phén:
du = cos(x) dx

Thay vao tich phan, ta dugc:
f sin?/3(x) cos(x) dx = f ul/3 du

3u4/3
=——+K
4

3 sin/2(x)

+ K
4

Ta c6 duoc dong cudi cuing bang cach biéu dién lai dép an theo x.
Vi du 2: Tinh tich phan:
f sin~1(4x)
—dx
V1 — 16x?
Tra loi vi duy 2
f sin™1(4x)
—dx
V1 — 16x2
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Ta c6 nhiéu cach dit u trong truong hop ndy, vi du nhu sin~'(4x), hay 1 — 16x2, hay
V1 — 16x2. Chi mot trong s ndy s& cho ra du ma ta ¢d thé dung dé tinh tich phan., d6 1a cai
dau tién.
bit u = sin~1(4x).
Khi do, dua vao céng thirc dao ham ham lugng giac ngugc, ta duoc:
4
——dx
V1 — 16x?
Ta chia hai vé cho 4 dé ta thay vao tich phan ban dau.

1 1
—du = ——=dx
4 V1 —16x2

du =

Khi d6, tich phan ban dau viét thanh:

sin~1(4x) 4 1f 9
—————dx=-| udu
V1 — 16x2 4

Biéu thirc bén vé phai 1a mot tich phan don gian:

1jd—1”2+1<
7 B

Dé két thic bai toan, ta thay sin~*(4x) va u:

sin™1(4x) e — (sin~1(4x))?

—= K
V1 —16x2 y 8 "
Vi du 3: Tinh tich phan:
(3 +In(2x))3
f . dx

Tra loi vidy 3

f (3 +1n(2x))3 "
X

bat:
u=3+2In(2x)
Ta c6 thé mg rong phan log bén vé phai nhu sau:
3+ 1In(2x) =3 +In(2) + In(x)

Hai phan tir dau tién ¢ vé phai 12 hiang sé (ma dao ham bang 0) va dao ham logarithm ty nhién
cuax la i
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Khi d6 du = = dx.

X

3
J(S + In(2x)) gy = ju3 i
x

ut
——+K

1 +
B+ In(2x))*

+K
4

Vi du 4: Tinh tich phén.
fZ 1—e*e*dx
Tra loi vi du 4
fZ 1—e*e*dx

bat:
u=1-—e*

Dao ham cua u la:

2 ) (—p=X) = p—X
Ix 0—(—e™)=e
Vay vi phan du la:
du =e*dx

Thay vao tich phan va tinh, ta dugc:
f2v1+e‘x e *du = Zf\/ﬂdu

= 2[111/2 dx
2

=2 (—) u/? + K
3

4
=§(1 —e_x)3/2 + K

’ 2
Vi du 5: Xac dinh phuong trinh duong cong, biét % = (nx))”

(1;2).

va duong cong di qua diém

Traloividu5
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2
y=j9¥§ldx
batu = In(x).

Khi d6 du = < dx.

X

(In(x))?
y=f_77—“

=fu2du

—u3+K
3

3
_anG)®

K
3

Véix = 1thiy =2 nén:

,_ (n@)y*

3
=K =2

K

Vay phuong trinh dwong cong la:

MU

1w0hY
8_.

[T S =

qua diém (1;2)

D6 thi phuong trinh duong cong o vi du 5, di

BAI TAP: Tinh céc tich phan sau:
Bai tap 1:
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bat:

A

Vay:

Bai tap 2:

pit:

(cos™1(2x))*
V1 —4x2
Tra loi bai tap 1
(cos™1(2x))*
V1 —4x2

dx

dx

u = cos™12x
-2
= du = ———dx

V1 — 4x2

(cos™1(2x))* J 1 f S dy

X=-=
V1 — 4x2 2
—( 1) L
-~ \ 2/\5
—(cos™12x)>
= 4K
10 +

e
1—-21
fﬂdx
X
1

Tra loi bai tap 2

e

J‘(l—Zlnx)dx

X
1

u=1—2lnx

= du=—dx
X
e x=e
(1-2Inx) 1
f—dxz—— J udu
X 2
1 x=1
1<u2> e
2\ 2 et
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(1—21nx) >

1

S
( (1—2(1))) (—(1;0)2>

T
t -
4

Vung sam mau minh hoa cho tich phéan & bai

tap 2
Bai tap 3:
1
J(ex +e ®)a(eX¥ —e ) dx
Tra loi bai tap 3
1
J(ex +e ®)a(eX¥ —e ) dx
Pit
u=e*+e”*
> du=(e*—e™)dx
Khi do:

1 1
f(ex +eX)a(eX* —e ™) dx = fuz du
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4u5/4
= +K
5

_4(e* +e)3/*
B 5

+ K

Bai tap 4:

/2
sin 8 d6

73 V1 + cos@
Vs

Tra loi bai tap 4

/2
sin6 dé@

V1 + cos@

/3
batu =1+ cos 8, khi d6 du = —sin6 df
Vay:

/2 O=m/2
sin 8 dé f du

‘s \/1+c059—_ Vu
T
0=m/2
=— u=? du

0=m/3

0=m/2
= =20,

=11'/

= —2(V1 + cos 9)|:Z

=-2(V1+0-+v1+05)

= 0.449489
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2hY
1 -
0
| | : - -
—T b ar b
-1 1
24
Vung sam mau minh hoa cho tich phéan & bai
tap 4

Bai tap 5: Tim phuong trinh dudng cong, biét Z—i’ = (1 + tan(2x))? sec?(2x) va dudng cong
di qua diém (2; 1).

Tra loi bai tap 5
d
Y (1 + tan(2x))? sec?(2x)
dx
Ta can tim:
y = f(l + tan(2x))? sec?(2x) dx
bitu = 1 + tan 2x, khi d6 du = 2 sec? 2x dx

y = f(l + tan(2x))? sec?(2x) dx

1
=§fu2du

u3

=—+K
6

1 + tan 2x)3
Z%Jr

Puong cong di qua diém (2; 1), tac khi x = 2 thi y = 1. Ta thay thé gia tri nay vao két qua:

- (1 +tan2(2))3

K
7 +
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1+ tan4)3
1=%+

1=1.674539+K
Piéu nay din dén K ~ —0.675.
Vay cubi cung ta da c6 ham sb y theo yéu cau:

_ (I+tan 2x)3

—0.675
6

y

Ay

[T - T Y

[
+

Do thi ham sb:

(1 + tan2x)3
y=-—r 2 0675

7 6
di qua diém (2; 1)

Bai tap 6: Mot tau khong gian dugc phong thang dung tir mat dat, ¢d van toc v (theo km/s)
thoa:

v =[In?(t3 + 1)] i

t3+1
véi t la thoi gian tinh theo gidy. Tim d¢ cao cua tau sau 10 giay.

Do thi cia ham v duoc cho dudi day.
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gh?

\

t
: -

10 20

Vung 1am mo 1a d6 cao ta can tim trong bai tap

6

Ta co:

Tra loi bai tap 6

s=fvdt

(trong bai nay ta co thé dung s hoac h 1am ky hiéu dai dién cho chiéu cao.)

Ta can tim:
tZ
f[lnz(t3 + 1)] e dt
Pit:
u=In(3+1)
= du = 3¢ dt
t3+1

Trong dau tich phan, ta can:

Vay:

u? =1n?(t3+1)

1
= — Zd
S Sfu u

—u3+K
9

Khoa: TOAN HOC 254




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

In3(t3 + 1
_E+1)
9
Vi d6 cao bing 0 khi t = 0, ta thay thé gia tri nay vao va thu duoc K = 0.
B In3(e3 +1)
B 9

Tai t = 10, d6 cao cua tau khéng gian la:

o In3((10) + 1)

=366k
9 m
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BAI 3.3.3 CONG THUC TiNH TiCH PHAN HAM LOGARITHM CO BAN

Cong thire ham liiy thira tong quat ma ta thay & bai trén thoa man véi cac gié tri n khac —1.

Néu n = —1, ta can lam nguoc phan dao ham ham sb logarithm dé giai quyét tinh hudng nay.
1
fadu =In(lul) + K

DAu tri tuyét doi ctia u rat quan trong vi chua c6 dinh nghia vé logarithm caa s6 am.
Ta c0 thé viét lai cong thic thanh:
f(x)
f(x)

NGi bang 10i, didu nay c6 nghia rang trong phan sé, tir sé chinh 1a két qua dao ham cia mau s6
thi tich phan phan s6 @6 chinh 1a logarithm tu nhién caa ham so.

dx =In(|[f(x)|) + K

Vi du 1: Tinh tich phén:

f 2x3 g
x*+1 x
Traloividul
f 2x3 \
x*+1 x
biatu = x* + 1, khi d6 du = 4x3 dx.
f 2x3 4 _lfld
x*+1 x—2 u u
1
=Eln(|u|)+K

1
= Eln(|x4 +1)+K
Trong bai nay, ta khong nhat thiét phai dat dau tri tuyét déi vi x* + 1 > 0 v6i moi gia tri x
thuc.

Vi du 2: Tinh tich phan:

/4
f sec?(x)
4 + tan(x) x

Tra loi vidu 2
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/4
f sec?(x)
4 + tan(x) x

bit u = 4 + tan x, khi d6 du = sec? x dx.

SE

A
dx = In(|4 + tan(x)|) |3

n()

= 0.223

f sec?(x)

4 + tan(x)
0

sec2(x)
4+tan(x)

bay la duong cong y =

2AY

—'1r[ —'EI.'E*.r[ ﬂ.lﬁ’.ﬂ: T 1.'511 Lo

Vuing saim mau |a phan dién tich ta vira tim

Vi du 3: Tinh tich phan.

! d
f x In(x) x

Tra loi vidy 3

! d
f x In(x) x

fxlnl(x) dx = J%du

Pit u = In(x), khi d6 du = %dx:
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Vi du 4: Phuong trinh:

=In(Jlu])) + K
=In(|]In(x)|) + K

[
~ ) 20—

biéu dién mot luc ti 1& véi van toc caa mot vat thé dang di chuyén xubng trén mot mat phang
nghiéng. Tim van toc v la ham so6 theo thoi gian t, néu nhu vat bat dau di chuyén tir trang thai

nghi.

batu = 20 — v, khi d6 du = — dv.

Vay:

Voit=0thiv=0.

Tra 16i vi du 4

[
~ ) 20—

_f 1 d
~ ) 20—-0%

1
= —f—du

u
=—In(Ju]) +K

=—In(J20—-v|) + K

Vay 0 = —In(20) + K = K = In(20).

Tur d6 ta duoc:

t =1n(20) — In(20 — v)

Ap dung cong thire logarithm, ta duoc:

L4y e hai vé, ta duoc:

Nghich dao phan sd, ta duoc:

.20

© T20-v
20— v

_t=

€ 20
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& 20e t=20—v
S v=20-20e¢

Sv=201-e7Y

pry

15

10

9 4 6

Day la dd thi van tdc cua vat thé theo thai gian
t

BAI TAP: Tinh tich phan cac ham sé sau:

Bai tap 1:
[Easrek
x@+2mmG)
Tra loi bai tap 1
Errek
x(1+ 2In(x)) x
Pit:
u=14+2Inx
2
= du =—dx
X
Khi do:
f 1 dy = 1f1d
x(1+ 21In(x)) =3
1
=§ln|1+21nx|+K
Bai tap 2:
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2
Jx2+1d
x3 + 3x x

1

Tra loi bai tap 2
2
Jx2+1d
x3 + 3x x
1
biatu = x3 +3x,khido du = 3x2+3) =3(x%?+1)
2 x=2
J‘x +1 _1J du
x3+3x 3 u

1 -
= 3 (nfuDlz?

1
= §(ln|x3 + 3x|)|3

= % (In(14) — In(4))

= 0.418
\ , 2
Pay la dd thi ham sé y = x’;:;x:
chY
4 -
2 4
£
] ] I I ] | F
= 1 2 3 4 5 6 7
ol
Vung lam mo 1a tich phan ta vira tim

Bai tap 3: Cong suat dién p tao ra tir mot dién tro nao d6 xac dinh boi:

B 3_[ sin(rt) .
p= 2 + cos(mt)

Khoa: TOAN HOC 260




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Vi t 1a thoi gian. Biéu dién p 1a mot ham sé theo t.

Tra loi bai tap 3
3 f sin(7t)
B 2 + cos(mt)
batu = 2 + cosnt, khi d6 du = —m sinmt.

Vay:
5 J‘ sin(7t)

—dt
2 + cos(mt)

3 f —msinmt
T

3
= —E(ln(Z + cosmt)) + K

Duéi day 1a @6 thi ham két qua

2 + cos(mt) dt

2AY
2 -
1
2 -1 1 2 3 4
_1 —
Do thi ham sé cong suat dién p theo thoi gian t
(V6i K = 2)
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BAI 3.3.4 CONG THUC TINH TiCH PHAN HAM MU
Bang cach 1am nguoc quy trinh khi dao ham ham sé mi, ta s& dugc cong thic rat quan trong:
f edu=e“*+K

Cong thtrc nay rat thi vi vi két qua tich phan giéng véi biéu thirc 1y tich phan, d6 1a e®.

j3e4x dx

Traloividu1

j3e4x dx

bat u = 4x, khi 6 du = 4dx. Tich phan cua ta tro thanh:
du
f3e4x dx = J 3(e%) —
4
_3 [end
= 2 e u

“Sen ik

Vi du 1: Tinh tich phan.

= %e“x + K
Vi du 2: Tinh tich phan.
fex44x3 dx
Tra loi vidu 2
fex44x3 dx
bit u = x*, khi d6 du = 4x3 dx. Tich phan cua ta thanh:
fex44x3 dx = fe“ du
=e"+K

=eX" +K

Vi du 3: Tinh tich phan:
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1

J sec?(x) etan®) gy
0

Day 1a duong cong y = sec?(x) e@n(:

154Y
10+
5 -
-
-1 1
Vuing lam mo 1 phan dién tich ta can tim

Traloividu 3
1

f sec(x) efan®) gy
0

bit u = tan(x), khi d6 du = sec?(x) dx. Nén ta duoc:
1

fseCZ(x) etan(x) dx = etan(x) (1)
0

= 3.747
Puong nhién, x tinh theo radian. Ky thuat tinh tich phan nay khong sir dung dugc theo do.
Vi du 4: Trong ly thuyét laser, ta thiy rang.
Iy

Ezaje"Txdx
0

véi a; I, va T lahang s6. Tim E.

Tra loi vi du 4
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Io

E=aJe‘Txdx
0

bat u = —Tx, khi d6 du = —T dx. Tich phan cua chlng ta thanh:

Io

Ezafe‘Txdx
0

X=10

2 [ e
—Teu

x=0
a -1

a
= —Z (™I

a
= 7 (1 - e‘TIO)
I. BAI TAP: Tinh cac tich phan:

Bai 1:

f xe % dx

Tra'loi bai 1

fxe"x2 dx
bit u = —x?, khi d6 du = —2x dx.

1
fxe‘x2 dx = —Eje”du

- etk

.2
e~ X

Bai 2:

secx esSmx

Tra loi bai 2
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Vi— = cos x, ta co thé viét lai biéu thuc trong dau tich phan Ia:
4 cosx
esinx dx
bat u = sinx, khi 36 du = cosx dx
4 cos x du
esinx dx = 4 e_u

=4fe‘“du

=—4e U+ K

= —4e”SNX + K

Bai tap 3:
1
dx
| 7=
-1

Tra loi bai tap 3

Vi —(2 — 3x) = 3x — 2, ta cd thé chuyén biéu thic & mau Ién trén va viét lai biéu thic trong

dAu tich phan la:
1

1
fe—(Z—Bx) dx = fe3x—2 dx
-1

-1
batu = 3x — 2, khi d6 du = 3 dx

Vay:

1
1
fQSx—Z dx = 5(63’5_2”11
-1

1
= § (el - e—S)
= 0.9038

Dudi day 1a b thi ham s6 y = —=—:

X"
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shY

\
m' m

Vung lam mo la tich phén ta vira tim

Bai tap 4: Tim phuong trinh dudng cong, biét Z—z = Ve**3 va dudng cong di qua diém (1; 0).
Tra loi bai tap 4

Ta can tim:

y = f /ex+3 dx

va thay céc gia tri diéu kién dé tim phuong trinh duong cong.

Pit u = x + 3, khi d6 du = dx. Biéu dién tich phan:
y = f\/e"+3 dx

=f\/e_”du

= feu/z du

=2e%2 4+ K
=2e(+3/2 4 g

Bay gio, duong cong di qua diém (1; 0), diéu nay c6 nghia khi x = 1 thi y = 0. Vay:
0=2e?+K

chota K = —2e?.

Vay phuong trinh duong cong la:
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(x+3)

10+

]

D6 thi duong cong ta vira tim, cho thay duong

cong nay di qua diém (1; 0)

I1. UNG DUNG: Thé tich khdi tron xoay

Hinh phéng bao boi duong cong y = e, truc x va hai can x = 0 va x = 3 xoay quanh truc x.
Tim thé tich khoi tron xoay tao thanh.

Tra loi

20

/

Khi mién phing duoc 1am ndi mau xoay quanh truc x hét 360°, ta duoc:
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Ap dung cong thire tinh thé tich khéi tron xoay, ta duoc:

Il
Q
—

®

N

8
Iy
=

(e - 1> 3
= T don vi

Zldonw
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BAI 3.3.5 CONG THUC TiNH TiCH PHAN HAM LUQNG GIAC CO BAN

Ta c6 dugc mot s6 cong thic tinh tich phan ham lugng gidc bang cach 1am nguoc lai ¢ong thuc

vi phan ham luong giac.

J sin(w) du = — cos(w) + K
J cos(w) du = sin(w) + K
f sec2(w) du = tan(w) + K
J esc2(w) du = — cot(w) + K

Ta s& ap dung cac cong thirc trén dé tinh mot sé tich phan sau.

Luu ¥: Moi s6 do gbc déu tinh theo radian. Cong thirc nay khong ding trong do.

Vidu 1: Tinh tich phan:
J e* csc?(e*) dx
Traloividu 1
j e* csc?(e*) dx
batu = e*, khi d6 du = e* dx.
f e* csc?(e*) dx
= f csc?(u) du

= —cot(u) + K
= —cot(e®) + K

Vidu 2: Tinh tich phan:

x2

1
sin\—
[ &,
Tra 16 vi du 2

dx

f sin (5)

x2

Khoa: TOAN HOC

[ 269




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Pit u = i khi d6 du = — — dx.

x2

dx

f sin ()

2
=— J sin(u) du
=cos(u) + K
1
= oS (—) + K
X
I. TICH PHAN CUA sec(x), csc(x)
Ta c0 thé thu dugc két qua tinh tich phan, don gian bang cach lam nguoi quy trinh vi phan.
f sec(u) tan(u) du = sec(u) + K
f csc(u) cot(u) du = csc(u) + K
Vi du 3: Tinh tich phan:
f csc(2x) cot(2x) dx
Traloividu 3
f csc(2x) cot(2x) dx
batu = 2x, khi d6 du = 2 dx.

f csc(2x) cot(2x) dx
= fcsc(u) cot(u)dTu

= %J csc(u) cot(u) du

= %(— csc(w)) + K

1
=— Ecsc(Zx) +K

I1. TICH PHAN CUA tan(x) ; cot(x)

Bay gio, néu ta mudn tim [ tan(x) dx, ta luu y rang:
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tan(x) dx = sin(x) dx
J J

cos(x)

bat u = cos(x), khi d6 du = — sin(x) dx. Tich phan cua chlng ta thanh:

f tan(x) dx

sin(x)
- jcos(x) dx

du

u
=—In(Ju]) +K
= —In(Jcos(x)|) + K

Tuong tu, ta co thé chang minh cong thuc:
f cot(x) dx = In(|sin(x)|) + K
I11. BANG CONG THU'C TICH PHAN HAM LUQNG GIAC
ftan(u) du = —In(Jcos(u)|) + K
jcot(u) du = In(Jsin(u)]) + K
j sec(u) du = In(|sec(u) + tan(u)|) + K
f csc(u) du = In(Jesc(u) — cot(u)|) + K
Vi du 4: Tinh tich phén:
f x? cot(x3) dx
Tra loi vi du 4
f x? cot(x3) dx
bit u = x3, khi d6 du = 3x? dx.

f x? cot(x3) dx

= J cot(u)d?u
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1
= —j cot(u) du
3
1 .
= §ln(|sm(u)|) + K

= %ln(lsin(x3)|) +K

Vi du 5: Tinh tich phan:

1
6 f tan (g) dx
0

Tra 1o vi du 5

Ditu = ’2—‘ khi d6 du = - dx.

N | =

1
6 [ tan (3) dx = 6(-2) (in|cos3])| = 1.5670
0
0

Puong nhién, x tinh theo radian.

Pay la dudng cong y = 6 tan (g)

Ay

151

10+

Vung 1am mo 1a phan dién tich ta can tim

Vi du 6: Tinh dién tich dudi duong cong y = sin(x) tr x = 0 dén x = 3771
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Traloividu6

DAu tién ta vé hinh trudc:

R

)

Ta can tach tich phan ra 1am 2 phan vi c6 mét phan cia dirng cong nam trén truc x (phan tir 0
£ A . PR ‘i A s £ 3 5 A 14 . N, A
den ), phan con lai nam dudi truc x (phan tir  dén 7” va ta can lay tri tuyét doi).

3n |
T 2

Dién tich = f sin(x) dx + f sin(x) dx
0 s

31

= (= cosG))IF + |(— cos(x))| .2

=2+ |-1]
= 3 don vi*
IV. BAI TAP: Tinh céc tich phan:

Bai tap 1:

sin 2x
5 dx
COS* Xx

Tra loi bai tap 1

sin 2x
S—dx
cos? x
Can nhd rang sin 2x = 2 sin x cos x
sin(2x) 2 sin x cos x
o dx= | —————dx
cos2(x) cos? x

sin x
=2 dx
COS X
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= thanxdx
= —2In|cosx| + K
Bai tap 2:
/3
f (1 +secx)?dx
/4
Tra loi bai tap 2
/3
f (1 +secx)?dx
/4
Bay gio:
(1 +secx)? =1+ 2secx + sec’x
Vay:

T

3

j(l + secx)? dx
Vs
4

/3
= f (1 + 2secx + sec?x) dx
/4
= (x + 2In|secx + tan x| + tan x)lﬁﬁ

- <(g +2(1.31696) + 1.7321) - (% +2(0.88137) + 1))

= 1.8651

Day la duong cong y = (1 + secx)?:
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154y

u

—T T

Ve

Viing lam mo 14 tich phén ta can tim

Bai tap 3: Cho cuong do dong dién trong mach dién 1a i = 110 cos(377t). Tim biéu thuc cho
hiéu dién thé theo thoi gian di qua tu dién cé dién dung 500 uF, biét hiéu dién thé ban dau la 0.

Chung minh rang hiéu dién thé di qua tu dién vuéng pha véi cuong do dong dién.

Ta can cong thic sau, st dung bén dién hoc, biéu dién hiéu dién thé di qua tu dién, véi € 1a dién

dung.
=1 [
c=7 t
Tra loi bai tap 3
Cannhg rang u = 107°.
=1 [ iae
c=7 l
=—| 11
00 x 10—6J 0cos(377t) dt

220000
377

= 583.6sin(377t) + K

sin(377t) + K

Khit = 0thi V, =0, vay K = 0.
Vay ta co:
V. = 583.6sin(377t)

Bay gio, ta st dung cong thac cos(a — b) = cosacos b + sina sin b, ta co:
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T T ] T
cos (377t — E) = cos(377t) cos (E) + sin(377t) sin (E)
= sin(377t)
Diéu nay cho thay rang 583.6 sin(377t) va 110 cos(377t) léch pha 90° = g (hay vuéng pha)

Bai tap 4: Mot luc xac dinh bai ham sb theo khoang cach so véi diém xuét phat nhu sau:

2+ tan(x)
~ cos(x)

Biéu dién cong sinh ra bai luc 1a ham sé theo x, biét khi x = 0 thi cong = 0.
Tra loi bai tap 4
Tir bai “Céng sinh ra bai luc bién thién”, ta co:

Cong = dex

Vay ta can tinh:

W= J 2+ tan(x)

cos(x)
Vi:
2 + tan(x) 2 tan(x)
cos(x)  cos(x) = cos(x)

= 2sec(x) + tan(x) sec(x)

Thay vao biéu thuc trong dau tich phan, ta duoc:
W = J(Z sec(x) + tan(x) sec(x)) dx

= 2In|sec(x) + tan(x)| + sec(x) + K
Vi W = 0 khi khi x = 0, ta co:
0 = 2In|sec(0) + tan(0)| + sec(0) + K
0=20+1+K
Vay K = —1 nén ta co:

W = 2In|sec(x) + tan(x)| + sec(x) — 1
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10hY

=10+

Ham s6 theo x bicu dién cong thyuc hién (ham
SO ta vura tim)
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BAI 3.3.6 MOT SO CONG THUC KHAC TiNH TiCH PHAN HAM LUQNG
GIAC
Ta c6 thé sir dung mot sb cong thirc lugng giac dé don gian hda quy trinh tinh tich phan.
Mot s6 cong thire luong giac chinh:

cos?(x) + sin?(x) = 1
1 + tan?(x) = sec?(x)
1 + cot?(x) = csc?(x)
2 cos?(x) = 1 + cos(2x)
2sin?(x) = 1 — cos(2x)

Ta s& st dung nhirng cdng thire nay dé bién tich phan vé dang don gian hon, hay dua vé dang cd
thé tinh “thu cong”.

I. TINH TICH PHAN CUA TiCH CAC HAM LUY THUA CUA SINE VA COSINE —
LUY THUA LE

Pé tinh tich phan tich cac ham lily thira cua sine va cosine, ta dung:
sin?(x) + cos?(x) = 1
néu ton tai mot gia tri Iy thira 4 s6 1é.

Vi du 1: Tinh tich phan:
j 3 cos3(x) dx
Traloividu1l
j 3 cos3(x) dx
=3 f(cosz(x)) cos(x) dx

=3 f(l —sin?(x)) cos(x) dx

=3 f(cos(x) — sin?(x) cos(x)) dx
bat u = sin x, khi d6 du = cos x dx, ta dugc:

=3 (sin(x) + K, — f u? du)

3
= 3<sin(x) —%+K>
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.3
=3 <sin(x) _n *) + K)

3

1. TINH TICH PHAN CUA TiCH CAC HAM LUY THUA CUA SIN VA COSIN - LUY
THUA CHAN

Ta dung cong thuc:
2 cos?(x) = 1 + cos(2x)
Hay cong thuc:
2sin?(x) = 1 — cos(2x)
néu gid tri liy thira ca sin x hay cos x la chin.
Vi du 2: Tinh tich phan:
jcosz(Zx) dx
Tra loi vi du 2
jcosz(Zx) dx
bat u = 2x, khi d6 du = 2 dx.
Diéu nay dan dén:
du 1
f Cosz(u)T = Ef cos?(u) du

B 1f 1+ cos(Zu)d
~2 2 “

= %J(l + cos(2u)) du

1 N sin(2u) K
AR

1 sin(2(2x))
=—|2 —_— K
4( x + > +
x sin(4x)
==+ +K
2 2

Vi du 3: Tinh tich phan.

6f cot3(x) dx
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Tra loi vidu 3

Ta co:

6 j cot3(x) dx
=6 f (cot?(x)) cot(x) dx
=6 f(cscz(x) — 1) cot(x) dx

=6 (j csc?(x) cot(x) dx — J cot(x) dx)

Ta tinh tich phan [ csc?(x) cot(x) dx trudc.
bit u = cot(x), khi d6 du = — csc?(x) dx.

Vay:

j csc?(x) cot(x) dx

Vi tich phén thir hai, tir bang cong thuc, ta co:
fcot(x) dx = In(|sin(x)|) + C
Quay lai cau hoi chinh:

6f cot3(x) dx

=6 (J csc?(x) cot(x) dx — J cot(x) dx)

=6 <— cotZ(x) + ln(Isin(x)|)> + K

= —3cot?(x) — 6In(|sin(x)]) + K
I11. BINH PHUONG TRUNG BINH CAN
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Binh phuong trung binh cin (root mean square — rms) caa ham y theo bién x xac dinh boi cong
thuc:

véi T la chu ky caa y.

Mot ing dung thuc‘yng gap cua cong thirc nay do la dong dién hiéu dung. Pay la gia tri ctia dong
dién mot chiéu cé thé cung cap cung mot luong nang luong nhiét trong cung mét khoang thoi
gian so vai dong dién xoay chicu, dugc dung trong thiet ké 10 suoi.

Vi du 4: Tim binh phuong trung binh cédn cta i = 3 + 2 cos(t).
Tra loi vi du 4
Trong truong hop nay, T = 2.

Vay,

1 2T
_ —f(3+zcos(t))2dt
2n
0

Bay gio,
(3 + 2cos(t))? =9 + 12 cos(t) + 4 cos?(t)

1+cos(2t)

Vi cos(2t) = 2 cos?(t) — 1 nén cos?(t) = ,

Vay,
(3 + 2 cos(t))?
cos(2t) +1
=9+ 12cos(t) + 4 <%)
=11+ 12 cos(t) + 2 cos(2t)
Cho nén,

2T

T
f i2dt = f (11 + 12 cos(t) + 2 cos(2t)) dt
0 0
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Va cudi cung,

= 227

= (11t + 12sin(t) + sin(2t))|3"

T

o I

Do thi i(t) = 3 + 2 cos(t) voi dong dién hiéu
dung binh phuong trung binh can la duong dut

quéng

Vi du 5: Véi cuong d6 dong dién i cho boi i = i, sin(wt), chizng minh rang binh phuong trung

N o B A gy L
binh can cua mot chu ky la %

Trong truong hop nay,

A

Vay,

Traloividub

2

= | j (iq sin(wt)) dt
0
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Ta xtr 1y tich phan trudc, ta co:

1 — cosQQwt)

. 2 t —
sin“(wt) 5

2T 2T

w

f sin?(wt) dt = % f (1 — cos(2wt)) dt
0

0
1 . sin(2wt)
) 2w

2n
w

0

A

Vay,

2n
w

a)(zi:[)zj sin?(wt) dt

0

lI’l’l’lS

o)
p 2T
G2

2
V2

Pay chinh la diéu ma dé bai yéu cau ta can lam rd.

IV. BAI TAP: Tinh céc tich phan sau:

Bai tap 1:
/2
f v/cos x sin? x dx
/3

Tra loi bai tap 1

/2
f v/cos x sin3 x dx
/3
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Ta viét sin3 x = sin? x sinx = (1 — cos? x)(sin x)
Ta tinh nguyén ham truoc:
cos x sin® x
= cos/2 x (1 — cos? x)(sin x)
= (cos/? x — cos5/% x)(sin x)
bat u = cos x, khi d6 du = —sinx dx

Vay:

j Veosxsin® x dx = f(cosl/z x — cos®/? x)(sin x) dx

= —f(u“‘/2 —u5/?) du

2u3/2 2u7/2

= K
3 + 7 +
2cos3/2x  2cos?/?x
=-———+———+kK

Bay gio ta tinh tich phan xac dinh dua vao nguyén ham:

e 2 cos3/2 2 cos”/2 x\|™?
cos3/% x cos”/% x
j Veosxsind® x dx = <— 3 + ; )
/3 /2

= (04 0) — (—0.23570 + 0.02525)
= 0.2014

Dap 4n cua bai tap 1 la dién tich dudi duong cong y(x) = v/cos x sin3 x gifrag <x< g Dudi
day 1a do thi:
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058

0.4+
0.2 7
0.2
0.1+

Ve

w3l =

U.IE’.II

Do thi ham s y(x) = +/cosx sm X, phan
dién tich can tinh nam gitra x = = va X =

N |

Thu nho d6 thi ta s& thay chu ky cua ham sé 1a 2. C6 nhitng chd tréng trong d6 thi do anh
huong cua v/cos x (ta khong co cin bac 2 cua sb am).

AY

0.5 1

—2.'51 21[ —1.'51n: —'1r|: -0.51

Rl

U.IE‘JI ’.I'I: 1.bm

D6 thi hélm’sf') y(x) = +/cos x sin x, thu nho
do thi s€ thay chu ky tu nhién ciia ham so nay

Bai tap 2:

Ta nhé rang 2 sin?(8) = 1 — cos(26)

1

f sin?(4x) dx

0
Tra loi bai tap 2
1

f sin?(4x) dx

0
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Trong bai nay, ta cé 6 = 4x nén:

2sin?(4x) = 1 — cos(2(4x)) = 1 — cos(8x)

1—cos(8x)

Vay sin?(4x) = -

1

1
f sin?(4x) dx = %f(l — cos(8x)) dx
0

0
1 sin(8x)
- 5<x -8 ) .

H6-2 o)

1

= 0.4382
Pay 1a d6 thi tich phan ta vira tim, bao gom phan dién tich dudi duong cong y = sin?(4x)

Ay

1__

£
-

1 05 T

Do thi ham s6 y(x) = sin?(4x), bao gom phan
dién tich dudi duwong congtrx = 0dénx =1

Bai tap 3:
f cot(4x) csc*(4x) dx
Tra loi bai tap 3
f cot(4x) csc*(4x) dx

Ta viét biéu thtc trong dau tich phan nhu sau:

cot(4x) csc*(4x) dx = (csc3(4x)) cot(4x) csc(4x)
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Khi do, dat u = csc(4x) ta duoc du = —4 csc(4x) cot(4x) dx
Nhu vay — %u = csc(4x) cot(4x) dx
Bay gid ta cd thé biéu dién lai tich phan:

f cot(4x) csc*(4x) dx = J (csc3(4x)) cot(4x) csc(4x) dx

- L ik
16

csc*(4x)
S L ¢
16

Bai tap 4:
f Vtan x sec* x dx
Tra loi bai tap 4
Nhic lai rang sec? x = 1 + tan? x
Vay ta c6 thé viét phan biéu thirc trong dau tich phan Ia:

/2 x) sec? x sec? x

tan x sec* x = (tan
= (tan'/2 x)(1 + tan? x) sec? x
= (tan'/2 x + tan®/2 x) sec? x

Tiép theo, ta dit u = tan x, thu duoc du = sec? x dx

Vay tich phén tro thanh:
f(tanl/2 x + tan%/2 x) sec? x dx = f(ul/z +u5/2) du

2 2

=-ud2+ U2+ K

3 7

2 2

= §tan3/2x +§tan7/2x +K

Bai tap 5:
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/3
[ T
1 + sin(x) x
/6
Tra loi bai tap 5
/3
[ e
1 + sin(x) x
/6

Ta can viét lai tich phan nay bang cach sir dung nhiing k¥ thuat thuong gap. Ta lay tir va mau
nhan véi biéu thac lién hop cta mau (bieu thuc lién hgp nguoc dau vai bicu thirc ban dau.
Trong bai nay la dau tru).

Ta sé& sir dung két qua sau:

sin?(x) + cos?(x) = 1

1 B 1 1 — sin(x)
1+sin(x) 1+ sin(x) 1= sin(x)
_ 1 —sin(x)
1 —sin?(x)
_ 1 —sin(x)
"~ cos?(x)
= sec?(x) — —CZTZ(ZZ?)

Bay gi0 ta tinh tich phan. Pt u = cos(x) cua biéu thirc bén phai, ta duoc du = — sin(x) dx

Vay:
/3 /3
2 sin(x)
_ &y =2 2 -7
j 1 + sin(x) dx f <sec () cosz(x)> dx
/6 /6
1 7'[/3
=2 (tan(x) — )
cos(x) /6

= 2((1.73215 — 2) — (0.57735 — 1.15470))

= 0.6190
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AY

—'1[ —1'1'51'[

&£
-

I].'E*.rt T 1.-;.:'!'![ 2:rt

Do thi ham sé y(x) =

2 A A
rpwe—— bao gom phan
dién tich dudi dudng cong tir x = %dén x =

w3

V. UNG DUNG — CHIEU DAI PUONG CONG
Do dai s ciia mot cung trén dudng cong y = f(x) tir x = a dén x = b xac dinh boi cong thic:
S =f 1+(ﬂ)2dx.
dx
a
Xac dinh do dai duong cong y = In(cos(x)) trx = 0 dén x = =,
Tra loi
Puong cong trong bai nay la y = In(cos(x))
Ta tinh dao ham cua duong cong nay:
d_y N sin(x)

= — = —t
dx cos(x) an(x)
Trong bai nay, ta sé€ stir dung cong thic sau:

1 + tan?(x) = sec?(x)
Ap dung cong thie, ta duoc:

/3

= J J14 (—tan(x))? dx
0
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/3

= f v 1+ tan?(x) dx
0
/3

= J sec?(x) dx
0

/3

=J sec(x) dx
0

= (In|sec(x) + tan(x)l)lg/3

=In |sec (%) + tan (%)| —1In|1 + 0]

= 1.317

Day 1a db thi minh hoa chiéu dai cung ta vira tim. T6i can lay trj tuyét ddi gia tri cos(x), néu
khong thi d6 thj sé c6 nhirng duong dut doan & nhitng cho cos(x) cé gia tri am.

Ay

HH
} -+ } + -
0.5¢ T 1.5% 2 2.5T
a4

64

Do thi ham s6 y(x) = In|cos(x)| véi chiéu
dai duong cong ta vira tim c6 mau do tuoi
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BAI 3.3.7 CONG THUC TiNH TiCH PHAN HAM LUQNG GIAC NGUQC

Str dung nhitng gi ta da biét khi tinh dao ham ham luong giac ngugc va bang cach thyuc hién
ngugc quy trinh vi phén, ta thu dwoc cac tich phan sau, vai u la ham sé theo x, tac u = f(x).

1 L (U
—m du = sin (E) +K
;du = ltan‘1 (E) +K
VaZ +u? a a

Luu y: Cac may tinh cam tay thuong c6 nit cho biéu thie sin~* va tan~!, nhung viéc st dung
ching khé rac roi vi chiing 1a ham ngugc chir khéng phai ham nghich dao. Ta co thé viét biéu
thac nay thanh arcsin va arctan nhu sau:

L du = arcsin (2 + K
\/ﬁ u—arcsm(a)+
[ du = zaretan (%) +
mu—aarcana

Vi du 1: Tinh tich phan:

1
——dx
f\/49 — x2
Traloividu 1

Ap dung céng thuc trén, ta co:

j S f —dr=sin (3) 4K
—ax = ——aX = SIn —
V49 — x2 V72 — x2 7
Ta c0 thé viét lai dap an thanh:
. X
arcsin (7) + K

Pay 1a d6 thi ham sb ta vira tinh tich phan

1_.
1 |K~|_|| 1 1 1 1 1 1 |_|‘—|')| :.
$-76-54-32-1| 12345678
-1+
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Do thi ham sé y(x) = \/491_—)62

Do thi tiép theo 1a d6 thi nghiém riéng cua tich phan ta vira tim, véi K = 0.

Ay

0.5m 1

4 id

-
12345678

-0.57 1

Db thi ham sé y(x) = arcsin G)

Vi du 2: Tinh tich phan:
1
|G=="
————ax
J 9 — 4x?
Tra loi vidu 2

dx

o0
o)
NN
S
=
N

batu = 2x, khi d6 du = 2 dx.

Tich phén cua ta tro thanh:
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= 0.7297

Ta c6 thé 1am ngén hon bang cach sau khi dat bién u va tinh nguyén ham, ta khdng tra két qua
vé bién x.

= 0.7297

Luu y phai d6i can khi dx thay thanh du trng qua trinh tinh tich phan. Vi ta dit u = 2x nén can
cua x tir x = 0 dén x = 1 chuyén theo u thanhu = 0 vau = 2.

Day 1a 6 thi tich phan ta vira tim. Tich phan nay biéu dién phan dién tich dudi duong cong

y(x)=\/9_zwvé’i0<x<1.

Ay
2_-
1T
I
] } | } -
) -2 -1 1 2 3
-1 1
A . \ A _ 2
Do thi ham so y(x) = ==

1
1+4x2

Vi du 3: Tim dién tich hinh phiang bao bai duong cong y =
x = 2.

va duong x = 0; y =0 va

Tra loi vidy 3

1 N N N N , . ..y, . A oA N - ,
Tz nam hoan toan trén truc x vai moi gié tri x. Vay dién tim dién tich, ta

tinh tich phan. (Néu mot phan duong cong nam dudi truc x, ta can chia tich phan ra thanh hai
phan khac nhau va lay tri tuyét doi).

Dbuong cong y =
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1
1+ x2

2
Dién tich = j dx
0

= tan"1(x)|3
= 1.107 1 don vi?

Day la phan dién tich ta vira tim:

Ay
1.5
0.5+
' ' : -
] -2 -1 1 2 3
D6 thi ham s6 y(x) = 1+1x2 Vi phan dién tich
gita0 <x <2

Than trong: C6 rat nhiéu kiéu tich phan thoat nhin trong twong tu nhu cong thic ¢ trén nhu thuc
ra la khac.

1 1 1
| = | e [

Ta s& phat tricn thém mot s6 cong thirc dé tinh céc tich phan nay trong bai “Tinh tich phan bang
cach dat an lwong giac”.

BAI TAP: Tinh cac tich phan sau:
1)

3
— 4
jzs ¥ 16x2 ™"
Tra loi 1)

Ta c0 thé viét lai tich phan thanh:

f 3 dy = 3[ dx
25+ 16227 = ° ) (5)% + (4x)?

Tur c6ng thic, tacan a = 5,u = 4x,du = 4 dx
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< e Y , A: du
Sap xep lai biéu thac cuoi cung, ta dugc ”

Bay gid ta biéu dién tich phan:

dx

f 3 dy = 3[ du
25+ 16x2°F T 4 (5)2 + u?
3 1 u
— _ -1(_
—4><5tan (5)+K
_ 3 tan~! (4x) + K
—20° 5
Ta ciing c6 thé viét lai dap an thanh:
3 . (4x> K
20arc an z
2)
[
X2 +8x+17°%
Tra loi 2)
[ o
x2+8x+17 x
Bay gio:

x> +8x+7=(x*+8x+16)+1

(x+4)*+1

Vay néu ta dit u = x + 4, khi d6 du = dx va ta co:

2

J

x2+ 8x +

du
u+1

dx=2f

=2tan lu+K

17

=2tan '(x +4) + K

Puong nhién, ta c¢6 thé viét dap an 1a 2 arctan(x + 4) + K

3)

J

V2x — x2

1
dx

Tra loi 3)
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1
—dx
f\/Zx — x2

Pay khong phai dang caa cac cong thirc méi néu & dau bai nay, nhung ta c6 thé bién hoa vé
dang hitu ich.

Pau tién, ta nhan thay rang:
2x —x? = —(x% — 2x)

Ta cong thém 1 vao phia trude, sau d6 trir di 1 & biéu thic trong ngoac:
=1-—(x?*-2x+1)
=1-(x—1)?

Véia =1,u=x—1vadu = dx, tich ph&n thanh:

f Y
V2x —x2 V1-u?
= arcsinu + K
=arcsin(x —1) + K

4) Tim dién tich hinh phang bao bai duong cong yvV4 —x2 = 1 vaduongx = 0;y = 0va x =
1.

Tra loi 4)
Ta c6 thé viét ham s6 duong cong la:
1
=

Pudng cong nay hoan toan nam trén truc x Vi moi gié tri x sao cho —2 < x < 2, xem db thi
dudi day ta thay ham so nay khong xac dinh véi moi gia tri x.
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BAI 3.3.8 TICH PHAN TUNG PHAN

Doi khi ta gap tich phan la tich cua hai ham s6.Ta c6 thé tinh tich phan tich ay bang céch sit
dung tich phan tirng phan.

Néu u va v 1a ham sé theo x, theo cdng thirc dao ham tich hai ham sé ma ta da hoc, ta co:

d (ww) = dv N du
dx uvr=u dx v dx
Chuyén vé, ta duoc:
dv B d () du
udx T dx w v dx

Tich phan theo bién x, ta dugc cong thic tinh tich phan ting phan:

fudvzuv—fvdu

Cong thirc nay gidp ta bién doi tich phan phic tap sang tich phan don gian hon, ta can chon u
va dv can than.

Luu y: Ta chon ham u sao cho Z—: phai don gian hon u.

Uu tién chon u:

Khi ban c6 mot ham sé 1a tich caa hai ham sé khac, khi tinh tich phan, ban sir dung danh séch
cac tha ty vu tién sau dé dat u:

(i) Pat u = In(x).
(i) batu = x™.
(iii) bat u = e™.

Vi du 1: Tinh tich phan:
f x sin(2x) dx
Huéng giai:

Ta can chon u. Dya vao dé bai, ta thiy rang ta khong thé &p dung danh sach céc thi tu vu tién &
trén.

Ta cd thé dit u = x hay u = 2x. Téng quét, ta chon cai nao sao cho Z—Z tro nén don gian hon u.
Traloividu 1
Trong vi du nay, ta chon u = x va dv s& 1a “phan con lai” cua tich phan, dv = sin(2x) dx.

Tacou = x nén du = dx.
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Pong thoi, dv = sin(2x) dx, lay tich phén, ta dugc:

cos(2x)
2

v= jsin(Zx) dx = —

Thay 4 biéu thirc ndy vao cong thirc tinh tich phan tirng phan, ta duoc:

129 Jee

xstxdx:(x)[ cost] J-—COSQx i

2
—Xco82x
=+ —Icostc:Zx
2 2
—xcos2x 1 [sian]
=+ — +
2 2 2
_ —xcos2x N sin2x K
2 4
Vi du 2: Tinh tich phan:
fx\/x + 1dx

Tra loi vidu 2
Tacdthé ditu = x hay u = Vx + 1.
e TA ~ N d . A Y ~
Mot lan nira, ta chon cai nao sao cho ﬁ tro' nén don gian hon u, nén ta chon u = x.

Khi d6 du = dx. Véi cach chon ndy, dv phai 1a “phan con lai” cia tich phan: dv = vx + 1 dx.
u = x nén du = dx.

dv = +/x + 1 dx, lay tich phén, ta dugc:

v=j\/x+1dx
1
=f(x+1)2dx
2
=§(X+1)3/2

Thay vao c6ng thtc tinh tich phan tung phan, ta duoc:
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PP RO

jx«fx+ dx—(x)[ (x+1)] (x+1) F

3/2 ZJ-( 3/2

_2.7( . 3/2_% % . 372
SEalegey 3[5][< ¥

Vi du 3: Tinh tich phan:

f x? In(4x) dx

Tra loi vidu 3

f x? In(4x) dx

Taco thé dat u = x2 hay u = In(4x).

Str dung danh sach vu tién, ta chon u = In(4x), khi d6 dv s& 1a phan con lai cua biéu thic tinh

tich phan dv = x? dx.

Vi u = In(4x), ta dugc du = idx.

Tinh tich phan dv = x? dx, ta thu duoc:

X
v=Jx2dx=

Thay vao cong thic tinh tich phéan ting phan, ta duoc:
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judv=

" v
\
>

g

_x 1114 J-
=i

+ K

_x lndx

1
3
1
3

_x ln4x X
3

Vi du 4: Tinh tich phan:

f x sec?(x) dx

Tra 1oi vi dy 4

f x sec?(x) dx
Ta chon u = x (vi diéu nay s& cho ta du don gian hon), khi d6 ta dugc du = dx.
Khi d6 dv s& 1a dv = sec?(x) dx, lay tich phan, ta dugc v = tan(x).
Thay vao c6ng thtc tinh tich phan ting phan, ta duoc:

jxsecz(x) dx = fudv

=uv— | vdu

= x tan(x) — j tan(x) dx
= xtan(x) + In(Jcos(x)|) + K

fxze‘x dx

Traloividu5

fxze‘x dx

Quyén vu tién thir 2 va thir 3 trong danh sach vu tién chon u néi rang:

Vi du 5: Tinh tich phan:
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(i) batu = x™.
(iii) Patu = e™.

Dé bai ¢6 ca lity thira cua x ciing nhu ham mil. Nhung ta dit u = x2 vi n6 ¢ mic cao hon ham
mil (ban c0 thé dat u = e~ va lam néu muon, va ban sé thay cach nay rat phuc tap).

Vay u = x2, khi d6 du = 2x dx.
Nhu vay ta con dv = e * dx, Iéy tich phan, ta dugc v = —e™*.

Thay vao céng thtc tinh tich phan ting phan, ta duoc:

sze_xdx = fudv

=uv — f vdu
= x?(—e ™) — f(—e"‘)(Zx) dx

= —x%e* + ZJxe_x dx

Bay gio, tich phan con lai ta khdng thé ra ngay két qua. Ta can sir dung tich phan ting phan
thém mét lan nira cho tich phan méi nay.

Lan nay, ta chon u = x, khi d6 du = dx.

—x

Mot 1an nira ta duoc dv = e dx, ly tich phan, ta dugc v = —e

Thay vao c6ng thtc tinh tich phan ting phan, ta duoc:

fxe"xdx=fudv

=uv—fvdu

x(—e™) — f(—e‘x) dx

= —xe ¥ +fe"x dx

—-X —-X

= —Xe — €

Ghép déap an nay véi dap an trude do, ta cd hudng di sau cung:
fxze‘x dx = —x?e ™ + 2(—xe ™ * —e™¥)

=—e¥x?+2x+2)+K
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Vi du 6: Tinh tich phan:
fln(x) dx
Tra 1oi vi du 6
fln(x) dx

Danh sach uvu tién ¢ trén ndi rang ta nén dat u 1a biéu thirc logarithm. (duong nhién vi ta dau
con lya chon nao khac).

Vay, véi u = In(x), ta duoc du = %dx.

Khi d6 dv don gian 1a dv = dx, lay tich phan, ta dugc v = x.

Thay vao c6ng thtc tinh tich phan ting phan, ta duoc:

fln(x) dx = fudv

=uv—]vdu

=xln(x)—fxi—x

= xIn(x) — f dx
=xln(x) —x+K
Vi du 7: Tinh tich phan:
J arcsin(x) dx
Tra loi vidu 7
J arcsin(x) dx

Str dung cong thuc tinh tich phan ting phan, ta dat:
u = arcsin(x)

Khi do,

Vay dv = dx, lay tich phan, ta dugc v = x.
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Bay gio ta str dung:

fudvzuv—fvdu

f arcsin(x) dx = x arcsin(x) — f

Diéu nay dan dén:
X
V1 —x?

Bay gio, vai tich phan con lai, ta chi viéc dat an phu (t6i s& dung mot 4n phu p vi ta di dung an
u roi.):

dx

p=1-—x?
Vay dp = —2x dx.

Diéu nay dan dén:

X dy = 1 1d

J =) G
- -3/ +K
=—J1-x2+K

Vay dap an cudi cling cua ta 1a:
farcsin(x) dx = x arcsin(x) — (—\/ 1- xz) + K

= xarcsin(x) +v1—x?+K
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BAI 3.3.9 TiNH TiCH PHAN BANG CACH PAT AN LUQNG GIAC

Trong bai ny, ta s& theo dai cach tich mot s6 tich phan c6 biéu thic giéng nhu:

1
j v o™

Dua vao ham s ta can tinh tich phan, ta thay mot trong cac biéu thirc lugng giac sau dé lam
tich phan tro nén don gian:

(i) Vi Va2 — x2, tading x = asin(0).

(i) Véi Va2 + x2, tadung x = a tan(8).

(iii) Vi Vx2 — a2, tading x = a sec(6).

Sau khi thay, ta s& duoc tich phan mai ¢6 thé tinh dé dang hon.

Can luu ¥ rang ta khong tinh tich phan biéu thirc ham lugng giac (nhu ta da lam trong bai
“Cong thure tinh tich phdn ham lwong gidc co ban” va “Mgt so céng thirc khac tinh tich phan
ham lwong giac” va “Tinh tich phdn ham luwong gidc nguoc”).

O phan sau trong bai nay, ta s& ding céc biéu thuc sin, tan hay sec dé thay thé dé 1am tich phan
tro nén dé tinh hon.

Vi du 1: Tinh tich phan:

1
o
Tra 1o vidu 1

Ta c6 thé viét lai dé bai thanh:

Ta s& dung vao cach thay thé thi (i) trong danh séch & trén, do 1a:
+ VéiVa? + x2, tading x = a tan(6).

+Vvdia = 3.

Vay ta s& dat x = 3tan(6), diéu nay dan dén dx = 3 sec?(8) dé.

Ta s& bat dau budc thay thé dau tién va 1am cho mau sé tich phan tré nén don gian truge khi
tinh tich phan.

Ta can str dung tinh chat sau:

(a2)3/2 = a3
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Pay 1a mot vi du cho tinh chét trén:
93/2 = (\9) =33 = 27
Day 1a mot tich chét luong gidc ma ta da biét:
tan?(0) + 1 = sec?(0)
Vay ta dugc:
(x? +9)%/2 = ((3tan(6))? + 9)%/2
= (9tan2(9) + 9)3/2
= [9(tan?(9) + 1)]3/2
= 27(sec?(0))3/2
= 27 sec3(6)
Bay gio, ta sé& thay thé:
dx = 3sec?(0) db
va,
(x2 +9)3/2 = 27 sec3(6)

vao tich phéan ban dau, ta duoc:
J‘ 1 ) f 3sec?(0) 40
—_——dx = —_—
(x? + 9)% 27 sec3(0)
1 f 1 6
9] sec(9)

= %f cos(0) db

1
= §Sin(9) + K

Bay gio ta phai chuyén dap an cua ta vé x (vi tich phan cho ¢ dé bai theo x).

Vi ta dat x = 3 tan(8), ta duoc:

X
tan(0) = 3

va ta c6 thé v& hinh dé tim gi4 tri cua sin(8):
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Dua vao hinh V&, ta luu ¥ rang,

sin(f) = ———
x%>+9
Vi vay, ta ¢ thé két luan rang dap an cho tich phan l1a é nhan véi biéu thirc cudi cing nay.

1 1
dex =§sm(0) +K

1 X
S
I\Wx2+9

Vi du 2: Tinh tich phan:

5
Vx2 + 16
J—zdx
X
4
02dY
011

H
| — e
-1 1 2345678 91011121314

-0.1
V 2 M - Ve
buong cong y = xx;rlé véi phan dién tich

dudi duong cong gitta x = 4 va x = 5 duoc
lam mo

Tra loi vidu 2
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dx
x2

5
f\/x2+16
4

Dé bai ¢6 chira can bac 2 véi hinh thirc gidng nhu cach thay thé thi (iii) dugc cho & dau bai viét
nay, do la:

+V6iVx? — a?, tadung x = a sec(6).
Vay ta duoc a = 4 va ta dat:
x = 4sec(f)
va diéu nay dan dén:
x? = 16sec?(0)
va,
dx = 4sec(@) tan(0) do

Pon gian hda phan c6 can bac hai:

Jx?2 —16 = /16 sec2(6) — 16

= /16(sec2() — 1)

= V/164/tan?(9)

= 4 tan(0)

Thay dx = 4 sec() tan(6) do; x? = 16sec?(8) va vx2 — 16 = 4tan(@) vao tich phan da
cho, ta dugc diéu sau (d€ don gian, ta tinh nguyén ham trudc, sau d6 ta thay can trén, can dudi
sau).

f\/xz — 16d N (4tan(0))

2 x = T656c2(0) (4sec(8) tan(0)) do

2
_ j 16 tan?(8) sec(8) 6

16 sec?(0)
- f t::cz((:)) a0
yECRp
N j Sse:cz((:)) - sec1(9) a6
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= f sec(@) — cos(8) do

= (In|sec(0) + tan(@)| — sin(h)) + K

O dé bai yéu cau ta tinh tich phan xac dinh, nén ta can biéu dién lai dép 4n nguyén ham theo
bién x hoac ta doi can theo 6.

Péi sang x:
Vira rdi, ta da dat x = 4 sec(0), nén ta dugc sec(f) = z.

Str dung tam giac nhu ta dd 1am & vi du trude, ta cd két qua:

. Vx? —16
sin() = ——
X
va,
x%2—16
tan(0) = 1

Vi vay, ta c6 thé két luan rang:

5

x? —16 =?
Jde = |In([sec(8) + tan(6)]) — sin(d)I,_,
4

- (1n(

= 0.093 15

5

4

X

X N Vx2 — 16‘) B Vx2 — 16>
4

4

Sir dung 0:
Vi sec() = 7 nén khi x di tir 4 dén 5, khi do sec(6) & di tir 1 dén 1.25.
Vay ta can phai c6 mot can mai cho 6 (¢ dép an trén c6 dau? cho gia tri caa 6), do 1a:
6 = arcsec(1) =0
va,
6 = arcsec(1.25) = 0.643 5011

Quay trd lai céu tra loi cua ching ta theo 6, thay gié tri can trén va dudi, ta dugc:

6=0.643 5011

[In(|sec() + tan(8)]) — sin(9)||9=0

= 0.09315
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O vi du ndy, ca 2 hudng tiép can (giir lai 6 hoac tra vé bién x) dé cho ra ciing mot dap an.
BAI TAP: Tinh tich phan:
1)
f 16 — x2 dx
Tra 1oi 1)
Cau hoi nay c6 dang dat 4n lugng giac kiéu (i), tic véi dang Va? — x2, ta dit x = asin 6.
Vaytacoa = 4,x = 4sinf vadx = 4cos6 db

Thay vao va don gian phan co cin bac hai trudc:

V16 —x2 = /16 — 165sin2 0

= /16(1 — sin2 )
= 4+/cos? 0
= 4cos@

Thay vao tich phan, ta dugc:
f\/16 —x2dx = J4cos€ (4 cos 6 dB)
= J 16 cos? 6 d6
1
_ 16f§(cos(29) +1)do

1
=8 (ESin(ZH) + 9) +K
= 8(sinfcosf +6)+ K

g X 16—x2+ . (x) K
=8l7— arcsin (o

_xv16—x2+8 _ (x)+K
= 5 aresin (7

Ta c6 duoc budc ap chot bang cach vé tam giac nhu trong vi du trudc.

Thong thudng ta s& ¢ nhiéu dang cho cling mot dap an, tc phan mém toan hoc (hay mot nguoi
khac) co thé dua ra dap an vé co ban chinh xac nhung khac voi dap an ¢ trén.

2)

Khoa: TOAN HOC |_310—|—




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

3
—dx
f xV4 — x2
Tra loi 2)

3
[
xV4 — x?

Tich phan nay chira biéu thirc dang Va2 — x2 nén ta s& dung phép dat an x = a sin 6
Vay a = 2 vatadat x = 2sin @, khi d6 dx = 2 cos 6 d@

Thay vao va don gian phan can bac hai, thu duoc:

V4 —x2 =4 —4sin?20

=./4(1 —sin? 9)
= 2+/cos? 6
= 2cos 6

Thay tit ca vao tich phan, ta duoc:

J- 3 Lo 3(2 cosB do)
VI — x2 - = (2sin0)(2 cos )

_3[ dae
"~ 2) sin@

—SJ 6 do
=7 | csc

3
= Elnlcsc@ —cotf|+ K

3 12 V4 —x2
==In|—- + K
2 X X
2-VI—x?
==In[——|+K
X
3)
f dx
Vx?2 + 2x
Tra loi 3)
J dx
Vx2 + 2x
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Pau tién, ta luu ¥ rang x% + 2x = (x + 1)2 — 1
Néu ta dit u = x + 1, khi d6 du = dx va tich phan trg thanh:

f dx B du
Wt Vw1

Bay gio, ta dung u = sec@ va vi vay du = sec6 tan 6 df

Biéu thirc can bac hai tré thanh:

Juz—1=+/sec26 —1 =+/tan26 = tan
Quay lai tich phan, ta duoc:

J‘ dx _ du

Vx2 + 2x Vvuz -1
_fsec@tan@d@
B tan @
= fsec@d@

= In|secO + tanf| + K

=1n|x+1+\/x2+2x|+K
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BAI 3.3.10 BANG MOT SO TiCH PHAN THUONG GAP

BANG PAO HAM VA TiCH PHAN CUA
LEIBNIZ

atir| [ | x | ] 0% I
i ut lﬂ' Vﬂ!va,-r ﬁ?‘ Hv“‘(”““":"

<o O | ’.XI x| X [ x

A s . A T

X s
“WW"

¢ 3 4
o ot ¢ U
srla Ll hxt] XE L XL X
Mot bang dao ham va tich phan don gian cua
Gottfried Leibniz. Leibniz phat trién phép tinh
tich phan cung lic va6i Isaac Newton

Bai nay sé trinh bay mot s6 cong thic tinh tich phan thuong gap, ta sé sir dung ching trong bai
sau.

1 1
1',[ax+bdx —Zln(lax+b|)+K
1

1
Z'I(ax+b)2dx= _a(ax+b)+K
S S )
3'f @+~ Tam=Dlax + byt
4'.[ az(j—)xz dx = %tan‘l (g) +K = %arctan (g) + K
flex)
5. mdx =In(|f()]) + K

1
6.[ sin?(u) du = % - Esin(u) cos(u) + K
1
7.[ sin®(u) du = — cos(u) + gcos?’(u) +K
1 n—1
8.f sin™(u) du = —Esin"‘l(u) cos(u) + Tf sin® 2 (u) du
1
9.f cos?(u) du = %+ Esin(u) cos(u) + K
1
10.f cos3(u) du = sin(u) — §sin3(u) +K
1 n+1
11.] cos™(u) du = Ecos”"l(u) sin(u) + TJ cos™2(u) du

t n-1
12.j tan™(u) du = an—(u) +

13 [ du= o (EE)) +

tan™"?(u) du
n—1

Khoa: TOAN HOC 313




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

14[ du—ln(|u+\/u2+a2|)+1(
Ju? +a?
15.j tsin(nt) dt = ﬁ (sin(nt) — ntcos(nt)) + K

16.j t cos(nt) dt = i > (cos(nt) + ntsin(nt)) + K
e™(asin(bu) — b cos(bu))

17.[ e sin(bu) du =

a? + b?
e™(acos(bu) + b sm(bu))
1 . au —
8 fe cos(bu) du = 152
a’u® —2au + 2

19.[ udu = e 3
a
1

zo.f t?sin(nt) dt = = (—n?t? cos(nt) + 2 cos(nt) + 2ntsin(nt)) + K

1
Zl.f t? cos(nt) dt = = (n?t? sin(nt) — 2 sin(nt) + 2nt cos(nt)) + K
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BAI 3.3.11 TiNH TiCH PHAN BANG CACH DUNG BANG

Dua vao “Bang mét so tich phdn thwong gap” da trinh bay trong bai trén, ta c6 thé giai quyét
nhiéu tich phan mot cach dé dang (duong nhién 1a ban co6 thé sir dung cac phan mém tinh toan
neu ban muon).

Luu y:
Can nidm 3 cach dat u va du (vi day 1a chia khoa chinh dé giai nhiéu tich phan).
Hay chic chin 1 ban &p dung ding cong thirc vi mot s6 tich phan nhin kha gidng nhau.

Du ban c6 dugc phép st dyng “Bang mgt S tich phan thiréng gap” khi kiém tra, ban hay cd
gang hoc duoc nhiéu nhét c6 thé, nhat 1a diéu kién &p dung. Rat nhiéu hoc sinh ¢ gang tim
kiém cong thirc phi hop & trong bang nhung lai khong biét thuc chat minh dang lam gi.

KY HIEU TICH PHAN BAN DAU CUA LEIBNIZ

Ly

Valgyrw fJ
"Vd’oﬂ‘“"fy'/ y(;

’ e

)dulx ’&A/"_‘G‘d}’

Ky hi¢u tich phan ban dau do Leibniz dé xuat c6 dau gach trén,
gidng nhu dau cin bac hai ma ta ding ngay nay

Vi du vé cach sir dung bang

Tinh tich phan sau bang cach sir dung bang:
f e?* sin(3x) dx
Tra loi vi du
Ta nhan thay cong thuc sau phi hop dé tinh:

j e sin(bu) du = e (asin(bu) — b cos(bu)) K

a? + b?
Trong vi du nay, ta dung:
+a=2.

+b = 3.
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j e?* sin(3x) dx

B e?*(2 sin(3x) — 3 cos(3x)) N

, 22 + 32
e“*(2sin(3x) — 3 cos(3x
L@ “3e0s30)

K
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BAI 3.3.12 TiNH TICH PHAN BANG CONG THU'C PE QUY

Trong “Bdng mét sé tich phdn thuwong gap”, ban c6 thé nhan thay rang mot sé cdng thuc tinh
tich phan lai cho ra mot tich phan khac don gian hon. Viéc nay doi hoi ta can phai lam vai budc
dé dua ra cau tra loi cuoi cung.

Cong thire d¢ quy (reduction formulae) Ia tich phan bao gom mot s6 bién =, cling nhur bién
thuong gap x. Ta thuong gap chang khi tinh tich phén tung phan.

Ta dung ky hiéu I,, khi str dung cong thuic dé quy.
Vi du 1: Cho cbng thic dé quy sau:”
1 n—1
I, = f sin™(x) dx = —Ecos(x) sin® 1(x) + Tln_z
Tim:
Jsin"(x) dx
Tra 16i vi du 1
Ap dung cong thie dé quy cho n = 4, ta dugc:
1 3
j sin*(x) dx = — Zcos(x) sin3(x) + ZIZ
Bay gio ta can tim I, = [ sin?(x) dx, thoa yéu ciu n = 2.
Bay gio, dua vao “Bang mét s tich phdn thuwong gap”.
- x 1
f sin®(x) dx = 5~ Esm(x) cos(x) + K
bat cac gia tri nay lai véi nhau, ta duoc:
1 3/mx 1
f sin* x dx = — Zcos(x) sin(x) + - (— — —sin(x) cos(x) + K)

4\2 2
3 8
= —Zcos(x) sin3(x) + g%~ §sin(x) cos(x) + K’
Luu y: Tadung K va K’ vi gia tri cua hai hang s6 nay la khac nhau.
Vi du 2: Ta biét rang néu:
I, = f tan™(x) dx

thi:

— tan™ "1 (x) — I,_,
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Tim két qua tich phan:

ftan3 (x) dx

Tra loi vidu 2

Jtan3 (x) dx = %tan2 x)—-1L
Bay gio,
I, = jtan(x) dx = —In(Jcos(x)|) + K

Vay,

ftan3(x) dx = %tanz(x) + In(Jcos(x)|) + K

Luu ¥: C6 nhiéu cach dé giai quyet bai nay va ta c6 thé c6 duoc nhiéu dap an dung nhung lai
khac nhau. Néu ban sir dung cac phan mém toan hoc nhu Scientific Notebook, ban ¢6 thé nhan
duogc dap an:

1 1
ftan3(x) dx = Etanz(x) - Eln(ll +tan’(x)|) + K

Hai d4p an nay c6 gidng nhau khéng?
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BAI 3.3.13 TINH TiCH PHAN BANG PHAN SO RIENG PHAN

Néu ham lay tich phan (biéu thirc sau du tich phan) c6 dang la mot phan s6 dai s6 (algebraic
fraction) va ta khong the lay tich phan bang cac cong thirc don gian, phan thie d6 can duoc
biéu dién lai thanh nhitng phan so6 riéng phan (partial fraction) trudc khi lay tich phan.

Céc budc can thiét dé phan tich mot phan s dai s6 sang cac phan sé riéng phan dé 1a ta xem
phan so do6 1a tong (hoac hiéu) cua cac phan so nao.
Dé hiéu rd hon, ta quan sat cach cong 2 phan sb dai sb sau:
1 N 5
x+2 x+3
_(x+3)+5(x+2)
T (x+2)(x+3)

_ 6x+13
T x245x+6

Trong bai nay, ta s& thuc hién nguoc quy trinh trén. C6 nghia 1a néu ta ¢ phan sb:
6x + 13
x>+ 5x+6
va ta mudn tim xem tong caa nhiing phan sé nao cho ra phan thirc trén, khi d6 hai phan sé ma ta

1 . 5 <N 2z ~ A =n X , 6x+13
thu dugc la — va — duoc goi la cac phan so riéng phan cua — :
) x+2 x+3 ’ X“+5x+6

Ta phan tich mot phan sé ra thanh cac phéan sb riéng phan nhu trén vi:
+ Piéu nay khién viéc tinh tich phan tré nén don gian hon.
+ Pugc st dung nhiéu trong chuyén doi Laplace.
Vay néu ta can tinh tich phan phan sé nay, ta c6 thé don gian hoa theo cach sau:

J‘ 6x + 13
x2+4+5x+6 X

= j ! dx + f > dx
X+ 2 x+3
=In(x+2)+5In(x+3)+K
= 1n((x +2)(x + 3)5) + K
Bay gio ta s& quan sat xem céach thic dé chuyén mot phan sb vé cac phan sb riéng phan.
l.QUY TAC 1

Trudc khi ta biéu dién truc tiép mot phan sé sang cac phan sé riéng phan, gié tri lity thira cao
nhat cua tu so phai it hon gia tri lily thtra cao nhat cua mau so toi thiéu 1 don vi.

Khoa: TOAN HOC 319




Chuyén san EXP

Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Vidu1

Phan sb:
2x% +3
x3—1

c6 thé biéu dién thanh cac phan sé riéng phan, trong khi phan sé:

2x3 +3
x3—1

khong thé biéu dién tryc tiép thanh cac phan sb riéng phan.

Tuy nhién, bang cach chia:

2x3+3_2+ 5
x3—-1 x3 -1

va phan s trong két qua c6 thé biéu dién thanh cac phan s riéng phan.
(Luu y: Mau sb ctuia phan sb ta phai dua vé dang nhan tu trudce khi biéu dién).
I1. QUY TAC 2: MAU SO CO NHAN TU TUYEN TINH

V6i méi toan tir tuyén tinh ax + b & mau trong mot ham phan thic hitu ti, ta duge mot phan sb
riéng phan cé dang:

A
ax+b

Véi A 1a hang sb.
Vi du 2: Biéu dién phan sb sau duéi dang cac phan sé riéng phan.

3x
2x+1)(x+4)

Tra loi vidu 2
Ta dat:

3x __A B
Cx+1D(x+4) 2x+1 x+4

Ta tim gia tri cia A va B bang cach nhan hai vé cho (2x + 1)(x + 4).
3x =A(x+4)+BQ2x+1)

Sau d6 ta pha ngoac, gom lai theo tirng nhém nhu sau:
3x =(A+2B)x + (44 + B)

Tiép theo, ta cho hé sé trudc mdi x va hang sb ¢ ca 2 vé bang nhau:
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Dbi voi phan x: ta dugc 3 = A + 2B.
Déi voi hing sb: ta duoc 0 = 44 + B.

Giai h¢ phuong trinh, ta dugc:

3
{A+ZB=3(:) A=-7
4A+B =0 12
B=-—"
7
Vay,
3x -3 12

2x DG +d) 72x+ D) 7+
I11. QUY TAC 3: MAU SO CO NHIEU NHAN TU TUYEN TINH PUQC LAP

Néu mot nhan tir tuyén tinh dugc 1ap n 1an & mau, khi d6 s& c6 n phan sé riéng phan tuong tng
VGi SO mil tr 1 den n.

Vi duy, phan sé riéng phan cua:

5x3 4+ 7x—9
(x+ 1)*

s€ c0 dang:

5x34+7x—9 A N B N C N D
x+1D* " x+1 (x+12 (x+1)3 (x+1)*

(Dau “=” mang y nghia “ddng nhat”, ta thuong su dung dau nay gitra hai biéu thirc ma ta mong
mudn rang chdng bang nhau. Ta ¢6 thé dung dau “=*néu muén.).

Vidu 3:
(a) Biéu dién biéu thirc sau thanh tdng céc phan sé riéng phan:

x+5
(x + 3)2

Tra loi vi du 3, cau (a)

x+5 B A N B
(x+3)2 x+3 (x+3)2

Nhan hai vé cho (x + 3)2:
x+5=A(x+3)+B

Pong nhat hé s cua x va cua hang s, ta duoc hé phuong trinh.
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bal s =622

A

Vay,

x+5 1 N 2
(x+3)2 x+3 (x+3)2

Dung voi tin day 1a dap an dung. Hay cong lai cac phan sb ¢ vé phai va ban sé ty tin hon vé tinh
dang dan cua cach lam nay. Bang cach kiém chang, ban sé hoc duoc rat nhiéu veé nguyén ly
cach thic nay hoat dong. S€ rat tot néu nhu ban luén thuong xuyén kiém tra cdng viéc minh
dang lam.

(b) Biéu dién biéu thirc sau thanh tong cac phan sé riéng phan:

2x% -3
(x—1)3x+1)

Tra loi vidu 3, céu (b)

2°-3 _ A B . C D
(x—1)Bx+1) x—-1 (x—-1)2 (x-1)3 x+1

Tanhan 2 vé cho (x — 1)3(x + 1):

2x2-3=Ax-1)*(x+1D+Bx—-1Dx+1)+Clx+1)+D(x—1)3

Ta khong can phai pha hét ngoic ra, ta chi viéc thay cac gia tri x phu hop dé tim két qua caa
A; B; C; D.

Véix = 1.

+ Vé trai = —1.
+ Vé phai = 2C.
+Vay € =—=.
Véix = —1:

+ V& trai = —1.

+ Vé phai = —8D.

+Vef1yD=%.

Bay gio ta s& so sanh hé sb cua x* & ca hai vé va sau d6 ta so sanh hang sé & ca hai Vé.
Heé sb cua x3 ¢ vé trai = 0.
Hé s6 cua x3 o vé phai = A + D.

Vay A = —D.
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P

DoD==nén A

@ |-

Hang sé & vé trai = —3.

Hang s6 ¢ vé phai= A — B + C — D.

Nhung ta di biét dugc 3 gid tri nén ta d& dang tim duoc B = %
Vay,

2x* -3 1 9 1 1
G- +D)  8(—1) Tax—1? 2G—17  8(x+1)

IV.QUY TAC 4: MAU CHUA NHAN TU BAC 2
Ung véi mdi nhan tir bac hai ax? + bx + c, ta s& dugc phan sé riéng phan c6 sang.
Ax + B
ax? + bx + x
Vi du 4: Biéu dién biéu thtrc sau thanh cac phan sé riéng phan.
x3 -2
x*—1

Tra loi vi du 4

PAu tién, ta can dit nhan ti cho mau:
P -1=02+ D2 -1 =+ D+ D(x-1)
Viy,

x3—2 Ax+B C D
= + +
x*—1 x24+1 x+1 x-1

Ta nhan hai vé cho (x% + 1)(x + 1) (x — 1):

x3-2=UAUx+B)x+Dxx-1D+Cx*+1Dx -1 +Dx?+1D(x+1)

Voix = 1:

+ Vé trai = —1.
+ Vé phai = 4D.
+Vay D = —i.
Véix = —1:

+ Vé trai = —3.

+ Vé phai = —4cC.
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N 3
+Vay C =-.
4
Heé sb cua x3 & vé trai = 1.
Hé sb cia x3 o vé phai = A+ C + D.

ViD=—%véC=

Bl w

A 1
nén 4 = -.
2
Hang s6 & vé trai = —2.
Hang sé & vé phai = —B — C + D.

Piéunay chotaB = 1.

Vay,
1
x%—2 —7x+1+ 3 1
2+ Dx+Dx—-1) x24+1 4(x+1) 4(x-1)
x+2 3 1

22+ A+ D -1

Luwu y: Phan sé ¢6 nhan tir bac 2 dwoc lap & mau, phan sé riéng phan ¢ dang gan gidng véi
nhan tu tuyén tinh dugc lap.
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CHUONG 4: BAI PQC THEM

BAI 4.1 ARCHIMEDES VA DIEN TiCH MOT PHAN HINH PARABOLA

Archimedes 12 mot nha Toan hoc vao thoi Hi Lap cb dai, song cach ddy 2300 nam vé trudc.

S P N RN e I SN P

<EUROPA CEPTma‘
T ¢

E HELLAS

I AN TN I NN N E NN

AAHNIKH AHMOKPATIA ﬂﬂ

N WA T T

Archimedes

Nhiéu phat minh ciing nhu nhitng kham pha Toan hoc cua dng dugc danh gia la di trudc thoi
dai.‘ That la hay khi pan co thé phé’t huy dugc su séng tao trong khi xung quanh ban dang c6 rat
nhiéu ké thu co thé tan cong ban bat ky luc nao.

Viéc xac dinh dién tich duéi duong cong la mot van dé nan giai trong nhiéu nam. Nhiing budi
hoi chg, thwong mai, nguoi ta phai lam viéc nhiéu véi thé tich cua khoi hinh tru va hinh cau,
Archimedes da cho ra két qua xap xi tot cho dién tich hinh tron cling nhu gia tri xap xi so 7.

Bai viét nay s€ trinh bay diém dang cha ¥ nhét trong tat ca cac y tudng ciia Archimedes, day 1a
codng trinh xuat hién trudc ca thoi Isaac Newton va Gottfried Leibniz (nhirng nha toan hoc da
phét trién phép tinh vi phan vao khoang thé ky 17) khoang 2000 nam.

I. DIEN TICH MQT PHAN HINH PARABOLA

“Mot phan parabola” d6 1a ving hinh phang bao bai parabola va duong thang, vi du nhu ving
mau xanh sang ¢ hinh dudi day.
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+] 5.4

AL D 1

T6i dung hinh parabola don gian y = x? va 2 diém méc cua doan thang 1a A(=1; 1) va B(2; 4).
Dinh ly cua Archimedes ap dung duoc vai bat ky duong parabola vao bat ky duong thang nao
cit ngang dudng parabola d6. (Puong nhién, Archimedes khong dung hé truc toa do Oxy vi
thoi cua 6ng chua ai phat minh ra truc ndy, mai dén thé ky 17 thi Descartes méi phat minh ra).

Archimedes sau d6 dit diém C sao cho hoanh d6 x cia diém nay bang mot nira khoang céch cua
hoanh d6 x cua A dén hoanh d6 x cta B. Sau do6 6ng ta xay dung tam giac ABC nhu sau:

at B (2, 4)
|
|
|

2 |
|
|
|
|

2 [
|
|
|

A1 D 11 |
| |
| |
| c |
| 05, 0.25) |
T T PR "
| | |
" d=15 T d=15 |

O vi dy nay, gia tri hoanh d6 x cua C 14 0.5, cach mdi diém x = —1 va x = 2 14 1.5 don vi.
Archimedes da chimg minh dugc rang dién tich mot phan parabola (viing c6 mau xanh sang)

bang % dién tich tam gi4c ABC.

Ong da dung “Phuong phép vét can (method of Exhaustion)” dé cho ra két qua nay. Y tuong
phuong phép nay d6 1a tim dién tich hinh cong bang cach vé cac hinh ngii giac nho dan lién tiép
nhau, noi tiép trong hinh cong cho dén khi nao lap day hinh cong. Ta c6 thé tinh duoc dién tich
hinh ngii giac, tir d6 suy ra dugc dién tich hinh cong.

Bay gio ta xay dung mot tam giac khac bang cach chon mot diém D trén parabola sao cho gia
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tri x caa diém nay biang mot nira khoang cach gid tri x cua A va C, giéng nhu ta da lam.

Hay phong to va xem két qua:

Ta tiép tuc quy trinh trén trén doan BC, tirc dat diém E sao cho gié tri x cua E bang mét nira
khoang cach gitra C va D.

Ta c6 thé thdy rang néu ta cong dién tich cua cac tam giac ABC, ACD va BCE véi nhau, ta s&
dugc gia tri xap xi hop y cho dién tich mét phan hinh parabola, nhung ta c¢6 thé c6 dugc két qua
xap Xi tot hon nira.

Néu ta tiép tuc quy trinh nay, ta s& tao dung thém 4 tam gi4c nita nhu hinh duéi day.
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Ban sé& thay mot phan hinh parabola s& con lai mot sé “ving trang nhd” va néu ta cong dién tich
cua 7 tam giac nay, ta sé€ thu duogc gia tri xap Xi con tot hon cho dién tich mét phan hinh
parabola.

Néu ta cong dién tich mot lwgng vo han céc hinh tam giac, ta s& duoc gia tri chinh xac cho dién
tich mot phan hinh parabola.

A . - , . X- o~ ., N 7 7 N 1 .. , N ., N
Bay gio, dién tich caa moi hinh tam giac mau xanh 1& sang bang 3 dién tich hinh tam giac mau
A gty ./ \ 7 AA A M 1 40 A ., N X . ~ A
hong, boi vi tam gidc mau xanh 14 c¢6 do rong bang E do rong tam giac mau hong (vi ta da xay

, ~ N P - A hY 1 <A -, N A P X g~
dung ching nhu vay) va cé chicu cao bang " chiéu cao tam giac mau hong (ta co thé¢ dung
phuong trinh tham s6 dé ching minh diéu nay.).

I3 A o y o7 Y 9 s ~ 7 = A Ve N 1 = A , N -7 \
Sau do, ta mo ta cac tam giac mau do, ching s€ co di¢n tich bang 3 dién tich cua tam gidc mau
xanh la séng.

Viy, néu ta gia sir dién tich cua tam gidc mau hdng 16n 1a X, thi tong dién tich cua tat ca cac
hinh tam giac sé la:

ceaff)a()en(i) -

X (1 P )
B 4 16 64
Ta nhan thay biéu thuc ¢ trong ngoac chinh 1a mot cap s6 nhan c6 cong boi la r = % va phan tir
dau tién a = 1. Két qua téng cua cip sb nhan 10i vd han nay sé Ia:
a 1 4

T:\ = = = -
ong 1—r
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(Archimedes di str dung chitng minh hinh hoc cho tong nay nén chung con duoc goi 1a chudi
hinh hoc).

Vay tong dién tich cua cac tam giac (két qua nay cho ta dién tich cia mot phan parabola mau
xanh sang) 1a % bang % dién tich cua tam giac mau hong, dtng nhu Archimedes da dé cap.

Y tudng dang sau giai phap nay rat twong dong véi y tudng phat trién vi tich phan.

1. SU DUNG TIiCH PHAN

Ta s& dung tich phan dé kiém chung dap an ma Archimedes dé ra.

O vi du nay, véi y = x? va duong y = x + 2 cat ngang parabola tai diém (=1;1) va (2;4),
tam giac hong cé canh AC = 1.68 don vi va chiéu cao la 4.02 don vi, nén dién tich tam giac
nay la:

Dién tich: AABC = 0.5 1.68 - 4.02 = 3.38 don vi®

Vay, lién hé dén Archimedes, dién tich cia mot phan parabola (xanh sang) s 1a:
A s A A 4 -2
Dién tich mgt phan parabola = 3 3.38 = 4.5 don vi

Bay gi0, ta hdy so sang dap an nay vdi dap an dung tich phan. Dién tich can tinh chinh la dién
tich hinh phang gitra 2 duong cong. Buong cong trén la duong y, = x + 2 va duong cong dudi
lay, = x%. Cancuatich phanlax = —1vax = 2.
b 2
fyz—yldx= f(x+2)—x2dx
a -1
B CP
“\2 7773

= 4.5

2

-1

Viy ta c6 cung dap an 1a 4.5 don vi®.

Nhu t6i noi ban dau, cdch lam cia Archimedes dé tinh dién tich mot phan hinh parabola la
thanh qua rat xuat sac. Trudc thoi cia Newton va Leibniz thict 1ap nén vi tich phan dén 2000
nam, Archimedes da nam dugc y tudng co ban rat tot.

That thdi vi (va nguy hiém) khi y twong nay bi “lang quén” dén ca ngan nam.

Ban doc c6 thé xem ban tiéng Anh cong trinh “Phép cau phirong parabola ciia Archimedes” tai
dia chi http://www.math.ubc.ca/~cass/archimedes/parabola.html.
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BAI 4.2 THE TICH MAT DAY CHUYEN

Trong khang gian ba chiéu, gia st ta c6 mat day chuyén c6 thiét dién nhu hinh dudi day, ta s&
tinh thé tich mat day chuyén d6 nhu thé nao?

/~ N

Pé lam bai nay, ban doc hiy xem qua bai “Thé tich khai tron xoay” dé nam dugc ¥ tuong khi
tinh thé tich bang tich phan.

Y tudng co ban d6 1a ta 1dy mot hinh phéng cho trudc va xoay quanh truc y. Day cung chinh la
¥ tudng cua viec gia cong mat day chuyen trong thuc té, d6 1a bo mot khéi vat liéu vao may tién
va xoay, mai no, cat tia canh cho dén khi ta dwoc mau 3 chiéu hoan chinh.

Xét vé mit toan hoc, ta s& cat vat thé 3 chiéu nay theo chiéu ngang (v han lan) thanh khdi hinh
tru si‘éu mong, sau do ta cong thé y’ch cac khoi mong nay lai, ta sé dugc thé tich cua mat day
chuyén. Bé lam diéu nay, ta can biét dugc ham so cho moi phan cta mat day chuyén va lay tich
phan.

Duéi day 1a so dd thiét dien mat day chuyén. Thiét hién nay tao boi 3 hinh tron nhu sau:

+ O phan trén, M dén K, 1a mot cung cia hinh tron mau den tdm F(0; 2) va c6 béan kinh 1a
5.17 cm.

+ O phan gitra, K dén H, la cung cua hinh tron mau xanh sang tam G (—2; 0) va c6 ban kinh 1a
8 cm.

+ O phan dudi, H dén J, 1a cung cua hinh tron mau d6 tam A(—18; 7.75) (khong hién thi trén
so do) va ban kinh 25.78 cm.
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Pay 1a két qua cudi cuing sau khi ta hop nhat cac cung va chiéu déi xting qua truc y.

Bay gid ta sé tinh thé tich.

I. XAP XI THE TICH

Trong bai nay, s& thuan loi hon néu ta c6 két qua ude luong thé tich mat day chuyen.

Khi ta xoay hinh trén quanh tryc y, hinh méi tao thanh s& gan giéng vai khéi cau cé ban kinh

6.5 cm. Tong quat, thé tich khdi cau 1a:

V==
37'[7"
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Thay gia tri r = 6.5, ta duoc két qua 1 150.3 cm?.
Il. THE TICH KHOI TRON XOAY - TRUC THANG PUNG
Pay la cong thurc ta dung:

a

Thé tich = nf x? dy

c
Cong thirc yéu cau ta phai bieu dién ham s theo x (vi khi d6 ham x s& chi ¢6 an ), binh
phuong va lay tich phén.

Vi canh ctia mat day chuyen c6 3 manh, ta can tach tich phan ra lam 3 phan (tdi s& 1am tir dudi
Ién va dung gia tri y cua diém giao cung tron véi truc tung dé tao can dudi va can trén Gng véi
mai tich phan):

~3.49 555 7.17
Thé tich = 7 f xtdy +m f x¢dy +m f x2 dy
~10.7 ~3.49 555

Bay gio ta s& thiét 1ap ham sd.

Muc dich cua ta s& tim biéu thirc cho x? @ng véi 3 cung khac nhau.

Téng quat, hinh tron tdm (h; k) va cé ban kinh r ¢é phuong trinh:
(x—m*+ G -k)?=r?

T6i s& sir dung truong hop don gian nhat (cung & gitta) dé minh hoa viéc ta phai lam. Trong vi
du nay, cung ¢ gitra la mot phan cua duong tron tam G(—2; 0) va c6 ban kinh la 8. Phuong
trinh duong tron nay la:

(x=(-2)" +y? =64

Véi cac tinh chét co ban cua dai s6 cho ta biéu thirc ciia x2 theo y.

2
x? = (Vo4 —y% -2)
(T6i chi liy can bac 2 duong boi Vi ta chi can phan bén phai caa mat day chuyén). Toi dung két

qua nay dé biéu dién x, trong tich phan.

Tuong ty cho 2 cung con lai, thay két qua vao phuong trinh tinh thé tich cho ta:

—3.49 5.55

Thé tich = 7 f (Veot4—(y =775 - 18)2 dy + 7 f (Vea—y2 - 2)2 dy

-10.7 —3.49
7.17

+ 7 f 26.7 — (y —2)%dy
555

Khoa: TOAN HOC 332




Chuyén san EXP
Khoa Toan hoc, trudng Dai hoc Khoa hoc Ty nhién — Dai hoc Québc gia Tp. H5 Chi Minh

Tiép theo, ta s& dung phan mém may tinh (t6i dung Scientific Notebook, ban c6 thé ding
Wolfram|Alpha) dé tinh céc tich phan nay va ta c6 ket qua thé tich la 1140.76 cm3.

Dap s6 nay rat gan voi két qua du dodn cua ta la 1150 nén ta c6 thé tu tin su chinh xac cua dap
SO nay.

I11. CACH GIAI KHAC — MO HINH HOA ELLIPSE

Mot cach khac dé giai quyét bai nay do 1a v& ellipse qua nhiing dlem d3 biét va xem hinh dé
xap xi mot hinh tron. T6i tin rang cach lam nay sé ngan hoi nhung van cho ra két qua hop ly.

Céc diém ta da biét la M; H; K va J, nén ta c6 thé dung phan mém GeoGebra dé vé ellipse di
qua cac diem, giong thé nay.

Ta lay phan bén phai truc y, xoay quanh tryc nay, khi d6 ta s& dugc thiét dign giong nhu hinh
dudi déy.Ban c6 theé thay hinh dudi day twa nhu hinh mat day chuyen ban dau. Phan dinh hoi
nhon, nhung diéu nay khdng anh huong nhicu dén theé tich.

Phan mém GeoGebra cho ta biét phuong trinh cta ellipse:
—594.9x2 + 594.7xy — 800.5y2 — 6 672.3x — 2 828.1y + 61451 = 0

Ta can biéu dién phuong trinh nay theo x?2, t6i s& ding phan mém Scientific Notebook dé giai
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thay tdi, bang cach giai phuong trinh tim x, sau d6 binh phuong két qua.

x? = (=5.61+ 05y + 8.4 x 107%/(1.91 x 108 — 1.47 X 1017y — 1.55 x 1016y2))2
Thay biéu thuc nay vao cong thuc tinh the tich. Can trén va dudi cua tich phan la —10.7 (diem
J)va7.17 (diém M).

7.17
Thé tich = & J x%dy =1164.43
—-10.7

Viy cach sir dung hinh ellipse & md hinh héa mat day chuyén cho ra két qua kha chinh xéc (sai
S0 2%). Méc du nhin phuong trinh ¢6 vé roi ram nhung thuc ra ta khdng ton nhiéu cong sac dé
lam.
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BAI 4.3 NEWTON DA NOI Gi VE VI TiCH PHAN?

Hau hét chung ta hoc toan tir nhitng gido trinh hién dai v6i nhitng ky hiéu hién dai va chung
thuong khac véi ky hi¢u goc trong lich str. Vi vay, khong may ngac nhién khi nhiéu nguoi nghi
rang toan hoc 1a mot phat minh hién dai va né duogc thiét ke chi dé tra tan hoc sinh!

Isaac Newton & tudi 46

Isaac Newton d3 viét nhitng y tuong cua ong vé vi tich phan trong cudn “The Principia” (hodc
day du hon “Philosophiae Naturalis Principia Mathematica”, nghia la nguyén tic toan hoc cua
triét hoc ty nhién) dugc xuat ban 1an dau vao nam 1687 va day la mot cuodn sach tuyét voi theo
thoi gian. Khong chi vi tich phan, cudn sach nay con bao gém ca nhitng quy luat chuyén dong

cua ong.

PHILOSOPHIE

NATURALIS

PRINCIPIA
MATHEMATICA

|
|
|
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R MATUR:
Y§ RS PRASES
Tele 5. vebs.

M
PEP

s

LONDIN]

2 Sacur. Typon Toopli Sreser. Proftar
- pa:: e ’”Al'#oaxfxm S

Trang bia cuén The Principia

Newton viét Principia bang tiéng Latin. Mic du cac nha khoa hoc khac da viét cudn sach nay
bang ngon ngtt me dé cua hg (hodc mot s6 ngoén ngtr pho bién khac nhu tieng Phéap, Buc va

Anh), nhung Principia rat phd bién trong gidi toan hoc viét bang tiéng Latin vao thé ky 19,

Hay theo dbi vao modt phan nho (“Bb dé 1) ciia cong trinh viia Newton trong ban dich bang

tiéng Anh vao nam 1729.
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Vén dé sau dy rat quan trong véi cac nha khoa hoc vao cubi thé ky 17, d6 1a ho gip mot sd van
dé cap bach trong nganh khoa hoc hang hai,thién van hoc va cac hé thong may moéc co khi ma
khong the giai quyét dugc bang nhitng cong cu toan hoc da co luc bay gio.

Trudce khi xem cuon sach, ban can nam virng mot s6 khai niém sau.

+ B dé (lemma) 12 mot ménh dé da duogc ching minh, va né dan dén cac két qua mé rong
hon.

+ Trong tiéng Anh cb, ky hi¢u [ dai dién cho chir “S”. Tur dAu tién xuét hién bén dudi 1a
“infcrib’d”, ma chung ta viét 1a “inscribed” (luu ¥ rng chit “s” duoc sir dung cho danh tir s6
nhiéu giéng nhu chit “s” cia ching ta hi¢n tai). Kéo dai chir S, ta dugc ky hi¢u f, duoc st dung
dé ky hiéu cho “tich phan”, vi tich phan c6 lién quan chit ch& dén “tong” (sum).

+ “Dimini | hed” 1a “g1am” (diminished), con c6 nghia la “tré nén nhé hon™.
+ is “&C” ma ngay nay chung ta viét 1a “etc” (et cetera nghia 1a “van van”).
+ “Augmented” nghia la “tré nén 16n hon”.

+ “Ad infinitum” trong tiéng Latin c6 nghia 1a “tiép tuc thuc hién cho dén khi ban tiép can vo

han”.

L.euvw a IL

If in any figure AacE (Pl.1.Fig.6.) terminated
by the right lines Aa, AE, and the curve
acE, there be infcrib'd any number of paral-
lelggrams Ab,B c, Cd, &¢. comprehended
under cqual bafes AB,BC, CD, ér¢, and
the fidesBb, Cc, Dd, érec. parallel to ome
frde A aof the figure 5 and the parallelo-
grams aKbl, bLem, c Mdn, &e. are
compleated. Then if the breadth of thefe
parallelograms be fuppos'd to be diminifbed,
and th:tr number to be avgmented in infini-
wm: I fay that theultimate ratic's which
the inferibd firure AKbLcMdAD, 1ke
circumferibed figure AalbmcendoE, and
curvilinear figure A abcdE, will have
to one another, are ratio's of equality.

Bé dé 11

Néu bdt ky hinh AacE (nhw hinh 6) gidi han boi hai dwong Aa; AE vuéng géc nhau va dwong
cong acE, khi dé ton tai mér lwong cac hinh binh hanh Ab; Bc; Cd; ... dwoc bao bdi cac canh
bang nhau AB; BC; CD; ... va cac canh Bb; Cc; Dd; ... song song véi mét canh A cua hinh, va
hinh binh hanh aKbl; bLcm; cMdn; ... 1a hoan chinh. Néu ta giam do rong cac hinh binh hanh
XUong va tang sé lwong hinh binh hanh lén dén vo hgn: ta ndi rang ti 1é sau cung gigza hinh ngi
tiép AKbLcMdD, hinh bao xung quanh AalbmcndoE hinh cong AabcdE bang nhau va ching
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trung voi nhau.

Pay 1a hinh anh c6 trong “B6 dé II”

a [
m
K y/ ’
Li——"
¥y s
P 41, M i
A B

I. GIAI THICH

Ta s& quan sat tirng y mot trong bo dé. Ching ta mudn tim dién tich gitra duong cong abcdE va
hai duong Aa va AE.

Néu bat ky hinh AacE (nhuw hinh 6) gidi han béi hai dwong Aa; AE vuéng géc nhau va dwong
cong ackE,

A E

khi dé ton tai mét lwong cac hinh binh hanh Ab; Bc; Cd; ... dwoc bao bdi cac canh bang nhau
AB; BC; CD; ...va cac canh Bb; Cc; Dd; ... song song vai mot canh A ciia hinh,

ﬂ!
K/
L
M
A B
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va hinh binh hanh aKbl; bLcm; cMdn; ... la hoan chinh.

e
K & : F/ 2
Li—t—"
M )
A & b

Néu ta giam dé réng cac hinh binh hanh xudng va ting sé heong hinh binh hanh lén dén vo
han: ta noi rang t/ I¢ sau cung giza hinh ngi tiep AKbLcMdD, hinh bao xung quanh
AalbmcndoE hinh cong AabcdE bang nhau va chung trung voi nhau.

a i a E
. M
K2 K="
L—a" L—a—"
M M !
A B C b A B 5
Hinh chir nhat duéi Hinh chir nhit trén

Néi cach khac, néu ching ta v& nhiéu hinh chit nhat mong theo cach tuong ty & trén thi dién
tich hinh chir nhat dudi va dién tich hinh chit nhat trén s€ hoi tu vé dién tich dudi duong cong,
do 1a dién tich chung ta can tim.

Dudi day la truong hop chung ta ¢6 25 hinh chir nhat. Chung ta c6 thé thay tong dién tich cua
cac hinh chit nhat nay gan véi dién tich dtroi duong cong. Chic chén ty 16 dudi ddy sé gan bang
1, dang nhu Newton da noi.

Hinh chit nhat duéi = Hinh chit nhat trén = Dién tich dudi duong cong
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— =}

Hinh chir nhat dwéi Hinh chir nhat trén

Pay 14 ¥ tudng co ban cta giai tich, d6 1a ta s& tim dién tich (hay do doc) cho mot s it trudng
hop, sau do ta tang so lugng truong hop 1€n vo han, va két ludn rang ching ta dang gan dén voi
cau tra lo1 can tim.

II. PONG GOP CUA ARCHIMEDES

Khai niém tim ra dién tich bé mat cong sir dung tong v han thi khong hé méi vi Archimedes da
biét dén dieu nay cach day 2000 nam.

III. HOC TOAN TU NHUNG PIEU CO BAN

Du ta dang xem Principia thong qua 1 ban dich tiéng Anh nhung lai rat tha vi khi ta quan sat
cac ky hiéu va biéu thirc ban dau ctia Newton. Trén day, di nhién, 1a mot phan rat nho cua cudn
sach Principia ctia Newton.

Ta nén nghién cau (va giang day) toan véi sy am hiéu sau sac ly do vi sao toan hoc phat trlen
phét trién khi ndo va ai da gop phan phét trién toan. Ta khong thé lic nao cling su dung nguon
tai liéu nguyén ban, nhung ta cling nén hoc toan vai su hiéu biét vé lich si todn hoc hon la
khdng biét.
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BAI 4.4 TONG RIEMANN

Tich phan la mét quy trinh toan hoc gidp ta:

+ Tinh dign tich mién phang dudi duong cong trong khdng gian 2 chiéu (canh hinh phang
khéng thang va khdng c6 cong thirc don gian nao deé tinh dién tich hinh phang day.).

+ Tinh thé tich vat thé trong khong gian 3 chiéu (canh khong thang.).

+ Van téc cua vat thé néu ta biét gia toc vat thé day tai thoi gian t (tac gia toc ludn thay doi
theo thoi gian ciing nhu van toc.).

+ Quéng duong cua vat thé néu ta bict van toc vat thé day tai thoi gian ¢ (van toc va quéng
duong thay doi theo thoi gian nén ching khéng cé cong thie don gian dé tinh.).

+ Ap suat cia mot vat thé chim sau dudi nude (ap suat thay doi khi vat chim xuéng.).

Trong tich phan ta da danh nhiéu thoi gian ndi vé dién tich duéi dudng cong béi vi mién phang
tinh dién tich day co thé dung dé dai dién cho bat ky dai lugng nao noi trong bai.

Trong cc tiét toan ta dung tich phan dé tinh dién tich dudi duong cong. Ta biét rang dién tich
hinh phang duéi duong cong f(x) duoc tinh bang céach tinh tich phan xac dinh gitra can duéi va
can trén a va b nhu sau:

b
Dién tich = f f(x)dx
a

Tuy nhién, khong phai lic nao ta ciing dé dang tinh duoc tich phan trén.
I. DPAT VAN DPE
T6i can tinh dién tich dudi dudng cong sau, gitra x = 3.1 va x = 6.

y = 10.3x3 sin(x)]|

Dién tich can tinh cd hinh sau:

3.1 6

Khi d6 ta ¢ tich phan sau dé tinh dién tich yéu cau:
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6
Dién tich = fIO.Sx3 sin(x)| dx
3.1

Tuy nhién, tich phan trén rat kho tinh bang cach “thu cong”.

Vay ta phai Iam gi? Ta can huong tinh todn s6 dé tinh tich phan trén, gidng nhu nhiéu nha toan
hoc da lam trudc khi Isaac Newton va Gottfried Leibniz phat trién vi tich phan vao thé ky 17.

Mot cach tinh d6 12 v& mang ludi trong mién phing va dén sé hinh vuéng nho.

Tuy nhién, t6i doan khong 1am chéc ban s& cam thay rat chan nan khi phai ¢ém sb & vuéng, nhat
1a hinh 16n thi s6 lwong 6 vudng rat nhiéu. Ban hay nhé rang mudn tinh dién tich cang chinh xac
thi s6 luong & vudng trong mién phang phai cang nhiéu, dan dén viéc ban phai bo cong sirc
nhiéu hon dé dém sé 6 vuong diy.

C6 mot cach khéac hitu hiéu hon. Luu ¥ rang céach ta lam gidng nhu cach may tinh tinh tich
phan, do 1a tinh toén so.

1. TONG RIEMANN

Téng Riemann cho ta mot cach c6 hé thdng dé tinh dién tich dudi bé mat cong khi ta biét ham
s0 toan hoc cho duong cong day. Cach lam nay duoc dat tén theo nha toan hoc Bernhard
Riemann (doc 1a “ree — man” vi trong tiéng Puc “ie” doc thanh “ee”).

Ta s& xay dung c4c hinh chix nhat c6 do rong bang nhau ¢ giita diém dau va diém cudi ciia mien
phang ta can tinh dién tich. Néu ta cong cac dién tich nay lai, ta sé& duwoc gia tri xap xi tot cho
dién tich.

Ta c6 thé dat cac hinh chit nhat sao cho duong cong nam bén trai hoac bén phai nhu hinh dudi.
Tuy thudc vao duong cong, hinh chir nhat ma ta sé c6 cac két qua xap xi khac nhau.

AR AH
\ 7
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Ban c6 thé thay & vi du trén, két qua xap xi “trai” s& rat nho (tong dién tich cac hinh chir nhat
nhé hon dién tich dudi duong cong), trong khi két qua xap xi “phai” s& rat 16n.

Mot cach dat hinh chit nhat d6 1a ta dat sao cho duong cong di qua diém gitta ciia mdi hinh chir

nhat nhu sau:

AT

Mot cach khac nira do la ta xay dung hinh thang. Khi s6 lugng hinh thang ngay cang Ién, ching
sé bao gan hét duong cong.

Hai cach cubi cung d6 1a ta dung hinh chit nhat duéi (tic hinh chit nhat nim hoan toan duéi
duong cong) va hinh chir nhat trén (tiec hinh chir nhat nam hoan toan trén duong cong.)

écﬁ 7” N

il

Quay tro lai van dé, ap dung cach lam diém gitra, ta s& vé& 50 hinh chir nhat sao cho duong cong
di qua diém giita cua mdi hinh chi nhat, cong dién tich cac hinh chir nhat nay lai, ban sé thay
dap 4an khong dung du chi véi 1 chir s6 thap phan so vai két qua bang tich phan.
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_¢_¢_|_;1=so.oc- N

I
@ +——+—+——stat=2300
30 ZZ %
111 = 6.00) ?1
235 \
W0 Sum areas = 71.356
Agctual area=71.256 ZZ

Ban c6 thé thuc hién cach chia cac hinh chir nhat ciing nhu cac cach giai tai
http://www.intmath.com/blog/mathematics/riemann-sums-4715.

Nh¢ réng 300 ndm trude, ngudi ta phai tinh dién tich ting hinh mét bang tay va tinh rat nhiéu
hinh chir nhat. Vi vay rat dé hiéu khi ho budc phai phat trien thém nhiéu cong thire dé tién viéc
tinh toan, nhu logarithm chang han.

Trong danh sach céc cong thirc tinh toan sb thiéu di cong thirc tinh chuan xac nhat. Thay vi
dung cac doan thang noi 2 diém trén do thi (hudng tiép can hinh thang), ta cé thé xap xi dién
tich duong cong bang chuoi cac parabola, do 1a quy tac Simpson.

Tinh phan cho ra gia tri dién tich hop 1y néu duong cong nam hoan toan trén truc x (nhu do thi
vi du trén). Nén véi phan db thi dudi truc x, ban can dat két qua tich phan vao dau tri tuyét doi.

I11. TONG KET

Bai viét nay cho ban thiy khéi niém quan trong trong tich phan. Dién tich dudi duong cong c6
thé dai dién cho nhiéu van dé trong doi song, tir cach tim van toc dén tim thé tich.

Trudc khi vi tich phan phat trién, cach dé nguoi ta 1am nhiing diéu trén d6 14 sir dung huéng
tinh toan s6, tuc tinh tong dién tich cac hinh chir nhat (hay hinh thang) rat mong dé cho ra két
qua xap xi dién tich. Cang nhiéu hinh chir nhat, két qua xap xi cang tot.
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BAI 4.5 PINH LY CO BAN CUA VI TiCH PHAN

Ban c6 thé theo dbi so lugc khéi niém vé “Bink 1y co ban cua vi tich phan” trong bai “Dién tich
duwoi dwong cong” va “Tich phan xac dinh”.

Trong bai nay, ta gia st rang ham f lién tuc trén khoang dong [a; b]. Piéu nay c6 nghia duong
cong khong dut doan trong doan x = a dén x = b va diém dau, cuoi thugc doan do.

I. PINH LY CO BAN THU NHAT

Cho cac diéu kién ¢ trén, ta xac dinh mot ham F (chit “F” viét hoa) nhu sau:

F(x) = J £(0) dt

(Luu y rang trong tich phan trén ta c6 can trén 12 x va ta tinh tich phan theo bién t).

Dinh ly co ban thir 1 ndi rang:

Ham F lién tuc trén doan dong [a; b].
Ham F kha vi (tic cé thé tinh vi phan) trén doan mé (a, b).
F'(x) = f(x), tirc dao ham cua F(x) la f (x).

Chting minh dinh 1y co ban thir nhat
Gia sir x va x + h la cac gia tri trén doan mo (a; b).
Vi ta dinh nghia F(x) la f;f(t) dt, ta c6 thé viét:

x+h X

F(x +h) = F(x) =j £0) dt—ff(t)dt

Ta viét lai tich phan dau tién & vé phai thanh tong caa hai tich phan (cha y can trén va can dudi)
va don gian moi thit nhu sau:

F(x+ h)—F(x)

= jxf(t)dt+xj+hf(t)dt —fxf(t)dt
=xfhf(t)dt

Bay gio ta chia hai vé cho h > 0:
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F(x+h)—F(x)_1
h " h

x+h
f £(0) dt

Vi bat ky duong cong trong doan (x; x + h) s& c6 mot gia tri ¢ ndo d6 sao cho f(c) 1a gia tri
cuc tiéu tuyét qéi cua ham SO trong doan do, va c6 mot gia tri d nao do sao cho f(d) la gia tri
cuc dai tuyét doi cuaa ham so trong doan do (day la hé qua cua Binh ly gia tri cuc).

Neén ta c6 thé viét:

f(c)SF(x+h})l_F(x) < f(d)

Néu h ngay cang nho, ca ¢ va d déu tién toi x nén ta co gisi han sau:
lim f(c) = lim f(c) = f(x)
Va:
lim f(d) = lim f(d) = f(x)
Vi biéu thtic cua chling ta ngay cang tién sat dén £ (x) tir hai phia nén ta c6 thé két luan:

lim F(x+ h) — F(x) _ )

h—0 h

Ta nhan thay rang gii han & vé trai chinh 1 dinh nghia dao ham F(x) nén ta can ching minh
ham F(x) kha vi, khi do F’(gc) = f(x). Bong thoi, vi F(x) kha vi tai moi diém trén (a; b) nén
ham nay lién tuc trén doan day.

Luu y: Khi tinh tich phan, viéc ban sir dung bién nao khong c6 khac biét 1am nén hoan toan 6n
khi ta str dung bién ¢ hay x, mién la chiing khdng c6 mau thuan nao.

II. PINH LY CO BAN THU THU HAI

Ta tiép tuc gia st ham f 12 ham lién tuc trén [a; b] va F 1a mot nguyén ham cua f, tac F'(x) =

fG).

Dinh 1y co ban thir 2 néi rang:

b
[r@a=re) - k@

Dinh Iy nay cd lién hé dén két qua dai sé ta thu duogc khi tinh tinh phan véi ham sé trong d thi
ta can tinh dién tich dudi duong cong.

Dé tim dién tich giira can dudi x = a va can trén x = b, ta tim tong dién tich duéi dudng cong
tur x = 0 dén x = b va trir di nhirng phan dién tich khong can thiét tir x = 0 dén x = a.

Chung minh dinh 1y co ban thu hai
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Tir dinh 1y co ban thir nhat, ta co:

F(x) = j £(0) dt
Va,
F'(x) = f(x)

Gia str G(x) 1a mot nguyén ham caa f(x). (Nhé rang mot ham sé bat ky co vo sb két qua
nguyén ham, sai khac nhau béi mot hang s6 nao do, nén ta c6 thé viét G(x) = F(x) + K).

Vay ta duogc:
G'(x) =F'(x)
Bay gid, Vi G(x) = F(x) + K, ta c0 thé viét:
G(b) — G(a)

=(F®) +K) - (F(a) + K)
= F(b) — F(a)
b a

=ff(t)dt—ff(t)dt
=ff(t)dt—0

b
=ff(t) dt

Vay ta da chang minh rang:

b
[r@a=re) - k@

Luu y: Mét 1an nira, khi tinh tich phan, viéc ban st dung bién nao khong cd khéac biét 1im nén
hoan toan on khi ta st dung bién t hay x, mién la chung khéng cé méau thuan nao.

I11. BAI TAP
(1) Tinh dao ham:

X

ft2+3t—4dt
5

dx

Tra loi bai tap (1)
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Theo dinh 1y co ban thir 1, néu F(x) = f;cf(t) de, thi F'(t) = f(t).
Trong vi du nay, f(t) = t? + 3t — 4.
Vay:

X

d
— ]t2+3t—4dt =x?+3x—4
dx

5

Ta khong can “di vong”, tirc tinh tich phan trudc roi dao ham sau ma ta cé thé tinh tryc tiép dao
ham. Tuy nhién, ta hay lam cach “di vong” @€ hiéu rd nguyén 1y hon.

X
ft2+3t—4dt

()
3 5
x3  3x?
=—+——4x —59.167
—3 Tt W
Tiép theo, ta dao ham két qua trén theo x:
d x3+3x2 4 59.167 | = x*> + 3 4
dx \ 3 ) X ! =X X

Pap 4n nay gidng voi dap an ta thu duoc tir trude. Luu ¥ rang ta khong quan tdm dén can dudi
cua tich phéan la bao nhiéu (trong bai nay la 5) vi gié tri hang s6 tao ra (trong bai nay la 59.167)
s& bién mat khi tinh dao ham.
(2) Tinh dao ham:

X

d
- f t sin(t?) dt
dx

m
Tra Ioi bai tap (2)

Trong cau hai nay, f(t) = tsin(t?).

Vay két qua dao ham Ia:

X

d
- J.tsin(tt) dt | = x sin(x*)
dx

m

Ta chua nghién clru cach tinh tich phan trong truong hop nhu f:l t sin(t*) dt, nhung ta khong
can quan tim cach lam diéu nay (that ra ta khong thé tinh tich phan nay thong qua nhiing ham
co ban, nhung ta lai dé dang tinh dugc dao ham).
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Luu ¥ rang hiang sé m khéng tao ra su khac biét cho dao ham cubi cung.

(3) Tinh dao ham:
X
d jt 1+t3dt
dx
0

Tra loi bai tap (3)
Lan nay, f(t) = tv1 + t3.
Vay:

X

d
P ft 14+t3dt | =xJ1+x3

0
IV. TUONG TAC

Ban c6 thé dung chwong trinh tng dung nho sau dé khdm phé thém vé dinh 1y co ban thi 2 tai
http://www.intmath.com/integration/6b-fundamental-theorem-calculus-interactive.php#applet.
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BAI 4.6 CONG THUC TANZALIN TiNH TiCH PHAN TUNG PHAN
Bai viét nay s& trinh bay mot cach don gian hon dé tinh nhimg tich phan ma ta thuong phai st
dung c6ng thuc tinh tich phan tirng phan.

Cong thac Tanzalin rat dé dé thuc hién. qNéu IGc ban 1am kiém tra phai lam theo cong thic tich
phan tirng phan theo ly thuyét, ban cé thé dung céng thire nay dé kiem tra ket qua.

Cong thirc Tanzalin dugc s dung nhiéu & Indonesia, ngoai ra toi khong thé tim thém noi nao
dung cong thic nay (trong van hoc Anh) va tdi khdng c6 théng tin vé Tanzalin, co thé day la
mot nha toan hoc.

I.ViDU 1
f 2x(3x — 2)°dx

1) Sir dung cdng thic tich phan tirng phan
Pau tién, ta s& dung cong thic tinh tich phan ting phan, tir d6 ta co dit liéu dé so sanh.

Ta xac dinh u, v, du va dv nhu trong bang sau:

u=2x dv = (3x —2)°dx

1
d =2d = —— — 7
u x| v 21(3x 2)

Cong thirc tich phan tirng phan cho ta:

Judv=uv—fvdu

f 2x(3x —2)%dx = —(3x —-2)7 — —f(3x —2) dx
Bay gi0, ta tinh tich phan chua biét:
1
f(3x—2)7dx — L @Bx-2P+cC
24
Thay két qua, ta duoc:

fo(Sx—2)6dx ——(3x—2)7—ﬁ(3x—2)8+6

Ta c0 thé dat nhan tir chung dé don gian hoa két qua:

21x + 2

— 27
3 Bx—=2)"+C

f 2x(3x —2)0 dx =

Cong thuc Tanzalin it phac tap hon.
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2) Swr dung cbng thirc Tanzalin

Trong cdng thiic Tanzalin, ta thiét 1ap bang nhu bén duéi day. O cot dau tién 1a thir tu cap dao
ham cua biéu thirc don gian nhat trong tich phén can tinh (ta can chon nhu vay boi chung sé
bien mat sau mot vai budc.).

O cot tha hai 1a tich phan phan biéu thire con lai trong ham tinh tich phan.

Ta chi viéc nhan 2 biéu thirc & 6 nén xanh véi nhau trong bang (biéu thirc 2x nguyén thay va
biéu thire két qua tinh tich phan dau tién). Ta khong ddi ddu cua nhiing biéu thuc nay.

Sau d6 ta nhan 2 biéu thic & 6 nén vang (dao ham bac 1 va biéu thac tich phan lan hai). Ta dat
dau trir cho tich nay.

Dap an tich phan 1a tong cua 2 biéu thuc trong cot cudi cung.

f 2x(3x — 2)°dx

Pao ham | Tich phan | Dau | Tich c4c 6 cling mau
2x (3x —2)°
1 2x
2 = Gx=2)7 | + —@Bx—-2)’
21
0 — (3x -2)8| - L (3x —2)°
504 252
Cong cac két qua trong cot thi 4:
JZx(Sx —2)dx = —(3x -2) _EBX -2 +C

Ta thém hang s6 tich phan € trong két qua cudi cung cha khong phai trong bang.

21x + 2
— 26 dy — _ 97
J2x(3x 2)6 dx o5 (Bx—2)"+C
1. VIiDU 2
stin(x)dx

Ta s€ st dung cdng thac Tanzalin.

Pao ham | Tich phan | Dau | Tich cac 6 cing mau
X sin(x)
1 — cos(x) + —x cos(x)
0 —sin(x) — sin(x)
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Ta nhan (x) voi (= cos(x)) va ta khong ddi déu. Sau d6 ta nhan (1) véi (—sin(x)) va ta doi

dau.

Cong két qua cot cudi cung, ta duoc két qua:

Jx sin(x) dx = —x cos(x) + sin(x) + C

1. Vi DU 3

ij\/x— 1dx

Trong bai nay, cong thirc Tanzalin yéu cau 4 dong vi ta con mot dao ham dé xac dinh.

Ta can dat dau xen k& (cot tha 3), vay dong tha 4 s& ¢6 dau duong.

Paoham | Tich phan | Dau | Tich c4c 6 cing mau
xz (x _ 1)1/2
2 2
2x —(x—-1)3?% | + Zi(x —1)3/2
3 3
4 8x
2 e _1V5/2 | o 1y5/2
-V T
8 16
0 Z (=172 + 2 (v _1)7/2
Tos ¥~V Tos ¥~V

Vay dap an cudi cling 1a:

2x? 3 8x 5 16 7
JxZVx—1dx=T(x—1)§—1—5(x—1)5+—(x—1)E+C_

IV.VIDU 4

105

f x?In(4x) dx

Ta can chon In(4x) cho cot dau tién, dua theo danh sach tht tu wu tién khi tinh tich phan ting

phan:
+ log cua x.

+ x liy thua.
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+ e lly thura x.

Luu ¥: Néu ta chon cach khéc, khi d6 ta phai tinh tich phan In 4x, rat phac tap.

Pao ham | Tich phan | Dau | Tich cac 6 cling mau
In(4x) x?
1 x_3 N x31In4x
x 3 3
1 x* _ x3
x? 12 12
2 5 3
= X + _r
X 60 60

Khi nao ta dung? Cot dao ham cling nhu cot tich phan s& ngay cang dai thém. Cong thuc
Tanzalin yéu cau mét trong cac cot nay phai “bién mat” (tirc bang 0) nén ta phai c6 cach nao do
dé dung lai.

Viy dap an cudi cing cua ta la:

x31In 4x 1 1 1 1 5
. —(—+—+—+—+---)x +C

2 —
Jx In 4 dx = 12 60 ' 80 " 420

Biéu thuc trong ngoic phai bang % (vi day chinh 1a dap an néu ta dung cach tinh tich phan tung
phan), nhung nhu ban thiy, day khong phai cap s nhan nén can ta phai c6 ki thuat tinh toan.
V. TONG KET

Trong khi cong thirc Tanzalin chi nam gitr nhitng tich phan bao gom (it nhat mot) biéu thic di
kem, cong thire nay cho ta cach tinh tich phan don gian hon trinh bay theo cong thuc tinh tich
phén tung phan.
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BAI 4.7 TICH PHAN TUNG PHAN 2 LAN

Khi lan dau ta hoc tich phan, thong thuong cac vi du 1a nhimng da thirc don gian hay mot ham sé
nhu sau:

3
x
(x2+4)dx=?+4x+C

jsinxdx =—cosx+C

I. TICH PHAN TIiCH
Liéu c6 cach nao dé tinh tich phan Ia tich caa 2 ham sé nhu vi du sau khong?

Vidu1:
jxsinxdx

Ldc nay ta can mot ki thuat quan trong va hitu ich trong vi tich phan Ia tich phan ting phan
(ban cé the xem lai toan bo ly thuyét co ban cling nhu vi du trong bai 3.3.8).

Pé tim tich phan nay, ta chon u sao cho dao ham cua u phai don gian hon u. Trong vi du nay,
ta s€ chon u = x va quy trinh giai nhu sau:

u=x dv = sinx dx
du = dx UV = COSX

Ta &p dung cong thic tich phan ting phan va tinh tich phan

fudv:uv—fvdu

fxsinxdx = (x)(—cosx) — f —cosx dx
R0t gon, ta duoc:
fxsinxdx = —XCoSx + f cos x dx
Bay gio, tich phan cudi cung rat dé dé tinh, do d6 ta co thé viét ra dap an:
fxsinxdx = —xcosx +sinx +C

Luu ¥ 1: Hang sé tich phan (€) xuét hién sau khi ta 1am tich phan cudi cing.

Luu y 2: Chon u va dv ¢ thé khién ban cing thang, nhung néu ban tuan thu theo quy tac
LoNguDaLuMu (c6 thé doc vui thanh “Lon Ngua Dap Lung M1”), quy tac nay rat dé lam. Vi
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u, ban chon thr tu uu tién tir cao nhat xudng thap trong danh séch va chon dv theo th tu uu
tién tr thap nhat 1én cao:
Lo: Ham Logarithm
Ngu: Ham lugng gidc Nguoc
Da: Ham Pai s6 (da thire don gian)
Lu: Ham Luong giac
Mu: Ham Mii
1. TICH PHAN TUNG PHAN — 2 LAN

Bay gio, ta xem truong hop kép, tuc ta s€ khong co dap an ngay tur lan dau thyc hién tich phan
tirng phan ma ta phai thuc hién phép tich phan tieng phan 2 lan.

fxze" dx

Trong vi du nay ta chon u = x?2 vi khi lay vi phan, ta s& duoc biéu thic don gian hon e*, Voi
xét theo quy tac “Lon Ngua Dap Ling Mii” thi ham dai s6 (x?) diing vi tri uu tién cao hon ham
mi (e”)

Vidu 2:

u = x? dv = e* dx

du = 2x dx v=e*

fudv:uv—fvdu

fxzex dx = x%e* — f e*(2x) dx

Bay gio ta tinh tich phan ting phan:

Ta sap xép lai s& duoc tich phan dudi day, toi s& goi la phwong trinh (1):
fxzex dx = x?e* — 2 f xe*dx (1)
Lan nay ta khong thé ngay lap tac giai duoc tich phan cudi cung, vi vay ta can thuc hién tich
phén tung phan thém maot lan nira. Chon u sao cho dao ham cta u don gian hon u, ta dugc:
uUu=x dv =e* dx
X

du = dx v=e

Luu y rang u va v ndy co gia tri khac véi u va v & ban dau vi du 2, day co thé 1a cai bay néu
ban khong dé y.
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Bay gio ta thuc hién tinh tich phan ting phan cua [ xe* dx:

fudvzuv—fvdu

fxexdx=xex—fexdx
Tich phan cudi cing rat don gian, tir d6 t6i c6 phuong trinh (2) sau:
fxex dx =xe* —e*+(C; (2)
Nhung ta chua hoan tat bai nay, ta nén nhé rang cai ta can tinh 1 tich phan nay:
fxze" dx
Pay l1a dap an khi thuc hién tich phan tung phan lan 1:
fxzex dx = x?e* — 2 f xe*dx (1)
Thay dap an (2) vao phuong trinh (1) va ta co:
fxzex dx = x?e* — 2(xe* —e¥*) + C
RUt gon lai, ta duoc dap an cudi cung:
szexdx =e*(x?-2x+2)+C

14
A

Luu ¥ vi tri hang s6 “+C” xuét hién trong dap an, hang s nay xuat hién khi ta da tinh hét tat ca
cac tich phan (nhieu hoc sinh hay ludng Iy ¢ budc nay, 6 ban thém “+C” truge khi tinh xong
tich phan, hay cé ban quén thém vao). T6i sir dung chi so6 dudi chan 1 ¢ hang so dau tién vi
hang so nay khdng cung gia tri véi gia tri € cuoi cung.
I11. TICH PHAN TUNG PHAN 2 LAN - BAI GIAl

Ta ciing tim hiéu cach sur dung tich phan ting phan dé giai ra tich phan ta dang tim. Sau day la
vi du.

Vidu 3:

f e* sinx dx
Trong vi du nay, ta khong c6 cach r6 rang nén chon u nhu thé nao vi vi phan e* hay sin x déu
khéng cho ta biéu thic don gian hon. Ta chon kha nang “don gian nhat” cé thé nhu sau (bat
chap e* ¢ muc uu tién dudi ham luong giac trong bang “Lon Ngua Pap Liung M

u=-e* dv = sinx dx
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du = e* dx V= —COSX

Ap dung cong thire tinh tich phan timg phan:

fudvzuv—fvdu

fexsinxdx= —excosx+fexcosxdx (3)

Ta dugc phuong trinh (3) sau:

Bay gio, dé tinh tich phan cudi cung:
f e* cosx dx

Mot 1an nixa, ta can quyét dinh chon u 13 ham s nao, va ta quyét dinh chon ham sb cho ra dao
ham don gian nhat:

u=e* dv = cos x dx
du = e* dx v =sinx

Ap dung cong thic tinh tich phan timg phan lan thi 2:

Judv=uv—fvdu

fexcosxdx=exsinx—fexsinxdx 4)

Ta thu dugc phuong trinh (4):

Doi da, tich phan cudi cung lai gidng tich phan dé bai. Néu ta tiép tuc thuc hién tich phan ting
phan, quy trinh nay s¢ khéng bao gio két thuc.

Vay ta can sir dung meo sau. Ta thay thé dap an tich phan timg phan lan 2 (phuong trinh (4))
vao dap an tich phan tirng phan ban dau (phuong trinh (3)).

fexsinxdx
= —excosx+fexcosxdx

= —eX*cosx + (ex sinx — f e*sinx dx)
Bo ngoac:

fexsinxdxz —excosx+exsinx—fexsinxdx (5)
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Bay gio, phuong trinh trén c¢6 dang nhu sau:
p=—q+tr—p
Dé giai phuong trinh theo p, ta chi can thém p vao hai vé:
2p=—q+r
Sau d6 chia hai vé cho 2:

_—q+r
P="

Vi vay ta s& lam quy trinh twong tu cho phuong trinh tich phan (5). T6i thém [ e* sin x dx vao
hai vé:

Zfexsinxdx = —e*cosx +e*sinx+ K

Chia hai vé cho 2, thu duoc:

e*(sinx — cos x)
2

Jex sinx dx =

Vay toi da giai phuong trinh (5) theo [ e* sin x dx, cho ta dap an mong mudn.

Luu ¥ rang toi dung “+K” cho hang s6 dau tién, hang s6 cudi ciing “C” ¢o gia tri bang K/2,
nhung thong thuong ta chi luu tam dén hang sé cudi cung.
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GIOI THIEU TRANG WWW.INTMATH.COM

I. VE INTMATH

IntMath ra doi nham khoi goi sy himg thii todn hoc cho moi ngudi. BE thyc hién diéu nay, trang
web cung cap nhiing vi du rd rang, cé lién quan dén cudc song hang ngay va nhirng ung dung
tuong tac, giup ngudi doc trai nghiém cac khai niém mot cach truc quan.

IntMath ra doi vao nim 1997 va cho dén nay di c6 hon 10 000 khach ghé tham mdi ngay véi
hon nira triéu trang dwgc xem moi thang.

Chan thanh cam on nhitng phan hoi tich cyc tir phia doc gia. T6i rat cam kich vi IntMath rat
htru dung vai ban.

Il. TAC GIA

T6i l1a Murray Bourne, giang day toan tai truong trung hoc Uc (khéi 7 dén khéi 12), Gido duc
Ky thuat va Nang cao (TAFE) va giang day Dai hoc (tai truong Dai hoc Griffith va tai Nhat
Ban). Ngoai ra, téi con day thém nhiéu moén khac, bao gom am nhac, tieng Anh, may tinh.

Hién tai toi dang diéu hanh trang tu van vé luyén toan va hoc tap dién tir, Bourne2Learn.
Murray Bourne, Singapore, 2016.
I11. LIEN HE

T6i rat do du khi dé thu dién tir & day vi toi lo ngai mot sé ngudi loi dung dé gui nhitng tin
nhan rac. Vi vay, néu doc gia mudn lién hé véi t6i, hdy sir dung biéu mau trong phan
“Comment, Question?” dé lién h¢ véi t6i. T6i s& lién lac lai v6i ban bang thu dién tu khi toi
chac chan ban 1a nguoi.

IV. PIEU KHOAN SU DUNG

Ban c6 thé xem va in mét ban sao cac bai viét trong IntMath st dung cho céc cdng viéc ca nhan
cua ban, khong dugc st dung voi muc dich thuong mai.

Ban khong dugc sao chép, luu trir ké ca véi hinh thuc in ra gidy hay trong cac hé thong tim
kiém dién tir, guri, chuyén, trinh bay, phét song, xuat ban, tai ban, tic pham phai sinh, trung bay,
phan phat, ban, ding ky, cho thué hay bt cir phuong thtic chuyén tai bat ky phan nao cho nguoi
thir ba v6i muc dich thuong mai hay gia tang loi nhuan, ngoai trir viéc trao ddi hoc thuat mot
cach thang than trong cac hoc vién hoc thuat.

Piéu khoan nay bao gom (nhung khong gi6i han) trung bay cac muc cua IntMath trong cong
viéc cua ban (nham tao an twong rang day la cong sic ban tao nén).

Khuyén khich ban dan nguon tir bat ky bai viét nao trong trang nay, nhung ban khong duoc sao
chép va déan céc noi dung dén trang web ctia ban. Ban khong duoc tao “siéu lién két” dén hinh
anh cua toi (tac thiét 1ap <img src="http://www.intmath.com/images/..">) vi diéu nay s& lam
hao phi bang thong va khién t6i phai ton tién.

Ban dugc phép hién thi trang web nay trong I6p hoc cua ban véi muc dich giang day.
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Lién h¢ vai toi (thong qua bieu mau trong “Comment, Question? ) néu ban mudn xin phép toi
st dung cac noi dung theo cach thire khac ma t6i chua dé cap ¢ nhitng viéc to6i dong y o trén.
IV. GIAY PHEP BAN QUYEN
Nhitng hinh anh cé trong trang web nay dugc:
+ T6i tao nén (dai da sd céc cong thirc va d6 thi.).

+ Hop nhét vao trang web cua t6i nham tao tin tuéng rang ching thudc khoan pham vi cong
cong (nhtng anh chyp nhat dinh va clip ngh¢ thuat.).

Néu toi vo tinh xam pham ban quyén hay sir dung hinh anh ¢6 ban quyén ma chua xin phép,
h&y thong bao véi t6i dé toi kip thoi khac phuc.

Tat ca nhiing véan dé khac (bao gom nhiing bai viét vé manh khée todn hoc) ngoai trir ban ghi
khac, déu cé ban quyen © Murray Bourne, 1997 — 2016.

V. QUYEN GOP UNG HQ
Hiy giup d& dé IntMath tiép tuc phat trién. Toi rat hoan nghénh sy ung ho cua ban.
http://www.intmath.com/help/site-info.php#donate

VI. PHAN HOI: (10 phan hdi méi nhat tinh dén thoi diém 0 gio 00 phat, Chi Nhat ngay 07
thang 02 nam 2016).

Dynamic Daman, Ludhiana, An D9 (26/01/2016): Trang nay gidp toi rat nhiéu. Toi c6 nhiéu
cau hoi khong bict tim cau tra 161 ¢ dau cho den khi toi tim thay trang nay, moi thir déu duoc
giai thich kém d6 thi r6 rang. Cam on rat nhiéu.

Yue Chi Kwan, London, Anh (17/01/2016): Ba t6i gioi thiéu trang IntMath cho t6i va toi rat
mumng vi diéu nay do ngudn bai hoc toan hoc déu co su lién két véi nhau, ¢ thé hiéu duoc
nhitng kién thirc todn trong trang nay, rat rd rang va khién tdi rat himg tha (hon binh thuong) veé
toan hoc bai vi ngodi viéc hoc, trang nay khién tdi cam thay thich tht khi xem thu dién tir va
doc nhiing bai viét tdi quan tam. Tdi chi mubn néi 16i cam on dén trang IntMath, hay tiép tuc
phat huy.

Mohammad Abdul Rehman, An P§ (05/01/2016): Cam on tac gia rat nhiéu. Nhiing bai viét
gilp t6i va cac ban tdi rat nhiéu. Toi hoc & mot trudng cao dang dic biét nén giang vién thuong
khong du gioi dé giai dap ro rang nhitng thic mic cua toi. Nhitng bai viét nay rét rd rang va dé
hiéu. Mot lan nira, cam on 6ng da thyc hién nhitng bai viét nay.

Kasim Sache, My (22/12/2015): Tdi rat thich trang IntMath, day 1a mot trang tuyét diéu va la
mot trong nhitng sang tao tot nhat ma toi tung thay. Hay tiép tuc nd luc, 6ng va mdi nhan vién
gitip d& déu rat tuyét.

Faisal Igbal, Karachi, Pakistan (20/12/2015): Cam on thu tin tac IntMath, nhimg 14 thu nay
hd tro toi trong giang day rat nhicu.

Tamo, Nam Phi (18/11/2015): IntMath c6 ich va tét cho hoc sinh.
Manju Chodhury, Jaipur, An P$ (16/11/2015): Khong thé noéi du 10i cam on cho nhitng nd
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luc tuyét voi nay. Ong hét sirc co ich.

Kaustubh, Mumbai, An P9 (14/11/2015): Trang IntMath la mot trang tuyét voi, nhiéu ky
thuat rat hay.

Naveen Kumar, Bangalore, An P$ (06/11/2015): Ban dau t6i rat do toan, nhung nho trang
cta 6ng, toi da hoc dugc nhiéu diéu vé todn va bay gio tdi cd thé giai bat ky bai toan nao. Toi
xin guri 107 cam on ong rat nhiéu vi 6ng di tao nén trang nay va giup d& t6i rat nhiéu, tdi s&
khéng bao gio quén on 6ng.

Mahi, An P (17/10/2015): Pay 1a mét trang ndi bat cho hoc sinh, cam on 6ng di tao ra trang
nay, Chla troi s& ludn bén dng, cam on ong rat nhiéu.
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